Problem 7-4 (Exercise 11.2.2) part (a)

Some preliminary calculations

Given this charge density,

p(;-, ‘r') = p0a 6 (r'-a) & (cosB')sin(¢'-wt")

The electric dipole moment is

p(t)= [ &% X p(?(", ‘r')

=p0 a° f d¢'sin(¢' - wt') exacosd + e, asing' }

= p0 a* 1t{ - e, sin(w t') + e, cos(w 1)}

Thus

77"(7‘0) = -p0 a* 1t W? { - e, sin(wty) + e, cos(wto) }

15 (o) | = 00 a* 1t w?

D (to) * A= -p0 a* 1T w? { - sin@ cose sin(wty) + sind sing cos(wty) }
= -p0 a* it w? sind sin(¢p-wt')

cos[y(tp)] = - siné sin(¢-wty)
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The exact (i.e., time-dependent) power distribution
We'll calculate the power distribution from Egs (11.55) and (11.41),

dP/dQ = r2/(4rtc) (A x 9A /6t )2 and A(R1)=1/(cr) [d3x T(R', 1)

where f.=t-r/c+hAX'/c =ty+hA*xX'/c; to=t-r/c.

The current density is ?( XY =p( X))V =p( X1 wa ().

So,

A (X1)=1/(cr) [ d®x' p0 a® w &(r'-a) 6 (cosB')sin (@' - w t,) (")
=A [d¢'sin(¢' - wt.){ -&, sing' + &, cos¢'}

where

A=(@E0a*w)/(cryand .= tg+A+X'/c: to=t-rlc.

fie X' = (&, sinf cosp +&, sinfsing +&, cosd)« ( é, acosd +&, asing')
= asinB cos(¢p - @)

A (R, 1)=A [dg' sin[¢' - wto+ k a sind cos(¢-¢)] {- &, sing + &, cos¢'}

Note k = w/c.

Let kasinB=¢.

The time derivative —

_;I. =-wA [d¢ cos[ @' - w 1o + & cos(¢-¢)] {- &, sing’ + e, cos¢'}

Important trick: Expand in Bessel functions

Equation (4.11) : exp{ i & cos(¢-¢) } = =, i™ &™) T (€)
Write cos[...] = Re exp[i(¢' - wtg)] expli & cos(¢p-¢')] .

A =-wARe qub' expli(¢' - wto)] expliécos(d-¢)] {-€, sing' + &, cos¢' }



In[«]:=

Outf«]=

Outf«]=

=-wAReZ, i J,(&) [do expli(d' - wto)]explim (¢-¢)]
{-éxsing' + &, cos¢' }
=-wAReZ, ™ J,(5) e m? e w0

xfdcp' exp[- i (m-1) ¢'1{-&, sing' + éy cos¢' }
Note that the integral over ¢' is zero unlessm=0orm = 2.

m=0;

{AO = Integrate[Exp[-I (m-1) ¢'] Sin[¢'], {¢', 0, 2Pi}],
BO = Integrate[Exp[-I (m-1) ¢'] Cos[¢'], {¢', O, 2Pi}]}

m=2;

{A2 = Integrate[Exp[-I (m-1) ¢'] Sin[¢'], {¢', O, 2Pi}],
B2 = Integrate[Exp[-I (m-1) ¢'] Cos[¢'], {¢', O, 2Pi}]}

{17, st}

{-1m, st}

Az=-wARe{ Jo(&) e -, AO + e, BO]
- Ja(§) e'®P-wh) [-¢, A2 + e, B2] }

A=-wARe{ Jo(&) e @O -e,im+ e, 1]

- To(§) e@9-91) [~ (-im) + e, 1] }

A =-w N t{ Jo(&) [ -ex sin(wtp) + e, cos(wtp)]
- J2(8) [ -ex sin(2 ¢ — wtp) + ey, cos(2 ¢ - wtp)] }

a
Next, calculate i x A

fi = e, sinf cos¢ + e, sind sing + e, cos6
fi x ey = - e, sin@ sing + e, cosd
A

x e, = + e, sinf cos¢ - e, cosO

AxA=z-wNr{
Jo(&)[ -( -e, sinbsing + e, cosb) sin(wto)
+(e, sinBcosg - e, cosB) cos(wtg)]
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-J2(8)[ -(-e,sinbsing +e, cosh) sin(2 ¢ - wtop)
+(e, sinBcosg - e, cosO) cos(2 ¢ — wtg) 1}
n x /.l =-wA 5 {
Jo(¢) [ e, sinb cos(¢ - wtg) + cosO (-ex cos(wto) - e, sin(wto) )]
-J2(¢) [ e,sinb cos(¢ — wtp) + cosO (-ex cos(2 ¢ - wto) - e, sin(2 ¢ - wtp) )
1}

Simplifications

term#l = &, (-wA) (Jo - J») sind cos(¢ — wty)

term#2 = €, cosO (-wA) {-Jp cos(wtp) + J» cos (2 ¢ - wtp)}
term#3 = €, cosB (-wA) {- Jp sin(wtg) + J2 sin(2 ¢ - wto)}

Now calculate (A x A )2

(A x A = (117 + (12 + (13)?

The rest is just algebra.

It is not too difficult to calculate 112+ +22 + +32.
It makes it easier to use Mathematica.

The final result is

(i x A2 = (AT { ( To(&) + Ta(€) )2 sinly - 4 Jo(€) Ta(&) cos?(d-w o) )
Recall A = (pg a* w) / (cr).

Thus,
dP/dQ = r?/(4mc) (A x A )?

=t p5 w* a® /(4 3) { (Jo(§) + T2(€) )? sin®y - 4 Jo(€) J2(€) cos?(¢-w 1o) }

Part (b)

Now calculate the time-averaged radiation rate.

We'll have { cos®(¢-w to) ) and ( sin®(¢-w to) ), which are equal to 1/2.
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Also, (sin’y)=1-(cos?y)=1-(1/2)sin’ 8= (1/2) (1+ cos?8).
So the result is
(dP/dQ) = 1ip§ w* a® [(4 ¢3) = {(Jo + J2 )21 2% (1 + cos?6) - 2 Jp J> }

=rpgw'a® [(8¢3) { (Jo-J2)% + cos?O (Jo+ J2)°}



