
1.

Maxwell's equations and potentials
     for time dependent sources

Review a topic from chapter 8
   — Potentials in the Lorenz gauge

Section 8.6: Retarded Potentials

Given ρ(x , t) and J (x , t) with ∇· J  = – 
∂ρ
∂t

Maxwell’s equations (1-4)
(1) ∇ · B = 0   ⟹   B = ∇ × A

A  (x , t)

(2) ∇ × E +  1
c  ∂B

∂t  = 0   ⟹   E = –1
c  ∂A

∂t  – ∇Φ

Φ (x , t)
We' ll also impose the gauge choice
    ∇ · A + 1

c  ∂Φ∂t  = 0 .
LORENZ GAUGE CONDITION
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Maxwell’s equations (3,4)
(3) ∇ · E = 4 π ρ

     =  ∇ · ( –1
c  ∂A

∂t  – ∇Φ ) 

     =  + 1
c2  ∂2Φ

∂t2  – ∇2 Φ   =  □ Φ

D'Alebertian  □ = ∂2 / c 2 ∂ t 2 – ∇2

∴ □ Φ = 4 π ρ (x,t)
In[99]:= .

(4) ∇ × B – 1
c  ∂E

∂t  = 4 π
c  J

  =  ∇ × (  ∇ ×  A )  – 1
c  ( –1

c  ∂2A
∂t2  – ∇ ∂Φ∂t  ) =  

□ A
∴ □ A = 4 π

c  J  (x,t)
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2.

The Green' s function of the D' 
Alembertian

Define it like this,

□  G( x,t ; x’,t’ ) = 4 π δ3(x – x’ ) δ (t – t’)
(8.88)

Use Fourier analysis to solve it; ⟸  WT equa-
tions 8.103 to 8.111 (reading assignment). I’ll 
use a quicker method of derivation.
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In[99]:= scanR01

Out[99]=
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In[100]:= scanR02

Out[100]=

Here ϵ > 0 and ϵ ⟶ 0.
The retarded Green's function has  –i ϵ  in the 
denominator.

In[101]:= scanR03

Out[101]=
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● Now do the integral over k.

In[102]:= scanR04

Out[102]=
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3.
In[103]:= scanR05

Out[103]=
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In[104]:= scanR0M

Out[104]=
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● Now do the integral over ω.

In[105]:= scanR07

Out[105]=

Gret( x,t ; x’, t’ ) = 1
R  δ ( t – t’ – R/c ) 

where  R = x – x’ |.
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4.

Gret( x,t ; x’, t’ ) = 1
R  δ ( t – t’ – R/c ) 

where  R = x – x’ |.
Interesting properties of the retarded Green' s 

function

▮  Time reversal invariance,

   Gret( x' , – t' ; x, – t ) = Gret( x,t ; x',t' ) 

▮  Propagation time = R/c,

    Gret( x ,t ; x' ,t' )

      = the field at (x,t)  due to a source at (x',t')

      = 0   unless   t = t' + x – x'| /c.

I.e., it takes time R/c for the signal to reach 

the point (x, t)
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The Potentials

□ Φ = 4 π ρ

⟹

Φ(x,t ) = ∫ d3x' dt'   Gret( x,t ; x ' , t')   ρ( x ' ,t')

                           ⟵— 1/R δ(t–t'–R/c) —⟶

Φx, t =   ∫ d3x'  1
R  ρ( x ' , t – R/c)

where  R = | x – x' | ;
(11.1)

and similarly,

Ax, t =   ∫ d3x' 1
R  J ( x ' , t – R/c)

(11.2)
Equations (11.1) and (11.2) are the equations 
for the potentials due to arbitrary time-depen-
dent sources, in free space. 
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5.
In[106]:= Show[cutR03, ImageSize → 768]

Out[106]=

In[107]:= Show[cutR04, ImageSize → 768]

Out[107]=
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6.
See homework assignment #6.
Problem 6.3 : Exercise 8.6.1.

In[108]:= Show[cutR01, ImageSize → 768]

Out[108]=
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Problem 6.4 : Exercise 8.6.4.

In[109]:= Show[cutR02, ImageSize → 768]

Out[109]=
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