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CHAPTER 11
     Radiation by systems and point particles

October 8
Lecture #3 on Radiation
.

Section 11.2: "E.M. radiation by systems;  the 
real source formalism"
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Electromagnetic radiation by systems;  
     the real source formalism
The “harmonic formalism” is for harmonic sys-

tems, like antennas.

Now we’ll consider arbitrary time dependence.

Start again with the potentials in the Lorenz 

gauge,

   Φ( x,t)  =∫ d3x’   (1/R)   ρ ( x ’ ,  t – R/c)

   A( x,t)  = ∫ d3x’   1/(cR)   J( x’ , t – R/c)

 where   R = | x – x ’ |
and here ρ(x ,t) and J (x ,t) are real .
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The POTENTIALS in the far zone

For the far fields ( i.e., r ≫ d ≡ size of the 

source)  we make these approximations,

   R = | x – x ' | ≈ r – n(  • x ' + O(d2/r)

   Φ( x,t) ≈ (1/r) ∫  d3x'  ρ( x ', tr )

   A( x,t) ≈ 1/(cr) ∫ d3x'  J( x ', tr )
.

The exact retarded time is

   tretarded = t – | x – x ’ |/c.

But we are making this approximation 

   tr  ≡ t –  ( r – n(  • x ' )/c
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The FIELDS in the far zone

Now we need to calculate

B = ∇ x A   and   E = – ∇Φ  –  1
c
∂A
∂t

Note that A and Φ depend tr .  So we’ll need 

this chain rule:

   ∇ f ( tr) = ∇ f ( t – r/c + n(  • x ’ /c )

      = 
∂ f
∂t  ∇ tr ≈ 

∂ f
∂t  ( – n(/c )

∇ r = n( (exact) ;
∇ tr = -n( /c + O (r –1) ;

so the approximation is valid for large r.
I. e., we can just replace ∇ by  –n(/c (∂/∂t) 
when it acts on tr dependence.
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The electric field
E = – ∇Φ – ∂ A/ⅆ t ; calculate Erad

In[95]:= three

four

five

six

Out[95]=

Rad3.1008.nb     11



Out[96]=

Out[97]=

12     Rad3.1008.nb

Out[98]=

Rad3.1008.nb     13



6▪
Summarize the results ...

   B ( x , t ) ≈   1
c

∂A
∂t  × n(  

where   A( x, t) ≈ 1/(cr) ∫ d3x’  J( x ’, tr )

and

   E ( x , t ) ≈ B( x , t ) × n(

Comment. Note that E ≈ B × n(  and E2 ≈ B2 .
(The same is true in the harmonic formalism.)
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The Angular Distribution of Radiated 

Power in the Far Zone

Start with
dP
dΩ  = c r2

4 π  n(  ▪ (E × B)

  ≈ c r2

4 π   n(  ▪ [ ( B × n(  ) × B ] 

  ≈ c r2

4 π  B2  because B ≈ – n(
c  × ∂A

∂t   is  ⊥ n(

  dP
dΩ  =  r2

4 π c     n( ×
∂A( x,t)

∂t 
2

Rad3.1008.nb     15



7▪

dP(t)
dΩ  =   r2

4 π c      n( ×
∂A( x,t)

∂t 
2

(11.55)
and

   A(x,t)  ≈   1/(cr) ∫ d3x’  J( x′, tr )

Equation (11.55) is the instantaneous power.

How does it compare to the time-averaged 

power (11.22) in the harmonic formalism?
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For example, suppose 

   J(x ’, t ') = J (x ’) cos (ω t ') .
⇒  A( x,t) ≈ 1/(cr)  ∫ d3x’  J( x′) (-ω) sin (ω tr)

⇒  ∂A/∂t ≈ 1/(cr)  ∫ d3x’  J( x′) (-ω) sin (ω tr)

∴  dP(t) /dΩ ≈ 

     r2

4 π c  (ω / cr)2  [ ∫ d3x’  n(  × J( x′)  sin2(ω tr) ]2

time average = 

   ω2

8 π c3   [ ∫ d3x’  n(  × J( x′) ]2
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Monday October 8
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