. Motivati
Next topic: otivation

Quantum Field Theories for O Quantum field theory can be used as a

. ) mathematical technique for describing
Quantum Many-Par ticle Systems, many-particle systems with identical

particles.

or

. ; - [ There are many applications:
Second Quantization

A atomic physics — many electron
atoms

OLhne . @ nuclear physics — many protons
1) Bosons and Fermions and neutrons |
2) N-particle wave functions ("first 0 condensed matter physics — many

. . atoms in quantum statistical
quantlzatlon ) . _ mechanics; superfluids, metals,
3) The method of quantized fields etc.

("second quantization") 3 This topic is not in Mandl and Shaw

(d There are whole books devoted to this

topic. I'm using Huang, Appendix A.




1./ BOSONS AND FERMIONS
Consider a system with N identical particles.
The wave function is ¥(q, q, q, ... q; t)

where g, = the coordinates of particlei.

The goal is to solve the time evolutlon
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1a - The exchange operator
Let Pi]. be the operator that exchanges the

coordinates g, and q;; definition,
Pi]. ¢ (q,...q; ... q; ... qy)
=0 _(q, ... q .- G- qy)

Exchange symmetry of the Hamiltonian
Because the N particles are identical we

have
P1HP=H (P is short for Pi]..)

SO
H(Po)=PHO® =PE® =E (PD)

P _is an energy eigenfunction with the
same energy.

The postulate of identical particles
= (PD) =P,

Now, P? = 1 ; therefore, \* =1
that is,

either A = +1 (bosons)

or A =-1 (fermions)




Symmetry or antisymmetry of the wave function
The "spin-statistics theorem”
B For identical particles with integer spin,

Py €0 (90 0

= ?h( Lo 74 il € MMM n)
=+'§M(Zr 21 . 3”)

the wavefunction is symmetric under coordinate
exchanges (bosons).
B For identical particles with half-integer spin,

RJ‘ & (... G2
=== T 93" gn)

the wavefunction is antisymmetric under
coordinate exchanges (fermions).




2./ N-PARTICLE WAVE FUNCTIONS
2a - The N-particle system

Let's define the N-particle system in more
detail. The Hamiltonian is H = K+ Q where

—_—d
K': ‘}“(‘VI‘Z"‘V;Z#-..-I-VA?)

L 4]

L= %UZJ 5 U:';:U"(ﬁ_,\f})

To solve: H® = E o( r,r,r,.. rN)

The w.f. normalization is

(@,0)=[...] o*® d, d’,.. dr =1

E.g., we might use a finite volume V, with periodic
boundary conditions, and finally let V — oo .




2b - Product wave functions
First, introduce a complete set of orthonormal
single-particle wave functions, { 4 Set of ?ﬂ*u"m numbers
fu@m;a=123.. o) o Proepmbdes
4 ' (1‘“ Ry 1Py ) TPIa)
3_3.;'__'31{»*! uwber o, pugrl»fc Sk tes

Now consider an N-particle product wave function, f MG W) By = §, ' '

ual(rl) uaz(rz) uai(ri) uaN(rN)

l.e., particle # 1 has quantum numbers «, .

But that is neither exchange symmetric (for bosons)
nor antisymmetric (for fermions) .

So we need to do something better.




Identical spin-0 bosons
The basis wavefunctions must be
symmetrized products.

We have a set of occupied states

{o}={oaoa...BBP...yyy...etc}

Or, write
{la}={a, 0,0, ... ;o0}

The corresponding basis wavefunction is

§{‘p<? (E:z V;;)

'.:.'ui% % ‘ud,'(i") u.(f Y‘;__) - u,(f Cry)
whe re

ot e b Pl vyl

Orthogonality

( S A )= 0 1f fdisn s If )

Cindepen to.y o Mp:.‘g)

Normalization

( ﬁl} ) é-{d}) = -ZF(MU ) Cbagwx)

LET-A

1 i{-f} ave het WVC?.{/'M‘s ok,

They are not orthonormal, but that's OK.

N




Examples with N = 2

o {a}={yy} n =2

D (r, r,) = SQRT(2) uy(rl) uy(rz)

e {o}={ys}
D (r, r,) = 1/sQrT(2)

nyzl,nszl

[ (r)) uy(r,) + u,lr)u (ry) ]

n = occupation number for statevy .

Examples with N =3

o {a}={yy} n =3

D (r,r,r,) = SQRT(6) uy(rl) uy(rz) uy(rg)

o {a}={yyd} n=2,n-=1

v )

D (r,r,r,) = SQRT( %)
[ (r)) u (r,) u(r,)
+uy(r1) u,(r,) uy(rg)

+uy(r) u (r) u(ry |

o {o}={yor} nyzl,nf):l,nx:l

D (r,r,r,) =SQRT(%)

® [sum of six orderings]




2c - An example of an N-boson
calculation
QO

Calculate (Q)=( Dys s {a})
where Q = the two-particle
interactions

Q=Y v..
1
1<]
= NM(N=)
TewNt
combinatorial counting
o N(N—f)
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2d - Identical spin - 2 fermions
The basis wavefunctions must be
antisymmetrized products.

We have a set of occupied states

{o}=tla,, 0,, 05, .50}

The corresponding basis wavefunction is

&, = signature of P = +1 or -1

The Pauli exclusion principle
¢ = 0 unless

10 Gy Oy, ,aN}
are all different.

{ o

Occupation numbers can only be
0 or 1.

n = 0 (unoccuied)

or = 1 (occupied).

D, (r, T, ry... ry)canbe
written as a determinant (the
Slater determinant)

1U



Fermions

Q=% n,n, { (ap|V]ap
— (ap|V|Pa) }

ap

direct and exchange terms

Recall the Hartree-Fock wavefunction.




Homework Problems due Friday February 3
Problem 11.

Three identical spin-0 bosons are in a harmonic oscillator
potential. The total energy is 9/2 ho . From this information
alone, write an expression for the 3-particle wave function,
‘P(Xl,XZ,XB)?

Problem 12.

Consider two identical spin-0 bosons moving in free space,
and interacting with each other. Approximate the 2-particle
wave function by products of free waves with momenta p,
and p,.

(a) Calculate the expectation value of the two-body potential
energy V(x, , X, ).

(b) Now suppose V(Xx,, X,) = U( X, - X, ). Express the result of
(a) in terms of the Fourier transform of U(r).




