Homework Assignment #8

Problem 8-1 ; Exercise 11.5.5 ; [4 points]
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Exercise 11.5.5. Given the expression for
instantaneous angular power,
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where t,. = t, + n - #'/e(ty, = t = r/c), show that for a
spherically symmetric radial current,

J(@',t) =#'f(r',1), (' =|&"])

there is in fact no radiation, even though charges are being
accelerated. (This is the “breathing mode” mentioned in

Consider the integral
I=[dx" F(%', t)
As far as the angles (©6', ¢') are concerned J(§', ty) is

only a function of fAex’ . Therefore the angular part of I
may be written as

I, = | do' h' g(hex')

Since the integral is over all directions, there is no
loss of generality to take the z-axis in the direction of
n. Then,

2 . ~

I, = J sin6’ do6’ d¢' n’' g(r' coso’)

Now

J\d¢’ n’' = 2 e, cosO’

so

fa = 27 éz‘f sin6’ dO6’' cos6’ g(r' cosb')

That is, fa is in the n ( = e, ) direction.
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K2 points for the proof

~

Therefore dP/dQ = 0 because n x n =0 .
K2 points for the result

Problem 8-2 ; Exercise 11.5.6 ; [4 points]
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Fig. 11.16 Setup for Exercise 11.5.6.
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Exercise 11.5.6. Consider a thin spherical shell of radius
a, slightly separated along its equator, with static equal but
opposite potentials on the two halves (see Figure 11.16). The
shell is rotated at a constant angular velocity @ about an
axis. Find the time-averaged angular power, (dP/dQ),y,,
radiated from the system in the long-wavelength limit when
the axis of rotation is:

(a) the z-axis;
(b) the x-axis.

In the long-wavelength limit,

dp 1 N -
O - ancd [A x P(to)]?

where t, = t — r/c.
The dipole moment when the sphere is not rotating is

P = JdA X 0(X); here dA = a?sino do do¢;
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also, ¥ = % a sin6 cosp + ¥ a sin6 sing + Z a coso.
By symmetry, o(X) = 0¢(6) for 0 < 6 < n/2 and o(X) = —0g (7T
— 0) for n/2 < 6 < m1; so

P = 27Ta3’éz{J§/2 d6 sin6 cos6 oy (6) - L;z do sin6 coso

Op (m-0)}

= 2ra e, J;u d6 sinb cos6 oy (6) = py &,

Part (a) [2 points]
If the sphere rotates around the z axis, then
B(t) = po &;.

So in this case, dp

a0 - 0 because p(t) = 0.
Part (b)
If the sphere rotates around the x axis, then
p(t) = po ( &; cos(wt) — &, sin(wt) )
So in this case,

dp 1 ~ 5
a0 - 4ﬂc3[n><P(%)V
p2 (1)4
= 4°ﬂ = [ A x [é;cos(wt) - &, sin(wt)] ]2
p2 U)4
=807C3{1+C082(b sinze}
JT

N 2 points

(» A calculation =)

nh = {Sin[6] Cos[¢], Sin[6] Sin[¢], Cos[6]}};

pdd = {0, -Sin[wt], Cos[wt]};

V = Cross[nh, pdd];

& =Dot[V, V] // Expand;

E=€ /. {Cos[wt]"2 » 1/2, Sin[wt] 2 - 1/2};
E=€ /. {Cos[wt] *Sin[wt] - 0}

E=€ /. {Sin[¢]1"2 » 1 - Cos[¢p]"2} // Expand;
E=¢€ /. {Cos[6]1"2 » 1 - Sin[e] "2} // Expand
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Problem 8-3 ; Exercise 11.5.7 ; [4 points]

ingsil= Import[StringJloin[dir@, dirl, "/Ex1157.png"], "PNG"]

Exercise 11.5.7.

(a) A pulsar is a rotating neutron star with a strong magnetic field.
Often this magnetic field is not oriented along the rotation axis of
the star, but rotates at a polar angle 0, around the star; see Figure
11.17. Given a uniform angular rotation rate of the star, (2, find an
expression for the instantaneous radiation power loss from the
lowest order multipole moment. [Ans.:

07204

27;1.; sin® 4, .|

P(t) =

rotation axis

rotating
magnetic
field axis
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Fig. 11.17 Setup for Exercise 11.5.7.

(b) Define the Earth to be in the direction 7 = (sinf, 0, cosO).
Assuming the Earth and the pulsar star are at rest with respect to
one another, find the time dependence of the instantaneous power
signal received at the Earth.

Part (a)
The lowest order multipole moment is the magnetic dipole.
In the co-rotating frame, the magnetic dipole moment is
m=my { & sin 6, + &, cos 6, }.
In the frame in which the pulsar rotated with angular rota-
tion rate = Q is

m(t) = my { & sin(6,)cos(Qt) + &,sin(6,)sin(Qt)+ &,
cos(6y) }.



Then the power radiated per unit solid angle is (114)
2

P(t) = T3 [m(ty)]”
= 32c3 m? Q* sin?(6,)« 2 points
Part (b)
dpP 1 A3 2
. {n ¥ M (o) ]
do 4 ncs
1 2 4 2 .
= me@*{1-[a+ bcos (Qt) ]} « 2points
4 nc3
wherea = cosOE cosor and b = sin6E sinér

niiies= (* Calculation =)
nh = {Sin[6E], 0, Cos[BE]};
mdd = {Sin[er] Cos[Qt], Sin[er] Sin[Qt], Cos[6r]};
Dot[mdd, mdd] // Simplify;
Dot[nh, nh] // Simplify;
€ =1-Dot[nh, mdd] "2

ouriien- 1 - (Cos[OGE] Cos[6r] + Cos[Qt] Sin[6E] Sin[er])?

Problem 8-4 ; Exercise 11.5.8 ; 4 points
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Exercise 11.5.8.

(a) Starting with Equations (11.93)-(11.97), find dP(t)/d<, P(t) and
(dP/d£Y),y, for the nonrelativistic motion of a particle with charge
e moving in a circle of radius R in a uniform, constant magnetic
field, B.

(b) Asthe particle radiates, it changes its orbit parameters and looses
energy. Show that in nonrelativistic approximation the
instantaneous energy E(f) as a function of time is given by

E(t) =Ey f?'_'“,
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where E, is the energy at t = 0. Find the positive constant A.

sols8&.nb | 5



6 | sols8.nb

Part (a) (2 points)
2 e w! R?

P(t) = 3¢8

Part (b) (2 points)

P(t) = — S—E where E(t) = im w® R’.

® Nonrelativistic motion of a particle
in a magnetic field B e, :

mRw? = e (Rw/c) B = w = eB
mc
dE _ 2e?w*R? _ 4e*w 11 2 p21 —
®* & " T3 "7 Gme MUFI=AE
where
3 = 4e*w? _ 4e*B?
3mc? 3mce®



