
Homework Assignment #10
due Friday Nov 8

1. 8-1. (A) Evaluate P ∫-1
+1 dx

x

(B) Evaluate P ∫-1
+1 dx

x
 1
x+2

(A) { ∫–1
–ϵ +  ∫ϵ

1} dx
x  = ln( ϵ) + ln( 1/ϵ) = 0

(B) { ∫–1
–ϵ +  ∫ϵ

1} dx
x (x+2)

 =  { ∫–1
–ϵ +  ∫ϵ

1} dx
2

{ 1
x  – 1

x+2
 } =

 = 0 - 1
2
 { ln(3) - ln(1) } = – 1

2
 ln(3)

( 2 points )
In[']:= Integrate[1 / x / (x + 2), {x, -1, 1}, PrincipalValue → True]

Out[']= -
Log[3]
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2. 8-2. Jackson Problem 7.22

In[']:= p722

Out[']=

In[']:= eq7120

Out[']=

1
a2 - ω2

=
1
2 a


1

a - ω
+

1
a + ω



In[']:= (*A*)

Θ[x_] = HeavisideTheta[x];

fi[ω_] = Θ[ω - 1] - Θ[ω - 2];

Plot[fi[x], {x, 0, 5}, PlotRange → {{0, 5}, {-0.1, 1.5}},

PlotStyle → {{Red, AbsoluteThickness[3]}}, ImageSize → Medium]

Out[']=

1 2 3 4 5
0.0

0.5

1.0

1.5

test11 = Assuming[0 < a < 1, Integrate[x * fi[x] / (a - x), {x, 1, 2}, PrincipalValue → True]];

test12 = Assuming[1 < a < 2, Integrate[x * fi[x] / (a - x), {x, 1, 2}, PrincipalValue → True]];

test13 = Assuming[a > 2, Integrate[x * fi[x] / (a - x), {x, 1, 2}, PrincipalValue → True]];

test2 = Assuming[a > 0, Integrate[x * fi[x] / (a + x), {x, 1, 2}]];

f11 = 1 + (2 / Pi) * 1 / (2 * a) * (test11 - test2) // Simplify;

f12 = 1 + (2 / Pi) * 1 / (2 * a) * (test12 - test2) // Simplify;

f13 = 1 + (2 / Pi) * 1 / (2 * a) * (test13 - test2) // Simplify;
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In[']:= Show[

Plot[f11 /. a → ω, {ω, 0, 1}, PlotRange → {{0, 5}, {-10, 10}}],

Plot[f12 /. a → ω, {ω, 1, 2}, PlotRange → {{0, 5}, {-10, 10}}],

Plot[f13 /. a → ω, {ω, 2, 5}, PlotRange → {{0, 5}, {-10, 10}}]]

Out[']=
1 2 3 4 5
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In[']:= (*B*)

Θ[x_] = HeavisideTheta[x];

{ω0, γ, λ} = {2, γ = 2 / 10, λ = 1};

gi[ω_] = λ * γ * ω / ((ω0^2 - ω^2)^2 + γ^2 * ω^2);

Plot[gi[x], {x, 0, 5}, PlotRange → {{0, 5}, {0, 5}}, ImageSize → Small]

Out[']=

0 1 2 3 4 5

1

2

3

4

5

Remove[a]

test2 = Assuming[a ∈ Reals && a > 0,

Integrate[x * gi[x] / (a^2 - x^2), {x, 0, Infinity}, PrincipalValue → True]]

Out[']=

25 -4 + a2 π

800 - 398 a2 + 50 a4

3



In[']:= Plot[test2 /. {a → x}, {x, 0, 5}, PlotRange → All]

Out[']= 1 2 3 4 5

-2

-1

1

2

( 6 points )
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3. 8-3. Jackson Problem 7.25

In[']:= p725

Out[']=

In[']:= eq766

eq767

Out[']=

Out[']=

part(a)
In[']:= (*A*)

ϵp[ω_] = ϵ0 * (1 - ωp^2 / ω / (ω - ωB)) /. {ϵ0 → 1};

np[ω_] = Sqrt[ϵp[ω]];

κ[ω_] = ω * np[ω] / c /. {c → 1};

fA[ω_] = D[κ[ω], ω] // Simplify

fun[ω_] = fA[ω] /. {ωB → 1, ωp → 2};

Out[']=
2 ω3 - 4 ω2 ωB + 2 ω ωB2 + ωB ωp2

2 ω (ω - ωB)2 1 - ωp2

ω2-ω ωB
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In[']:= Show[

Plot[{Re[fun[ω]], Im[fun[ω]]}, {ω, 0, 5},

PlotStyle → {Blue, Red}, PlotRange → {All, {-5, 10}},

AxesLabel → {"ω", "dκ/dω"}, BaseStyle → 18, AspectRatio → 1],

Graphics[{

Line[{{1, 0}, {1, 10}}], Text["ωB", {1, 4}, {0, 0}],

Line[{{2, 0}, {2, 10}}], Text["ωp", {2, 4}, {0, 0}]}] ]

Out[']=

ωB ωp
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ω
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dκ/dω

part(b) : ω ∈ ( 0 , ωB )
(* minimum of fA ; for te case ωp = 2 ωB ...*)

D[fun[ω], ω] // FullSimplify

FindRoot[-1 + 4 * x + x^3 - x^4 ⩵ 0, {x, 0.25}]

(* the minimum occurs at ω = 0.247*ωB *)

Out[']=

4 ω -1 + 4 ω + ω3 - ω4

((-1 + ω) ω)5/2 (-4 + (-1 + ω) ω)3/2

Out[']= {x → 0.247158}
In[']:= (* limit ω → 0 *)

Series[fA[ω], {ω, 0, 0}] // Normal;

limit1 = % // PowerExpand // Simplify

Out[']=
ωp

2 ω ωB
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In[']:= (* limit ω → ωB *)

Series[fA[ω], {ω, ωB, 0}] // Normal;

limit2 = % // Expand // FullSimplify

Out[']= -
1

4 ωp4
ωB -

ωp2

(ω - ωB) ωB

3/2

ωB3 - 3 ωB ωp2 + ω -ωB2 + ωp2

part(c) : arrival of a whistler
The question refers to Problem 7.20a, which is shown below:

In[']:= ref7201

ref7202

Out[']=

Out[']=

Now, what is the method of stationary phase?
Look it up on Wikipedia (see below)

7



In[']:= msp

Out[']=

It just means that the group velocity is dω/dk.
So the time of arrival from distance D goes like
     time = D

vgroup
 =   dk

dω
 D

Now look at the graph of dk/dω in part (A).
In some frequency ranges the arrival time increases with fre-
quency; i.e., the higher frequencies arrive later than lower 
frequencies.
In some frequency ranges, the higher frequencies arrive ear-
lier than the lower frequencies; LIKE A MUSICAL DESCEND-
ING TONE. That’s called a whistler.

( 6 points )
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1. 8-4. Prove equation (7.122).

In[']:= eq7122

Out[']=

Start with the Kramers and Kronig relations.
In[']:= eq7120A

Out[']=

Now 
ω2 (1-Re {ϵ / ϵ0}) = – (2/π) ∫0

∞ x Im {ϵ(x ) / ϵ0} ω2

x2 –ω2  dx

Take the limit ω ⟶ ∞ on both side of the equation...
          ⟹  ωp

2 = 2
π

 ∫0
∞ x Im {ϵ(x ) / ϵ0} dx

as claimed.
( 2 points )
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2. 8-5. Prove the faltung theorem of Fourier integrals. (See the footnote on page 330.)

In[']:= faltung

Out[']=

Proof:

X =
1

2 π

–∞

∞
A (t') B (t - t') dt'

=
1

2 π

–∞

∞ 1

2 π

–∞

∞
a (ω1) eiω1 t' dω1

▫
1

2 π

–∞

∞
b (ω2) eiω2 (t–t') dω2 dt'

Now use the familiar delta function identity,
1

2 π

–∞

∞
ei (ω1 - ω2 ) t' dt' = δ (ω1–ω2) ;

⟹

X =
1

2 π

–∞

∞
a (ω1) b (ω1) eiω1 t dω1

=
1

2 π

–∞

∞
c (ω) eiω t dω = C (t)

which proves the theorem.

( 2 points )
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In[']:= totalpoints = 2+6+6+2+2

Out[']= 18
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