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Section 4.5.
THE ELECTROMAGNETIC INTERACTION
AND GAUGE INVARIANCE

To describe electromagnetic effects, introduce
potentials ...

®(x,t) = the scalar potential ;
E=-V®-(1/c) oA Jot

A(x,t) = the vector potential; B=V x A

"Minimal substitution”

Start with the free Lagrangian L = | £(y, 0y) d’x.

At=(D,A)
Au=((D,—A)

Replace ih— — ih—= —qgod
P ot a0
and LY o -ihV -C% A

£ (v, au\p) becomes
£(y, oy +1qA, W)
(h=1andc=1)




The Dirac equation
{iy“[3“+iqA“(x)]—m}L|J(x)=O
The Lagrangian L=] & d3x
&= Y {iv[9,+iqgAm]-m}ym
=g [y, - m]ym =~ q e v Y A
= Bfee T interaction
The interaction

interaction = 1 A ()

where  j*x0=g YY" Px)




The electric current density

j*0=q W y* wx) = the 4-vector bilinear
jO(X)= gyt Wx = p(x) charge density

jo= qu t® VOV P(x) current density

(Recall By = a = "velocity matrix".)




Gauge transformations; x=(t,x)and Mt,X)

e GAUGE TRANSFORMATIONS OF THE E.M. FIELDS

0 AR > A'X)=AX) + VM) B=V xA
which implies B'(x) = B(X) E=-V®-0A/ot
a o) — 0'(X) = d(X) -0 Mx) /ot

which implies E'(X) = E(X)

The E and B fields are gauge invariant;
but the potentials are not gauge invariant.

In covariant form,
Qa A - A" = A -0 \.
p B r p

Remember, A =AX,t).




e GAUGE TRANSFORMATIONS OF THE DIRAC FIELD

iqux)

v(x) - vy'(x)=e v(x)

The current is gauge invariant.
0 =gy 7 ')

=gy Y v = M.

What about the Lagrangian?




€= y@{iy [0,+iqA®]-m}y(x)

Substitute the gauge transformations ...
y'(x) = e T y(x)
V(X) = \V_(X) e —iqMx)
0,v'(x) = eld* ov(x)+iq (0N eld? y(x)
A'u(X) = Ap(X) — 8»)»

Thus,




Theorem: For every continuous symmetry there is a
conserved current.

Corresponding to the gauge invariance of £,

the conserved current is the electric current j*(x).
Proof

() = g y(x) v y(x)

0, "X =q @y v+ gy v @,y
g A o o (M =y0yy0
Dirac equation: iy*|[ ap +1( Au(x) Jy@-myx =0 N

N\

_ . . e equation A.6 ;
WY =-—imy-iq Ay

Adjoint equation: (8u\|/1')(y“)1' =imyt+iqyt (W7 A, o becauseap +pm

must be hermitian!

V.0 0.0 =7 T ; t.0.,u.0
CyH )y vy =imy’ +iqy’ vy v v" A ,

@y =imy + iquy'A, QED

Thus, auj"(x):q(im_\|/+iquy“Au)\qu(—imw—iq A ) =0.




