
Section 8.6. Bounded Kepler orbits
Section 8.7. Unbounded Kepler Orbits
Read Sections 8.6 and 8.7.

● Review the equations so far

● ʎ   and  E  for Keplerian orbits
○ Use {a,ε} to define the ellipse.
○ Relate energy (E) and angular 

momentum (ℓ) to semimajor axis 
(a) and eccentricity (ε).
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Results

ℓ2 = μ K a (1− ε2) 

E = − K / (2a)

K = G m1 m2 = GM μ
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● Kepler's third law (1619)

By analyzing Tycho's observations of the 
planets, Kepler concluded that τ2 ∝ a3 for all the 
planets; in other words, τ2 / a3  = constant.

It's not precisely true, but it is very close; recall 
Problem (8.15).        (1) The derivation from 
Newton's theory,  for circular orbits,  is easy.

(2) The derivation for elliptical orbits is not 
quite so easy.
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● Section 8.6. Bounded Kepler Orbits
We have been considering bounded Kepler 
orbits. These have energy E < 0.
The orbits are ellipses with eccentricity ε
in the range 0 ≤ ε < 1.
(A circular orbit has ε = 0.)
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FIGURE 8.11

Four different Kepler orbits.
These have the same perihelion 
points (rmin and δ) and different 
values of ε.

Equations

r(φ) = ―――――――

rmin = λ /(1+ε)

0 ≤ ε < 1

λ = l 2 / (Kμ) and l = μ r2 φ

E = ½ μ r2 + ―― − ― 

         λ
 1 + ε cos φ

•

   l 2            K

2 μ r2          r

•



Section 8.7. Unbounded Kepler Orbits
Now consider orbits with E ≥ 0. 

We can reuse some of the equations 
that we had before; they are valid for 
either
E < 0 or E > 0.
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FIGURE 8.11

Four different Kepler orbits.
These have the same perihelion 
points (rmin and δ) and different 
values of ε.

Equations

r(φ) = ―――――――

rmin = λ /(1+ε)

ε ≥ 1

λ = l 2 / (Kμ) and l = μ r2 φ

E = ½ μ r2 + ―― − ― 

         λ
 1 + ε cos  φ

•

   l 2          K

2 μ r2        r
•



  

The energy for the parabolic orbit

E = 0 7

Parabolic orbits have ε = 1.

r(φ) = ――――

Why is this a parabola? 
x = r cos φ
y = r sin φ

(1 + cosφ) r = r + x = λ

r2 = x2 + y2 = (λ − x)2 = λ2 − 2λx +x2

x = (λ2 − y2 )/(2λ)
the eq. for a parabola

Or, y = ± sqrt (λ2 − 2λx)

λ
1 + cos φ

y

xO

rmin= λ/2
as φ → π ,  r → ∞

r φ



The energy for a hyperbolic orbit.

 E > 0
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Hyperbolic orbits have ε > 1

r(φ) = ――――――

Why is this a hyperbola? 
x = r cos φ
y = r sin φ

Note that r → ∞ as  φ → φmax

where cos φmax  = −    ―

which requires ε > 1

λ
 1 + ε cosφ

y

xO

rmin=   λ/(1+ε)

as φ → φmax ,  
r → ∞

φmax

  1
  ε



❏ GivƄƍ ƭhƞ ƏoƬƈtƢoƍ ƀƧd ƕƞƥocƈƓƲ vƞƂƭorƒ ƀƭ ƨne 
poƈƍƭ ƨn Ɠơe ƎrƁƢƭ, tƇe ƜƎnƒƭƚnƓƬ of ƌƎƭƢon ℓ 
anƃ E ƀƫƞ deƓƄƫmƢƍeƝ.

❏ The ƒƈƠn ƨƅ E ƝetƄƑƦƢneƒ ƭhƄ ƂƮƫve:
E < 0 boƔƍƝƞd elƋƈƩtƢƂaƥ
E = 0 unƁƎƮƧdeƃ paƑƀƛƨliƂ
E > 0 unƁƎƮƧdeƃ hƘƩerƁƎƥƢc

❏ GivƄƍ ℓ anƃ E, tƇe ƠƄƨmeƓƫƈc ƏƚƫamƄƓƞƫs aƑƄ 
deƓƄƫmƢƍeƝ; e.g.,   {rmiƍ , rmaƗ , ε} .

❏ TheƒƄ ƚƫe tƇƄ KƞƩleƑ ƎƫbƢƓƬ in ƒƩƀcƞ;
buƓ ưhƀƓ ƚƛoƔt Ɠơƞ tiƌƄ ƝƞpeƍƝƄnƂƞ?

Exaƌ 3 is MƎƍƝƚy.
HomƄƖƨƫk aƒƬƈgƍƦƞnƓ #14 is ƃƔƞ ƧexƓ FƫƈdƚƘ.

HomƄƖƨƫk AƒƬigƍƦƄnƓ #14 is ƃƔƞ ƧexƓ FƫƈdƚƘ. The 
hoƌƄưƨrƊ ƩroƁƥƄmƒ ƚƫe tƀƊƞƧ fƑoƦ ChƀƏƭƞr 8.

Exaƌ 3 is MƎƍƝƚy. The ƄƗƚƦ pƑoƛlƄƌƬ ƚre ƓƀƤƞn 
fƑoƦ ChƀƏƭƞr 7.
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FIGURE 8.11

Four different Kepler orbits.
These have the same perihelion 
points (rmin and δ) and different 
values of ε.


