
Homework Assignment #8

Problem 8-1 ; Exercise 11.5.5 ; [4 points]

In[700]:= dir0 = "/Users/OurMacBookAir/Documents";

dir1 = "/Teaching.2018.current/chapter11.current/HA8";

Import[StringJoin[dir0, dir1, "/Ex1155a.png"], "PNG"]

Import[StringJoin[dir0, dir1, "/Ex1155b.png"], "PNG"]

Out[702]=

Out[703]=

Consider the integral

I

 = ∫ d3 x ' J x


', tr) 

As far as the angles (θ’, ϕ’) are concerned Jx

', tr) is 

only a function of n&•x

’ . Therefore the angular part of I


 

may be written as 

I

α = ∫  dΩ’ n

&’ g(n&•x

’)

Since the integral is over all directions, there is no 
loss of generality to take the z-axis in the direction of 
n&. Then,

I

α = ∫  sinθ’ dθ’ dϕ’ n

&’ g(r ' cosθ’)
Now
∫ dϕ’ n&’ = 2π e&z cosθ’
so

I

α = 2π e

&
z ∫  sinθ’ dθ’ cosθ’ g(r ' cosθ’)

That is, I

α is in the n

& ( = e&z ) direction.



I

α = ∫  sinθ’ dθ’ dϕ’ n

&’ g(r ' cosθ’)
Now
∫ dϕ’ n&’ = 2π e&z cosθ’
so

I

α = 2π e

&
z ∫  sinθ’ dθ’ cosθ’ g(r ' cosθ’)

That is, I

α is in the n

& ( = e&z ) direction.
↖2 points for the proof

Therefore dP/dΩ = 0 because n& × n& = 0 .
↖2 points for the result

Problem 8-2 ; Exercise 11.5.6 ; [4 points]

In[704]:= Import[StringJoin[dir0, dir1, "/Ex1156.png"], "PNG"]

Out[704]=

In the long-wavelength limit,

dP
dΩ  = 

1
4 π c3

 [n& × p
̈
(t0)]2

where t0 = t – r/c.
The dipole moment when the sphere is not rotating is

p

 = ∫ dA x


 σ(x


); here dA = a2sinθ dθ dϕ;

also, x

 = x& a sinθ cosϕ + y& a sinθ sinϕ + z& a cosθ.
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The dipole moment when the sphere is not rotating is

p

 = ∫ dA x


 σ(x


); here dA = a2sinθ dθ dϕ;

also, x

 = x& a sinθ cosϕ + y& a sinθ sinϕ + z& a cosθ.

By symmetry, σ(x

) = σ0(θ) for 0 ≤ θ ⩽ π/2 and σ(x


) = –σ0(π 

– θ) for π/2 ⩽ θ ⩽ π; so

p

 = 2πa3 e&z{∫ 0

π/2 dθ sinθ cosθ σ0(θ) - ∫ π/2
π  dθ sinθ cosθ 

σ0(π - θ)}

= 2πa3 e&z ∫ 0
π/2 dθ sinθ cosθ σ0(θ) = p0 e

&
z

Part (a) [2 points]

If the sphere rotates around the z axis, then
p

(t) = p0 e

&
z.

So in this case, dPdΩ  = 0 because p
̈
(t) = 0.

Part (b)

If the sphere rotates around the x axis, then
p

(t) = p0 ( e

&
z cos(ωt) – e

&
y sin(ωt) )

So in this case,
dP
dΩ  =  

1
4 π c3

 [n& × p
̈
(t0)]2

= 
p0
2 ω4

4 π c3
 [ n& × [e&z cos(ωt) - e&y sin(ωt)] ]2

= 
p0
2 ω4

8 π c3
 { 1 + cos2 ϕ sin2 θ }

↖ 2 points

(* A calculation *)

nh = {Sin[θ] Cos[ϕ], Sin[θ] Sin[ϕ], Cos[θ]};

pdd = {0, -Sin[ωt], Cos[ωt]};

V = Cross[nh, pdd];

ξ = Dot[V, V] // Expand;

ξ = ξ /. {Cos[ωt]^2 → 1 / 2, Sin[ωt]^2 → 1 / 2};

ξ = ξ /. {Cos[ωt] * Sin[ωt] → 0};

ξ = ξ /. {Sin[ϕ]^2 → 1 - Cos[ϕ]^2} // Expand;

ξ = ξ /. {Cos[θ]^2 → 1 - Sin[θ]^2} // Expand

Out[979]=
1

2
+
1

2
Cos[ϕ]2 Sin[θ]2
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Problem 8-3 ; Exercise 11.5.7 ; [4 points]

In[981]:= Import[StringJoin[dir0, dir1, "/Ex1157.png"], "PNG"]

Out[981]=

Part (a)

The lowest order multipole moment is the magnetic dipole.
In the co-rotating frame, the magnetic dipole moment is
m

 = m0 { e

&
x sin θr + e

&
z cos θr }.

In the frame in which the pulsar rotated with angular rota-
tion rate = Ω is
m

(t) = m0 { e

&
x sin(θr)cos(Ωt) + e

&
y sin(θr)sin(Ωt)+ e

&
z 

cos(θr) }.
Then the power radiated per unit solid angle is (114)

P(t) = 2
3 c3

 [m
̈
(t0)]2

= 2
3 c3

 m0
2 Ω4 sin2(θr)⇐ 2 points
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Then the power radiated per unit solid angle is (114)

P(t) = 2
3 c3

 [m
̈
(t0)]2

= 2
3 c3

 m0
2 Ω4 sin2(θr)⇐ 2 points

Part (b)

dP

dΩ
=

1

4 πc3
 n& × m

̈
(t0) 

2

=
1

4 πc3
m0
2 Ω4  1 – [ a + b cos (Ωt) ]2  ⇐ 2 points

where a = cosθE cosθr and b = sinθE sinθr

In[1163]:= (* Calculation *)

nh = {Sin[θE], 0, Cos[θE]};

mdd = {Sin[θr] Cos[Ωt], Sin[θr] Sin[Ωt], Cos[θr]};

Dot[mdd, mdd] // Simplify;

Dot[nh, nh] // Simplify;

ζ = 1 - Dot[nh, mdd]^2

Out[1167]= 1 - (Cos[θE] Cos[θr] + Cos[Ωt] Sin[θE] Sin[θr])2

Problem 8-4 ; Exercise 11.5.8 ; 4 points

In[1168]:= Import[StringJoin[dir0, dir1, "/Ex1158.png"], "PNG"]

Out[1168]=
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Part (a) (2 points)

P(t) = 2 e
2 ω4 R2

3 c3

Part (b) (2 points)

P(t) = – dEdt   where E(t) = 1
2
m ω2 R2.

●  Nonrelativistic motion of a particle
in a magnetic field B e&z :

   m R ω2 = e (Rω/c) B ⟹ ω = eBmc

●   dEdt  = – 
2 e2 ω4 R2

3 c3
 = – 4 e

2 ω2

3 m c3
  1

2
m ω2 R2] = –λ E

where

   λ = 4 e
2 ω2

3 m c3
 = 4 e

4 B2

3 m3 c5
 .
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