CHAPTER 14 - APPLICATIONS : QED
OUTLINE of the chapter

14.4 » Compton scattering

14.5 » Inverse Compton scattering

14.6 » Processes yy—e'e” and — e'e” —yy
14.7» e'e” —pu'u annihilation

14.8 » Problems

Section 14.4 »

Compton scattering

yte—-yte
Recall the history;

A Arthur H. Compton won the Nobel Prize in
Physics in 1927 for his 1923 discovery of the
Compton effect, which demonstrated the particle
nature of electromagnetic radiation.( Wiki )

A Now, calculate the cross section for arbitrary
energies.

O  Klein, O; Nishina, Y (1929). "Uber die Streuung

von Strahlung durch freie Elektronen nach der
neuen relativistischen Quantendynamik von
Dirac". Z. Phys. 52 (11-12): 853 and 869.




Kinematics y(k,) + e(p,) — y(k,) +e(p,)
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kt=(0,,Kk) ; pr=(E,,p,)

% There are 2 Feynman diagrams.
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< Implications of gauge invariance

If there is an external photon (initial or
final) then the matrix element looks like
this

M=¢ M* .

n

We can prove from gauge invariance
that

k M*=0.
Proof (Maiani)
The polarization vector comes from

J€ dx=lejx) A (x) d*)x;

from the expansion of A (X)in plane

waves, there is a term (a or a+) ek=x £, -

Now consider a gauge transformation,
AH(X) —>A'H(X) = AH(X) + auA(X),
with A(X) = e*XC;
A (®=(aora+)e**[g +ik C].
The matrix element must be gauge
invariant, which requires kll M*" = 0. (ged)

Or, another proof

Local charge conservation implies the
continuity equation, 0, j"(X)A= 0.

Or, in momentum space, kp (k) = 0.
For example, kll u(p+k) y* u(p) = 0.

So kll M*=0. (qged)
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Now consider | M |* where M =¢ M*.

| M |2=¢ MPFe (MH*. *
n a

For unpolarized scattering we average

over initial polarizations and sum over

final polarizations. In either case we have
r=2128r" r,a _gua

-k k, —(kn)(k n, +nKk )] /(k.n)?;

n* = (1,0,0,0) .
The second line gives 0 in % .

Maiani: "when multiplying by gauge
invariant amplitudes, the sum over photon
polarizations may be replaced by - 8

¢ Calculate [M_|2and |M_|?
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| M, |? = coefficient * traces =1 &
A =e*/(s—m??*/(16m?)
& = Tr {y* (p,+k,+m)y" (p,*m)
v, Pk +m)y (p,+m) }
|M_ | = coefficient * traces = & _
A = €*/(u-m*?/(16m?)
Eu = Tr 17" (P~ k,+m) v" (p, +m)
v, Pk, +m)y (p,+m) }
USE FEYNCALC to evaluate

2 — 2 —
IM,[“=A &, and |[M [“=}
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Compton e(p1) + y(k1) - e(p2) + y(k2)

$LoadFeynArts = False;

<< HighEnergyPhysics FeynCalc’

Loading FeynCalc from /home/stump/.Mathematica/Appl
FeynCalc 8.2.0 For help, type ?FeynCalc, open FeynCal

|- (* scalar products x)

ScalarProduct[pl, pl] =mA2;
ScalarProduct[p2, p2] =mA2;
ScalarProduct[kl, kl] =0;
ScalarProduct[kZ, k2] =0;

(* Mandelstam variables =)
ScalarProduct[pl, kl] = (s-mA2)/2;
ScalarProduct[p2 i k2] =(s-mn2)/2;
ScalarProduct[pl, p2] = (2mA2-t) /2;
ScalarProduct[kl, k2] =(-t)/2;
ScalarProduct [pl, k2] = (mA2-u) /2;
ScalarProduct [p2 b kl] = (mA2-u) /2;

Matrix element squared; term |Ms|A2

nz)- coeffSS =enrd / (s-mA2)A2/ (l6mA2);
traceSsS =Tr[
GA[u].(GS[pl] +GS[k1] +m).GA[v].(GS[pP1l] +m).
GA[v].(6S[pl] +GS[kl1] +m).GA[u]. (G5[p2] +m)]
£88 = Expand[traceSS /. {t »2+mA2-5s-u}]

oupe 4(-6m'+10m® s+dm’ t+6m”* u-2su)

ous. 8mte24mis+8mPu-8su

niel- (* compare £SS to B in equation (14.112) =x)
B=8B%(4mhd + (s-mA2) » (mA2-u) +2mA2 % (s-mA2));
Expand[B]
(* Thus £§SS = B «*)

o7 8mt+2amPs+8miu-8su



Matrix element squared: term [Mu[A2 We also need the interference terms
e - coeffUU =end / (u-mA2)A2/ (16mA2); Ml MZ* + Ml* MZ

tracelU = Tr[
GA[v]. (68[p1l] - GS[k2] +m).GA[k].(GS[P1] +m).

GA[u]. (GS[p1] -GS [k2] +m) .GA[v]. (6S[p2] +m)] [ntee fee ence devrms
£UU = Expand[traceUU /. {t >22+mA2-85-u}] e e gt v
(» Note that £UU is £SS with the exchange s and u *) M{Mu = W) U, ¥ (’ﬁ""r‘-}m)h’ .“1__,\ 62/4.6‘.'»
ouris- 4(-6m'+6m*s+4m” i +10 m* u-2su) ’E-lh J«'( % ' e
I Fr=Rh ¥ U, Eu
ouzo- 8mt+8mls+24m’ u-8su _ f i ) 2 Caof B3
— y
e
(S—w":)( Uu-w2) #(2m)

-r+ XM (m_& ﬂ" +m)a‘vaf, +l¢\) é:‘ (‘ﬁ‘ﬁ‘hng (‘”;h")
Summing Up

124~ MsgS8 = coeffSS x £S8;
MsqUU = coeffUU » EUU;

MsqQINT = 2 » coef£5U * £5U; _ i21)- coeffSU =ehd/ (s-mA2) / (u-mA2) / (l6mA2);
Msq = MsqSS + MsqUU + MsqINT; tracesyU = Tr[

Matrix element squared; the interference terms

251~ (* Compare the Final Result to Equation (14.116) =x) GA[u]. (GS[Pl] +GS [kl] +m) <GA[v].(GS[pl] +m).
test =Msg /. {8 -sM+mA2, u-uM+mA2}; GA[u].(GS[pl] -GS[k2] +m).GA[v]. (GS[p2] +m)]
eqll6 = (2xenrd /mA2) » ((MA2/SM+mA2 /uM) A2 + £8U = Expand [traceSU /. {t +2+mA2-58-u}]
(mA2 /sM+mA2 /uM) -1 /4 % (uM/sM+sM/uM)); (» Note that &£SU is real =)

Simplify[test - eqll6]
(* Msqg is same as equation (14.116) =)
i ovea- 16mt+8m?s+8m’u

outizz) 4(12m4—2m25—8mzr—2 M u+2st+262+2 f u)



% The Klein-Nishina cross section

We'll calculate the cross section in the lab
frame of reference, i.e., the rest frame of the
initial electron.

Iv*"'x‘é,
= 0

2
p,#=(m,0,0,0) ; k*=(w,0,0,k)
k,*=(w,,k,sin6,0,k, cos0)
p,*=(E,,-k,sin6,0,k—-Kk, cos6)

klu + pllvl = kzu + pzlvl

Mandelstam variables in the lab frame

s=(k, +p, ) =k>+p>+2k.p,
=m?+2m ®

u=(k,—p,)*=(k,~p,
=m’ - 2m o,

t=(k1—k2)2=k12+k22—2k1.k2
=-2ww,+2kk, cosb
=—200,(1—cosb)
=(p2—p1 )2=2n12—2mE2
=2m[m—-(o+tm-o,)]
=2m(-o0to,);

thus ( the Compton effect ) -
l/w, = /o + (I/m) (1-cos 8)

~




The cross section ...
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Or, let Mathematica do the algebra




s=m?+2muw

u=m?-2muw,
1/(»)2 =1/w+(1/m)(1-cos0)

Klein Nishina Cross Section; cross section in the lab frame

There is a misprint in Equation (14.135); Equation (14.136) is correct.

nsazi- Clear[cos]
S=mA2+2xmxwl;
U=mA2-2+m»w2;
Msg = Expand[Msqg /. {s -8, u-U}]
temp = Expand [Msq/ (ehd / (2mA2))];
temp2 = temp - w2 / wl - wl / w2;
temp2 = Expand[temp2 /. {1/w2 » 1/wl+1/mx* (1-cos)}];

temp2 = Expand[temp2 /. {(1/w2)A2 » (1/wl+1l/mw (l-cos))A2}];

Asg= (ehd/ (2mA2) » (temp2 + w2 /wl +wl [ w2))
Ao=1/ (16 m72) (w2 /wl)A2%RAsqg /. {e-Sqrt[d*xmxa]}
¢t w2 ¢ wl ¢t ¢ é é é

Qut[535] + + - + - +
2mPwl 2mPa?2 mwl mw? 2wl? wlw? 2wl

34(£+w—l—l+cosz)
wl w2

Out(540]

2 m?

a? w22(ﬂ+ Q'l—lﬂrosz)
wl  w?

Out[541]
2 m* wl?

The Klein - Nishina formula

do 2 0. o ®
= 2 2+

— sin%0
dQ 2m?  o® | o ,

The nonrelativistic limit

® o << Imn; photon energy is small
® ®,~ ;nofrequency shift
e do/dQ=a?/(2m?) (1 + cos?0);
~ 2 2
G, = ST 0~ /(3M7)
l.e., it agrees with the classical

theory of light scattering (Thomson
scattering)




do/dQ [mb]

Klein-Nishina cross section
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Homework problems
due Friday April 7

14. Maiani and Benhar, problem 14.4.1.
15. Maiani and Benhar, problem 14.4.2.
17. Maiani and Benhar, problem 14.4.3.
17. Mandl and Shaw, problem 8.7.




