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How is the Dirac equation consistent with
special relativity? (Appendix, section A.7)

(iyo-m)yx)=0
Now consider two inertial frames,
xt ={x% x1, X%, x>} ref. frame §
x'#={x9 x1 x? x3} ref frame

X'# = A“v X"V where A”v = the Lorentz
transformation matrix

Suppose y(x) is a solution of the Dirac
equation in the unprimed coordinates.
What is the solution in the primed
coordinates?

LORENTZ TRANSFORMATIONS
xt — x'M = N‘v xV
8ag l\°‘p I\ﬁ'(I =80 (x".x" = x.X)

Scalar fields
@'(x’) = @(x)

Vector fields
A™M(x') = I\“v AY(x)

Spinor fields
' (x) =S, p,(x)

What is Sab ?




Lorentz transformations of fields

The Lorentz transformation:

x"=Ax (nLv=0123)

sum over v is implied.

For example, a boost in the z direction,
ct'=y(ct—pz)
X'=X
y =y
z'=vy(—-pct+2z)
B=v/c and y=(1-p?)Y2

A boost in the z direction,

y 00 —By
Ab= 0100
0 01 0
—By 0 0 v

gpv App Avo = gpcr

{Comment: The inverse matrix is A because 1-p)y%=1}.

A field equation is covariant, i.e.,
consistent with special relativity, if the
"same equation" applies for coordinates

xtand x "#.

(Or ... if the equation is written in

tensors; here spinors.)




Example. The scalar field ¢(x)
obeys this covariant equation
0,0 ¢(x) + m? ¢(x) =0
(h=1andc=1)
The Lorentz transformation of the field is
o(X) — 90'(X") = 9(x) .

Proof x'*-= A"v x¥

3‘ )d = j ‘rp 3‘
= a¥s [ 7 %7 i i
g Bﬂ‘ ?x’f)( ):’ ;w:
& ;-‘.B Afa. .)f Arﬂ 3‘. = jffa;’ 9,0—
= gf, 3’f

Therefore
&' o™ ¢'(X") =0, " 9(x)
=-m?p(xX) =-m?¢'(x")

QED

Useful relations
x'.x"=xx and 0'.0"=0.0
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Example. The Dirac field y(x)
obeys this equation
1y* 8p yX)-myx)=0
(h=1andc=1)
m y(X) is a 4 component function;
y,(X) for a=1234;
v* 1s a4 X 4 matrix ;
y,(X) is called a spinor;
it is not a Lorentz vector! =

Be careful when we suppress the spinor
index a.

e.g., o, y(X) = (") 10, ¥, (X)

Now, covariance means

1y* 8'u v'X)-my'x")=0.
What is y'(x") ?
Let'stry y'(X") =S y(X)
where S i1s a 4 X 4 matrix; 1.e.,

V' (X) = S wp(X)

(sum over b implied)

SO

LY du SHy) = m Ste) =0




LY« . SV¥ix) — m Stte) =0

mEm ) Finally, what is S(A) ?
1 STY“S 3. ¥w) —wm ¥y =0
tSfsesieens e SaMST =AY
2 2 ™ 2 v
—3’;7.»‘ ca Ix % uim = Sxi« Qo(q'b
2 ST y%s 2-"-’—}; Y — wFy= 0o v 0 0 By
s A¥ = 0100
We Kave s ydy o wt=o, 0010
AT et By 0 0y
s—’b’*s ?Xd = Xol
Dy '
* OK, let's try
1
ox¥ ‘f < " . . .
S—¥% S -532:7:‘ > %’—:—(——; = Y  x g;{ S = exp { 1/4 (Daﬁ GaB} like spin operator
S L e g where o®=1i/2 [y*,v*];
e s
and we'll guess
e e T e "0 T Tl Oy = © (88— 85000 ) -
S‘-l BP Sr = Afu. a“




3 S=exp{ido, o}

L

=w(d .0

Oup a0”p3 3[50)

Q S=exp{idw(c®-6%)}

= exp{i/2 ® 6»}

0 603‘1/2[y0,y3]
=1/2 %
| 10| 0 oz| __ [0 o0z] |1 O]
| 0 -1]]-0z 0 | ~ |-0z 0] |0 -1]
(2x2 blocks)
=10 o, |
| 6, 0 |

a S=exp{—-%o 006 }

Z

cosh(w/2) -o, sinh(w/2)

— ¢, sinh(w/2) cosh(w/2)

(2x2 blocks)

d Now demand
S ywS1 = A¥ Y




d Now demand
S yH S1 = Auv Y
a S YO S—l — AOv ,Yv

= yy? —Byy®=yx
check

1 —fo,
Bo, —1

(wla)

5
oyost fash =st 7,1, [ak o
G5k Coch ”"f) Gshh dosh

Coshitsub® a3 2sibh tos] ]
—0; 2sink osh — Cosh™—shA™

cosh w

—0rShhw
So we repure
Nofe 1 cosf —smh™w = ¥*(1-g%) s 1 45 cmct e,

]

03 5ith w

] _Ia’ --Uzﬁaf]
—tshw LY

coshw =Y od shha =-g)

[ S Yl S—l = Alv yv — y1 — - OX
check .
L l\ﬁ(‘oﬁ) e - i . s
! '“'= wsh —ozsh Fan 5
2 x — & shh 4»},.](-0:-,,(%‘;“ S
: i : a C‘.Sﬁs‘j‘l‘)] o 0 L9 i [
("‘&(«sl"-mr—) o (—a;, o)—?f
D S 'Yg S_l = Agv ,Yv
=y -Byy® =yx | ~Bo,
check . B
9)’35'..".__ [‘;ilﬁ)nm "Eﬁoﬁiw'] :[ _PY TZX]
— g eshw —Sthh 0y P

8




—a, smh cosh ay

Example
The spinors for a particle at rest are
1 0
u,= 0 and u = !
! 0 2 0
0 0

Use the Lorentz transformation to

determine the spinors for a particle

with velocityv=ve,.

Coshwh — — w3 sh) uA_J

whe loshw =Y
ad sihhe) = —pY
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DIRAC FIELD BILINEARS

vy(X) is a spinor, under Lorentz
transformations.

v v isascalar

v YY"y isavector

v Y*vY vy is atensor

v v> v isapseudo-scalar

v Y* vy is apseudo-vector

Proof : See Appendix Section A.7
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