How is the Dirac equation consistent with
special relativity? (Appendix)

(iyo-m)yx)=0 (1)
Now consider two inertial frames,

xt={x% x1, x3, x3} ref. frame 7

x M ={x% x1 x? x3} ref. frame 7’

XM= A'L‘v X"V where A“V = the Lorentz

transformation matrix

Suppose y(x) is a solution of the Dirac
equation in the unprimed coordinates.
What is the solution in the primed coordinates?

I.e., we want
(iy0-m)y'Kx)=0 (2)
@ Question: What isy ™ ?
Answer: y '* =y,
Proof: Gamma matrices are the same in all
inertial frames; e.g.,

@ Question: What is o,?
Answer: 0’ = (A1 ) 0,
Proof: By the chain rule,
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Require (i vy.0-m)vy'(x')=0 (2)

@ Question: What is y'(x") ?
Answer:

v'x')=S(A) y(x)  [Mandl&Shaw]

Here S(A) is a 4 X 4 matrix;

it’s the matrix such that Eq. (2) is satisfied.

Theorem 1

The matrix S(A) must satisfy
SlyrS= A* Y

Theorem 2  S(A) = exp[— (i/2) oowo“V]
wherec® =i/4[y*,y'],

and ®, is antisymmetric w.r.t. exchange of
pwandv.

Proof of Theorem 1 ; by verification

(1 y.0'—m)vy'')
=(iyt (A1), 0,-m) S(A) y(x)
=SS (iy" (A‘l)vuav—m)sw(x)
=S(i\S—'1/y“§(A'l)"u6V—m)\v(X)
=S (TA" y;“(A'l)Vuav—m)\y(X)
=S(iy)“8x -m) y(x)
=0. Q.E.D. (assuming S exists)




Theorem 2. What is S?
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Theorem 2

To prove: S'y* S = A* v

First, consider p = 0.

Now consider p = 1.

M=

{o /€2 "°""-
(s )( e
-(Cﬁs; —10 24315,
O B —-c}—sj—)
i R kg C =coshw
%8 |-¢ S =gtk o
=|AT XV = N (LO'?+A - q)
Ae ""/ll«)
-AS, T A%
SN s ek = X
2l ATS s ~0tg| = — % sind o
= —’anr

1___ k¥ L Sy IER =S
Y+ gt =il Vemss

=1
Co 52 2 0 S

AL I Ak LAy
—gt=2n‘q, §* n'g

=AY D A L]

=0d o

Exeiciie 1

Ai' = 42“' S=s/h)
o g (sgiy

A!J " aﬂ‘d’ & 2}149'4 5';_2

= g‘é' + 2 nd (C-1)
(P=t]
&E.PD.




Example.

Consider a boost in the z direction. -,
The Lorentz transformation matrix is S(A) = exp{ —o /2 c, 0 }
@ (v 0 0-By ) L
<=0 10 0 | Ix cosh(w/2) ‘-ossinh(w/Z)
%2 0010/ x S(A) = -03$inh(w/2)‘ cosh(w/2)
X3 By 0 O .
3 By Y
AH

What is S(1) ?




cosh(w/2) ‘ -0,sinh(w/2)
-ossinh(w/2)‘ cosh(w/2)

S(A) =

Example

The Dirac spinors for a particle at rest are

u{()e (3) =4 Wl ?7
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Therefore the Dirac spinors for a particle
with 3-momentum p = (0, 0, p3) are

w (R = §7) )
g
5
e

] 1z % __;' !
i LR L o
= CpsL-':'l tnd  Gshw =y.=f;

522{3—"’—’)— F—
S '.-.{1_—.2—!3' . Cdg_—gz,:a

w2l ) ()

?‘m. U D) = N(Em)
=Pz

agrees with the eigenvectors of ».p.




Dirac Field Bilinears

v v isascalar

v Y*y  isavector

v yHyVy isatensor

v vy’ v isapseudo-scalar

v Y y> vy is apseudo-vector
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