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Energy flow and attenuation
in a waveguide
Section 8.5

The waveguide is a hollow cylinder,
centered around the z axis,
with an arbitrary cross section.

Rectangular example ...
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We seek to solve Maxwell’s equations for
fields with these forms

-

E(X,0) ={ Ex(xy) + &, we(xy) } & <=

- > - . '
B(x,t) = {B1(x,y) + &, wg(x,y) } € (kz-wt)

where =0 (TE mode) or 5 =0 (TM
mode).

—

Er=ex ExteyEy, etc.

Comments:

m Wave propagation in the z direction

m £, =0 (TE polarization) or B, =0 (TM

polarization)

m B, = gﬁ(X,Y) or E,= ¢(X;Y)

m In Maxwell's equations,

0 : 0 — _3

7 — 1k and o 1w

. P P
m Define Vp =&, -+ ¢, 3y >

R
and transverse vectors like E7=éy Ex + &,

Ey




Maxwell’s Equations

TM polarization (B, = 0, E; = )
> -
TE polarization (E, = 0, B, = y) VeeE=0 ViEr+ik =0
- - - -
VeeE=0 VT'ET=O Ve IJH:O VTOHT=O
- - -
VeuH=0 VieHr+ik =0 o\uH p A 2
_{J T T Lp . _ ( _) - V X E O — eZ.(VTx ET)
a(uH) - ) a - ot =
6_t=VXE iwy W =e,*(Vrx ET) iwy Hy = ?
.2 A2 ( E) R .
iwu Ht =ik e,xE dle N
. HT = 1€ €2xET —VxH | —iwe w=8,(VrxHr)
G(EE) - A - ot e
p =VxH 0=e,(Vrx Hy) . iweEy=?
—-lwe ET = —ézx Viy +ik ézx :IT




Energy flux
- - -
S=1Ex(H)"
%
) — d_P
Re{eZ S}_<da>

- - - R
S=12(Et)x (Ht +ezH,) fora TE mode
See Equation (8.48) .

Note that S 7 is imaginary and simplify =
the integrated energy flux is

> k
szS-ezda=w—f |VTL,u|2da*CD
A 2 y* Ja

where ® = € (TM case) or u (TE case).

We can simplify the integral still further,
0
= 95 Ml ds—f w* V2ywda
c on A

by Gauss's theorem

The surface term is zero for either
Dirichlet or Neumann boundary
conditions, and V2 = — v%y;




Exercise: The field energy per unit length
along the z axis is guide is

1 w

U ) jLﬂ(,Uda*CD

) 2 W)
Group velocity and energy flow and group
velocity,

U \/—1’ __—Vgroup

_dw .
Vgroup =4y

-1 ~A2
aISO Vg Vphase —_ e =C

Attenuation of energy flux
The above results are for perfectly
conducting walls.
Now suppose the conductivity o is finite.
There will be ohmic losses = the energy
flux will be attenuated.
Treat the problem by “successive
approximations”. (Recall Section 8.1.)
In the first approximation, k) ~ k{o) which
is real for w > w, or pure imaginary for
w<w).
Now make the correction for finite o,

ky=k® + ) +i By




[, is the attenuation coefficient.
We will determine ) by using Section 8.1;
i.e., by conservation of energy

-1 dP
P(2)=Poe?? = Bi=—= —
) P25 @
— 3—2 = power loss per unit length
-
=21W 9Sc|an|2dS

the last line is from Section 8.1.
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Example: TE modes of a rectangular
waveguide, with dx = a and 0y = b, with
mode numbers m and n=0.
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(*+ Plot in Figure 8.6 )
(* X = w/wcC *)
B=Sqrt[x/ (1-1/x"2)]*(1/b+ 1/a »(1/x"2));
fun[x_]1=8 /. {a-»2,b->1}//Simplify;
Show|[
Plot[fun[x], {X, 1, 4}, PlotRange » {{0, 4}, {0, 5}},
AxesLabel » {"w/wc", "B [arb. units]"},
PlotStyle » {Red, AbsoluteThickness[3]}, BaseStyle -» 18],
Graphics[ { Line[{{1, 0}, {1, 5}}] }1]
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Figure 8.6 Attenuation constant 8,
as a function of frequency for
typical TE and TM modes. For TM
modes the minimum attenuation
oceurs at ww, = V3, regardless of
cross-sectional shape.




