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Section 5.1.

The Classical Electromagnetic Fields

I Maxwell’s theory in covariant form

f The field tensor F*(x)
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% The field equations
av F* =g¥;

OV + P+ FM =0,

VB=0 and VXE 103t =0

which requires GHS“ =0; (cM1)

(CM2)




% The 4-vector potential ~ A(x) I Lagrangian dynamics
for electromagnetism
W= AV AR — AM AV FOi=0'A"— o0 Al
FR=0AT—d'A E=—Vd-0A/ot # One classical Lagrangian density
Fl=0gA'-0'A Let’s consider
— i j — x
=GA O A= 8, (VXA g=—AF F"-s A" (L1
This makes (cm2) = 0 automatically, i.e., Lorentz invariant? [
for any A*(x). Now (cm1) becomes Gauge invariant? X But oL =0"(~s,f)
OA*— 8" (0 AY) = s Gauge invariant? [ ]
’ Then what is the field equation for A" ?
% The classical gauge transformation Lagrange’s equation:
Vi : - 3T
F* is invariant under the transformation | 3(79_4&)) - g =0 Wlere $= /-}:,
A*(x) — A"M(x) = A*(x) + " fix) :
for any scalar function f(x). =, ( —-J 4 SZVA )) + sf
@r .
[y - avam oy g S M i
" eV Jrak A/u- f’l-v'
= IYCA“H3%) - 3%(AV4 YY) =FAY S=2uF " t5F 2o Chaswel)




However, the Lagrangian density (L1) is # Another classical Lagrangian density
not compatible with canonical (Fermi)
quantization.
£=-1%20A) (C'AY)-s A* (L2)
g=-F F¥-s A* (L1) 3 3
3 3 v First check the field equation:
Canonical momentum (a 4-vector, AL 3L . 5 (—*ar) +sF
ar w3
7!; = '5? and [@}ﬂ¢7=¢t‘a"’}x-yj O0Af = s/
Fr 42 A, > TP = 53_L fp=012 OK, provided A” obeys the Lorentz gauge condition,
%) dA=0.
7T£ = '9‘;—("" = =4 e 2&1 g
A 2F DU QA) v/ Then check the compatibility with canonical
= 4 F*"IS 5 = Jou b quantization:
= -—F"" = E{ (ok Tr)o: 2L _ = —DDAP '—"'/;ur
?-) 9 (3,Ap)
Bl s il =0 ¢ A0
3( 3A0) 4
ff Canonical ?“""‘"‘2“/""" fals, OK, but now there are 4 degrees of freedom:
LA, m°] # 7 & tx-p), Trans,, Trans,, Long , A0. L and A0 are unphysical.




The Lorentz gauge condition in the classical

theory.

In the classical theory, suppose we have
fields (i.e., the tensor F*(x) ) with a 4-
vector potential A¥(x).

But suppose GHA“ +0.

There exists a gauge transformation
AH(x) — A™M(x) such that aUA'” = 0.

Proof:

Let f(x)= —D'l(apAP)

The gauge transformation does not
change the fields, F*'(x).

The Lorentz gauge
versus the Coulomb gauge.

aMA‘L =0
versus

V-A=0and -V®=j

The theory is gauge invariant;
i.e., the physical predictions are the same for either
gauge condition.

The Coulomb gauge has an advantage: it is a “unitary
gauge”. But it has a disadvantage: it is not manifestly
Lorentz invariant.

The Lorentz gauge has an advantage: it is manifestly
Lorentz invariant. But is has a disadvantage: it has
unphysical degrees of freedom.

Section 5.2: (1) Use the “Gupta-Bleuler formalism” to
impose the condition 8“A“ =0 ;and @ don’t worry
about it.




Section 13.4.
Gauge Independent Quantization?

o

As in the canonical formulation, the
electromagnetic field cannot be consistently
guantized using path integrals without ‘fixing a
gauge.’

”

Section 14.1. Gluon Fields

Section 14.1.5.

The electromagnetic field revisited.

It will be instructive to comment briefly on the
result of applying the Faddeev-Popov procedure
to the electromagnetic field.

”

But now going back to Section 5.1:

f Plane wave solutions

The free field theory ( s*(x) = 0) has just
oA*=0. (impose LG condition later)
The plane wave solutions are
AM() =g M(Kk) e kX W/ reqo,1,2,3}
where k% = + | K| .

The four polarization vectors are normalized in
some way; ¢," and g, are transverse w. I. t. k,
£, is longitudinal, and g, is timelike.

The general solution is

2 \ W
A“to = ZZ ;ﬂcw * ef ek

{q,,-m)e"""" 3 af(;')e"","“}




