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Seek solutions in which E(%,t) and B(X,t) are
both harmonic in time.

Obviously the frequencies must be equal; let
the frequency = w/(2n) .

We'll also require FE (3,t) and B (%,t) to be har-
monic functions of x, y, z.
The result is a plane wave.

Lecture 3
Electromagnetic Plane Waves in Vacuum

We consider fields E(X,t) and B(%,t) in
vacuum;

i.e., there are no electric charges nor
currents nor materials present,

p(Xt) =0 and J(t) = 0.

For example, cos ( k+X— w t).

Maxwell's equations are

V-E=O and V><E+la—B=O
c Ot

V-l_3>=0 and Vxl_é—l a—E=O
c Ot




VeE=0 and VxE-—%@l_B)/@
VeB=0 and VxB=+ 19E /o

Maxwell’s equations are real.

Throughout PHY 842 we will do calculations
with complex functions.

Just remember...
.. in the end we must take the real part of a
complex field to be the physical field.

We use complex functions for mathematical con-

venience. It is easier to do calculations with e
than with cos ¢ and sin ¢ .

ei¢ =cos g +isingy (Euler)
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The Maxwell equations are real, so we can
construct complex solutions, with the
understanding that the physical solutions are
the real part of the complex functions.

R
- i kw_c’—wt)

Write E(?c, t) = EO e (

and B()_)C, t):EO ei(k-x—wt)
Note that
0/0t (...) isthesameas —iw (...) ;

and V (...)isthesameas ik (...).
Be sure you understand this!

Result
k Eo—O and kXEO— w/c BO
k BO—O and kao——a)/c EO
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3.

k'EOZO and kXE():% 0
k'BOZO and kXBOZ—%EO

Theorem 1.

{ K , EO , §0 } form an orthogonal triad of vec-
tors,

with EO X §0 in the same direction as k .
Proof.

Start by drawing the vector K ;

then lay down EO perpendicular to K ;

then k and ]_fo define a plane ;

§o is perpendicular to the plane, in the direc-
tion of k X E)o :

Q.E.D.
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3

wo- dir =

"/Users/OurMacBookAir/Documents/Teaching.2018.current/introduction
.current/";

Import[StringJloin[dir, "planewave.png"]]

x
|

T

o

{ E, ]_fo , §0 } form a right-handed triad of
orthogonal vectors.
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*Eyg=20 and kXE(): =By
B

~l 1

*By=20 and kXB():—QEO

THE DISPERSION RELATION

= the relation between k ( = |E)| ) and w

Theorem 2. w=-ck

Proof
Kk X (Exﬁo) = (w/c) (k% By)

o I B

Lhs. =k (k.Eo) —Eo k2 = — k2 E,
and r.h.s. = — (w/c)? E,

Thus,
(w/c)? =k* Q.E.D.

The phase velocity is 0x/0t = w/k = c.
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4
This is the starting point for the theory of special
relativity.
All electromagnetic waves travel in vacuum
with the same speed, c.
(This is both the phase velocity and the group
velocity.)
That is, the speed of light (and all e.m. waves)
in vacuum does not depend on the observer.

Or, by the principle of relativity, the speed of
light in vacuum must be the same in all iner-
tial frames.

From this result, we can derive the transforma-
tions between different inertial frames —
the Lorentz transformations.
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S.
Einstein (190S) started with his knowledge of

Maxwell's field theory (1866), and from that
he deduced the theory of Special Relativity.

Interesting history ...

(WT, Chapter 13; Jackson, Chapters 11 and 12)
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THE RATIO B, /E,

Theorem 3.
Calculate By / Ej for a plane wave in vacuum.

Ex EO = (w/c) §0 (F. law)
Say§0 = By b ;thenzxﬁo =KkEyb
kEo = (C()/C) By

— Ey =By

Result : Bg = Ej for a plane wave in vacuum,;

* equal magnitudes in Gaussian units »
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6. .6

WHAT MORE IS THERE TO SAY ABOUT Problem 3-2
ELECTROMAGNETIC PLANE WAVES? Concerning an electromagnetic plane wave in
free space ...

See Homework Set #3.

Problem 3-1

Concerning an electromagnetic plane wave in
free space ...

(A) Draw the familiar picture of an electromag-
netic wave.

(a) Prove vppase = w/k.
(b) Prove Vphase = C.

(B) Calculate the energy densities ur and ug
and the energy flux density S. Verify that
energy is locally conserved.

(C) The spectrum of classical waves is infinite;
list 7 parts of the EM spectrum.

(D) State the superposition principle.

(E) Explain this statement: The e.m. plane
waves (in vacuum) are "complete".




