"Chapter 8 : Two body central force problems"

Preliminary:
Some tricks of the trade in Lagrangian mechanics

7.6 Generalized Momenta and Ignorable Coordinates

As 1 have already mentioned, for any system with n generalized coordinates g;
(i =1, -+, m), we refer to the n quantities 3L fag; = F; as generalized forces and
dL /dg; = p. as peneraliied .-i-rrmzmru.\‘n.'v":i.h this terminology. the Lagrange equation,
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can be rewrilten as




7.6 Generalized Momenta and Ignorable Coordinates
Theorem.
As T have already mentioned, for any system with n generalired coordinates o 0 0
(i =1, m), we refer to the n gquantities 3L /dg; = F; as generalized forces and If qi 1S an lgnorable
lf]'.!.'., fig; = p; as generalized n!:mie’ﬂ!ﬂx‘ﬁim this terminology. the Lagrange equation, Coordinate then p iS a
5 :

# iy l .

= 7.81) constant of the motion.
can be rewritien as /

Fi=—p: (7.82)

_portant result (and one that is clear from the Newtonian pers.peﬂ{'l.-'e as/wellu‘-fh-:n
the Lagrangian is independent of a coordinate g;. that coordinate 15 sﬁm:lim:s said
to be ignorable or cyelic [Obviously it is a good idea, when possiblg, o choose co-
ordinates so thal as many as possible are ignorable and ther comesponding momenta
are constant. In fact, this is perhaps the main criterion in choosing generalized coor-

imvariant, when g, vanes (with all the uthér g, held ﬁ:t:dj."\'fhm: we can say that if
L 15 invariant under variations of a coordinate g; theén the comesponding seneralized

momentum p; is conserved. [This connection between invanance of L and certain




7.7 Conclusion

The Lagrangian version of classical mechanics has the two great advantages that,
unlike the Newlonian version, it works equally well in all coordinate systems and
it can handle constrained systems easily, avoiding any need to discuss the forces of

constrainL. If the system is constrained. one must choose a suitable set of independent
generalized coordinates. Whether or not there are constraints. the next task is to write
down the Lagrangian L in terms of the chosen coordinates. The equations of motion
then follow automatically in the standard form

%:iﬂ [i-zl-"'-ﬂ'l-
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There is, of course, no guaranies that the resulting equations will be easy o solve,
and in most real problems they are not. requinng numencal solution or at least some
approximations before they can be solved analyucally.



Chapter 8.
Two-body Central Force Problems

Section 8.1.
The Problem
Section 8.2.
CM and Relative Coordinates

Read Sections 8.1 and 8.2.

8.1. The Problem

FIGURE 8.1

The particles (1 and 2 ) exert forces on
each other, and there are no external
forces.

The potential energy is U(|r|) where
r=r,—r,;

the forces are central and spherically
symmetric; r=|r| ; U=u®)




Astronomical Atomic
examples examples

. The hydrogen atom  ,oon o
/ U(I‘) - _ k ez /r . electron

Diatomic molecule

The potential energy is e.g., 0,

Ur)=-Gm, m, /r . Um) = AJri2— A jrb Q
Comments: ! ?

The orbits are not circular in general.
Sun and Earth, or another planet;
m,>m,

Earth and Moon, or a satellite; m,>m, . ) .
Binary Star; m, and m, are comparable. semi-classical calculations are

interesting.

Strictly, these examples require
quantum mechanics; but sometimes




Sec. 8.2. CM and Relative
Coordinates;
Reduced Mass

FIGURE 8.2

CM:

or,

Relative:

R = (m1 r,+m,r,

I'=I'1—I'

)/ (m, +m,)

MR = mpr, +m.r,

1'=1'1—1'2

(M=m1+m2)

Notes:

J Ifm2 > m, thenRzrz.

| r1=R+(m2/M)r and
r2=R—(m1/M)r

Verify:
mr,tm,r,= (m1+m2)R v
r,—r,=r v

The kinetic energy is

T=%m, r?+%m,r,>
=72m, r, 2In, r,

=% M R? + Y pu r?

where
B =m_ (m,/M)?+m, (m./M)>?
=m1m2/M




A The reduced mass

M =

4‘", My
m. Ty

'"'l o

Notes

e pissmaller than either m, or m,

e ifm, <m,thenp~=m_;

stm. m, < m,

e ifm, =m,thenp=m, /2.
[ The Lagrangian £ =T-U

T=-U
i
= -i'-r'l R + 'ZL'“;{" Ut
Cem) & (Crelative)—

So, the two-body problem reduces to

4 the center of mass motion (R),
which is trivial; R(t) =Vt

and

[ the relative motion (r),
which is equivalent to a one-body
problem, with reduced mass p and
potential energy U(r).

Then what are r, and r,?




The Equations of Motion e The center of mass coordinates

Generalized coordinates: A ) spalle
= {X,Y,Z} and r = {x,y,2} It L ox/ 7 5«

The Lagrangian is X =21

= AMR® +LaP® - U The relative coordinates

Recall Lagrange's equation for a
coordinate q,

one-body ¥

problem, U =— UG = = 8L
for the relative Ar
coordinate; equivalent to a particle in a
central potential.

d Qi) The two-body problem reduces to a

dr QZ




The center of mass frame of reference

W.L.O.G. take V.= Oand R=0.

I.e., let the origin of the coordinate
system be the center of mass.

Note that r, = (mZ/M) r

and r,=—(m/M)r

(Ifm2 > m, then r.=r and r,=~0 .)

For example, consider the solar system ...

The center of mass is close to the center of
the sun. All the planets revolve around the
center of mass. And the whole thing
revolves around the center of the Milky
Way galaxy. But we can ignore the motion
of the center of mass when we calculate
the motions of the planets or other
satellites.

How to solve the equation of motion,




How to solve the equation of motion,

(1} 2 ?
ur=—-Gmm,/r* e, ?

Do not try to use that
second-order differential
equation!

Instead, use the equations for
conservation of energy and angular
momentum.

The orbits are not circles, in general.

The orbits are ellipses. An ellipse depends
on two geometrical parameters—the
semi-major axis and the eccentricity. These
are determined by two dynamical
constants—the energy and the angular
momentum.




Quiz Question

Visualize a binary star system, with
masses M, and M, , in the center of
mass frame of reference.

Let'ssay M, =2 M,

Suppose the orbit of M, is an ellipse
with eccentricity €=0.5.

Then sketch a qualitatively correct
picture of the two orbits.

Homework Assignment #13

due in class Wednesday November 29
[71] Problem 8.4 %

[72] Problem 8.6 %

[73] Problem 8.12 % %

[74] Problem 8.15 %

[75] Problem 8.16 % %

[76] The quiz question.

Use the cover sheet.
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