






Jackson Problem 6.14

The problems depends on Section 6.9, so start by reading that. In particular, we will need to use 
complex fields and sources.

The current is I(t) = I0 cos(ωt) = Re   Io e–iωt.
Do the calculations for Ii (t) = I0 e–iωt, with the real part being understood. Also, Q(t) = I0

ω
 

sin(ωt) = Re i I0

ω
 e–iωt .

So the charge in the complex formulation is q = i I0/ω e–iωt .



Part (A)

Sources:
Q(t) = Q0 e-iωt and I(t) = I0 e-iωt (Re understood)

where I = Q
•
 = -iω Q0 e-iωt ; ⟹ Q0 = i I0 /ω .

Fields:

(i) Electrostatics approximation, C = ϵ0 πa2

d

Ez = ΔV
d

 = Q
d C

 = i I
ωπa2 ϵ0

(ii) Displacement current  Jz = ϵ0 ∂Ez

∂t
= I

πa2

∇× H
→

 = J
→

 implies  Hϕ = π r2

2π r
 Jz = r

2
 I
πa2

(iii) add the electric field from Faraday’s law,

∇× E
→

 = i ω B
→

 = iωμ0 H
→

 = iωμ0 I
πa2  r

2
 e.ϕ

Ez = i ωμ0 I
π a2  r2

4
           (sign in uncertain)

combining,

Ez = i I
ωπ a2 ϵ0

 { 1 - ω
2 r2

4 c2  + higher order }

negative sign for Lenz’s law

(iv) Recalculate H from the new displacement current

Hϕ = I
π a2  1

2π r
 ∫0

r   (1 – ω
2 r'2

4 c2 ) 2π r’dr’

Hϕ = I
π a2  ( r

2
 – ω2

4 c2   r3

4
 ) =  I

π a2  r
2
 { 1 –  ω

2 r2

8 c2  + h.o.}
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Part (B)

We have we = 1
4

E
→
•D

→✶
  and  wm = 1

4
 B
→

 • H
→✶

 .

we  = ϵ0

4
 1E22 = 1I2 2 ϵ0

4 ϵ0 ωπ a22
 { 1 - ω

2 r2

2 c2  +ho}

wm = μ0

4
 1H22 = 1I2 2 μ0

4  π a22
 r2

4
{ 1 - ω

2 r2

4 c2  +ho}

Now integrate over the volume; 
∫ d 3 x = ∫ 2π r dr dz = 2π d ∫ r dr;

Ue  = ∫ we  d 3x = I /ω 2 ϵ0

4 ϵ0 π a22
 2πd a2

2
 { 1 - ω

2 a2

4 c2 }

     = q2 d
4π ϵ0 a2   { 1 - ω

2 a2

4 c2 } where q = I/ω

Um = ∫ wm d 3x = I /ω 2 μ0 ω2

4 π a22
 2πd a4

16
 { 1 - ω

2 a6

6 c2 }

     = μ0 ω2 q2 d
32π

 { 1 - ω
2 a2

6 c2 }

Finally, Q = total charge on either plate.

Calculate Q from Gauss's theorem, 

     ∫0
a  Ez 2π r dr = Q

ϵ0
 . 

Therefore Q = ∫0
a  i I

ωπa2 ( 1 – ω
2 r2

4 c2  ) 2π r dr 

= i I
ωπa2 2π ( a2

2
 - ω

2 a4

16 c2 ) = i q  ( 1 -  ω
2 a2

8 c2  )  [recall q=I/ω]

Q 2 = q 2 ( 1 – ω
2 a2

4 c2  ) 

q 2 = 1Q22 ( 1 + ω
2 a2

4 c2  ) neglecting O ω4)

  Ue = q2 d
4π ϵ0 a2   { 1 - ω

2 a2

4 c2 }  = Q 2 d
4π ϵ0 a2   neglecting O ω4

  Um = μ0 ω2 q2 d
32π

  { 1 - ω
2 a2

6 c2 }  = μ0 ω2 Q 2 d
32π

 { 1 + ω
2 a2

12 c2 }

neglecting O ω4
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Part (C)

Calculate the reactance
X = 4ω

I 2  (Um – Ue ) = 4ω
Q 2 ω2  ( Um - Ue )

X  ≈  ω μ0 d
8π

 – 1
ω

 d
π ϵ0 a2  = ω L – 1

ω C

I.e., it is approximately equivalent to an LC circuit,

with inductance L = μ0 d
8π

 and capacitance C = ϵ0 π a2

d

The resonant frequency is 1

LC
 ≈ 2 2 c

a
.

Comparison:

2 2  = 2.82  compare to first root of J0(x) = 2.40. 
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