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CHAPTER 14 - APPLICATIONS : QED
OUTLINE of the chapter

14.6 » Processes yy — e’e and e'e ” — yy
14.7» e’e” — p'u annihilation

14.8 » Problems /

Section 14.6 »

YK, + (k) — e (p,) + e"(p,)

Kinematics in the center of mass frame of

reference.

k*"=(0,000) and k'=(0,00 -o)
pt=(E,,psind, 0, pcosod)
p,"=(E,,-psin6, 0, —pcoso)

Conservation of energy o+w =E _+E_,
impliesE_ = o .

Thenp=BE_ =sQrT(E*—m*);
sOo p=fw and m’=oe’(1-B%);

or, o=m/sQrr(1—p?).




Mandelstam variables in the center of mass frame of reference:

-Gf‘}‘l.
: P ,
I'm using the standard Mandelstam b P=p @0, heoe)
variables; Maiani and Benhar use
different definitions for s, t, u for this

example. L

s = (k, +k,)*=40°=(p,+p,)*=4ES WWik--b

t = (k,—p,;)=(0-E )*—(—psinb)*— (o —p cosb )*
=—p?’—0*+20pcosd=—w’(p>+1-2pcosh)

u=(k,-p,)*=(0—E_ )*—( psing)*— (o + p cosb )*
=—p’-0*-20pcosd=—o’(p>+1+2pcosd)

Note:s+t+u= 40— 20*(p*+1)=20*(1-p*)=2m? v




e C(Calculate the square of the
transition amplitude

There are two Feynman diagrams

o

M = I-rrsf oS SR il
.l
€ A K, Ve

' »

=’ u Y S(p, — k)" v, a8y

l‘]“; Glu é"i'{.- b P
— | B B
YT
M,} U
“:i &' vy SiaE

M, [? =e*u, v*S(p, —k )7V, 1.8y
v, v Se(p, —k )y u, &1aC2p
For unpolarized scattering:
| M, ? =Ye* /(t—m?)? /(2m)?
Tr {y"(p, —k, +m)y" (p,—m)
v, (B, —k +m)y, (bm) }

M, [P =e*u v"Su(p, — k) v, &1v8
v, v Se(p, — k) v, &18%20
For unpolarized scattering:
| M, ? =Y e*/(u—m??/(2m)?
Tr {v"(p, —k, T m)y' (p,—m)
v, (b, —k,+m))y, (pm) }
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Process y(k1) + y(k2) - e(p1) + y(p2)

$LoadFeynArts = False;

<< HighEnergyPhysics FeynCale’
Loading FeynCalc from fhome/stump/.Mathematica/Apy
FeynCalc 8.2.0 For help, type ?FeynCalc, open FeynC

(#* scalar products =)
Remove["Global‘n“]

ScalarPrcduct[kl, kl] =0;
ScalarProduct [kz, k2] =0;
ScalarProduct[pl, pl] =maA2;
BcalarProduct[p2, p2] =mA2;

ngl- (#* Mandelstam variables =)
ScalarProduct [kl . kz] B/ 2;

(s -2mA2) /2;

(mA2-t) /2;

(mA2-t) /2;

(mA2-u) /2;

(mA2-u) /2;

ScalarProduct[pl, p2)]
ScalarProduct [kl, pl]
SecalarProduct [p2 P k‘j{]

n

]

ScalarProduct [kl, p2
ScalarProduct [pl, k2

I

n

Msq = square of the amplitude

term |Ma|”2

i~ coeffAA =end / (L -mA2)A2 / (l6mA2);
tracehh:Tr[
GA[u].(GS[pl] -GS[kl] +m).GA[v].(GS[p2] - m).
GA[v].(GS[p1l] -G8 [k1l] +m).GA[u].(GS[p1] +m)];
EAA = Expand[traceRA /. {8+ 2+mA2 -t -u}]

gie. —8mt-2amPr-8mlu+8tu

term |Mb|A2

npr- coeffBB=enrd / (u-mA2Z)A2 / (16 mA2);
traceBB =Tr[
GA[u].(GsS[pl] -Gs[k2] +m).GA[v].(GS[p2] -m).
GA[v].(GS([pl] -GS[k2] +m).GA[u].(GS[pl] +m)];
EBB = Expand[traceBB /. {s+2+mA2-t-u}]

Bm'-8mr-24mPu+8ru




The interference terms Matrix element squared; the interference terms

coeffAB =enrd / (t-mA2) / (u-mA2) / (16 mA2);
traceAB =Tr[
GA[u].(68[p1] -GS [k1l] +m).GA[v].(GS[p2] -m).
GA[u].(6S[pl] - GS[k2] +m).GA[v].(GS[pl] +m)];

25 ﬁ — a EAB = Expand[traceAB /. {s=2+mA2-t-u}]
C V.7 SF( P, kz)y U 8138y, i

T} _ Y
M, M, *=e"T, v SF(p1 kl)y vV, €, &y,

(#+ Note that &£AB is real =)

-16m*-8m°t-8mu

For unpolarized scattering:
M M *=Ye'/(t—m*)?/(u—m?) /(2m)’
Tr {y"(p, —k, + m) vy’ (p, —m) Summing Up
’Yu(pl_kz_i_m)yv(pl_'_m) } MsqgAA = coeffAA » £AA;

MsgBB = coeffBBE « £EBE;
MagINT = 2 » coeffAB » EAR;
Msg = MsgAA + MsgBB + MsgINT

f""{—lﬁnﬁ-ﬂmzﬂ-ﬂmzu} E“{—Bm’—ﬂmzt—zd mZu:+HH¢} ﬁ”‘{—ﬂm”’—zd mzﬂ-ﬂmzu+8ru}

+ +
8 m* (t - m®) (u - m?) 16 m* (u - ”12}2 16 m? (t - m:’::IZ



(* Compare the Final Result to Eguation (14.156) =*)
test = Expand[Msg /. {t > tM+mA2, u>uM+mnr2}];

test = Expand[test /. {e = 1}];
test = Expand[test+maA2 /. {tM - mA2 /p, uM ->mA2 / 1n}]
compare = (p+n) A2+ {p+n) -1/4% (p/n+n/p)

Expand[test + 2 « compare] (= Note: test = - 2 compare =)

Asg=end /mAr2 % (-2 » compare) /. {p->mA2/EM, n->mr2 /uM};

Asg=Asg /. {e-> Sgrt[d+xmxa]}

n o p

2n=2p =2¢

Cross section in the center of mass frame of reference

24~ Remove[B, Ao, Bsg, Csqg]
bs = [FontFamily -+ Times, FontSize = 14}.—.




The cross section

First recall the general formula for a 2 to 2 process

[[In?]

4 ElEZ Vrel

do =

(2n)* 8%4( P.—P,)

d’p, d°p,

M| 2 .
(2n)3 ZE3 (2n)3 ZE4

Apply it to yy—ee in the center of mass frame of
reference,

4m? 1 p,> EE

374
4oVs 16n* EE, Vs p,

do = IM|? dQ,

So,
2
L I < IV
dQS CM 64 TCZS p1
Here p. means |k | =o;
and p, means |p,| =fo.
4m?p (1 — p?
do = PA~FY |IM|*dQ,
64 n* 4m?
Also,

dQ3 = 21 d(cos0) .




Bsg = Expand[Asg /. {tM -5 -2+mA2+ (1-fA+xcos) / (1-8A2)}];
Bsqg = Expand[Bsg /. {uM-5 -2+mA2+ (1l+B+cos) / (1-8BA2)}];
Bsg = Simplify[Bsqg]

16 1 @ (B* (2 + cos* - 2 cos?) + 2 f* (cos® - 1) - 1)

m? (Beos - 1)* (Bcos + 1)°

Ac=4mA2/ (64xmA2x8) + B (2) «Bsqg;
Ao=hAo /. {8+ 4d+mA2/ (1L-8A2)}

Ao=bo /. {a=-1, m= 1}; \

Plot[{ﬁc /. B>0.1, A0 /. B50.9}, {cos, -1, 1},
PlotStyvle = {Blue, Red}, BaseStyle - bs,

Frame -+ True, FrameLabel = {"cose“, "Ag [arb. units] “]]

ma?B(1-B%)(B* (2 +cost -2 cos?)+2 B (cos? -1)-1)

2 m? (Beos -1)% (Beos + 1)°

1.4F ]
1.2}
1.0}
0.8}
0.6}

Ag [arb. units]

0.4} ]

02l ]
10 -05 00 05 10

cos@

do/dQ formula

do /dQ versus cos 0
red: 3=0.9
blue: =0.1




Total cross section for yy—e*e” versus v/c

Total cross section versus wv

otot = Assuming [ > 0 && B8 <1, Integrate[Ac, {cos, -1, 1}]]

Plot[otot , {8, 0, 1},

PlotStyle -» Black, BaseStyle - bs, AspectRatio -+ 0.8,

Frame -+ True, FrameLabel - {“B = v/c of the electron", "otot

(e 1) (- 3o

2
1

e 1)+2,B(,82-2))

2.0t

[u—
w
T

gtot [arb. units]
=

0.5¢

0.0

0.0 0.2 0.4 0.6 0.8

B =vic of the electron

Para.metricPlot.[{l/Sqrt[l-ﬁ-‘\Z], otot}, {B, 0, 0.99},

PlotStyle » Black, BaseStyle -+ bs, PlotRange —» {{0, 6}, {0, 2.5}},
Frame - True, FrameLabel - {"w!m of the photon", "otot [arb. units
AspectRatio = 0.8]

2.5

2.0

1.5

1.0

otot [arb. units]

0.5

0.0
0

1 2 3 4 h 6

w/m of the photon
threshold’

™ * : agrees with Eq. (14.157)
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The related processe™ +e ™ —y+vy,
and the mean lifetime of positronium.

e €
%
T g 540 +
t o { e, ‘

Homework Problems due Friday April 14

22. Is it possible to observe yy—e  +e .
If so, how. If not, why not?
23. Calculate the mean lifetime of
para-positronium. (You can use the results in the
book, but fill in the gaps.)
24. Show why the annihilation process

e~ +e" — vy cannot occur.

1"



