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The total cross section do/dQ? for the production of a muon pair of invariant mass
Q2 via the Drell-Yan mechanism and the Feynman x  differential cross section
d2a/dQ2dxF are calculated in QCD retaining all terms up to order as(Q2). The calcula-
tions are performed using dimensional regularisation of the intermediary infrared and
collinear singularities, but we present our results in a form independent of such details.
The corrections to both these cross sections coming from radiative corrections to the
lowest-order q annihilation diagram are found to be large at present values of 92 and S
when the cross section is expressed in terms of parton densities derived from leptoproduc-
tion, for all Drell-Yan processes of practical interest. Numerical calculations are presented
which show, for any reasonable parametrisation of the parton densities, that the neglect
of higher-order terms in as(Qz) is not justifiable. The quark-gluon diagrams on the other
hand give small corrections in this order and are only important for PP scattering.

1. Introduction

In a preceding paper [1] we have considered deep inelastic leptoproduction and
the Drell-Yan process in quantum chromodynamics [2,3]. We defined quark and

* This work is supported in part through funds provided by the US Department of Energy
(DOE) under contract EY-76-C-02-3069.
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gluon densities beyond the leading order in QCD and in terms of these scale-depen-
dent parton densities [4,5] we calculated correction terms to the leading-order
results. These correction terms are suppressed by one power of In Q2 relative to the
dominant terms in the parton cross sections and hence are negligible in the asymp-
totic region. At the subasymptotic energies of present day experiments they play an
important role.

The higher-order corrections in the Drell-Yan process [6,7]

hadron + hadron - u*u~ + anything ,

are particularly striking because they turn out to be large at present energies. The
modifications of the Drell-Yan formula (expresséd in terms of scale-dependent par-
ton densities derived from measurements in deep inelastic leptoproduction) are so
large that the retention of only the first-order correction terms in ag(Q?) is unjusti-
fied. We stress that this is not an artifact of our particular definition of parton den-
sities beyond the leading order but rather a result which we will show to be true in
any expression for the Drell-Yan cross section written in terms-of parton distribu-
tion functions measured in deep inelastic lepton-hadron scattering. The numerically
important terms in our result are independent of details of how the distribution
functions are defined from lepton-hadron scattering.

In this paper we study and extend our previous results on the Drell-Yan process.
We consider all the contributions of order ag, that is both those involving an initial
quark and antiquark as well as those with an initial quark (antiquark) and gluon.
Using the technique of dimensional regularisation [8,9] of the infrared and collinear
singularities encountered in the massless quark-gluon theory we derive in detail the
O(og) corrections to the total cross section * and to the cross-section differential in
Feynman xy or equivalently in the massive photon rapidity yr. These latter cross
sections are of special interest because the experimental data are normally presented
in this form. We thus calculate cross sections which are directly comparable with
experimental results.

In our treatment of the quark and gluon densities **, which we feel to be most
convenient for many reasons, large corrections appear in the qq annihilation piece
of the Drell-Yan cross section both in proton-nucleon and antiproton-nucleon colli-
sions. By way of contrast, for réasonable choices of the gluon densities the quark-
gluon corrections are always small even for PP scattering or other processes where
the leading term is proportional to small sea densities. These results run contrary to
the naive expectation that the lowest-order Drell-Yan formula is a good approxima-
tion at least for nP and PP scattering (i.e., valence-valence processes). Such intuition

* Corrections to the total cross section have also been considered in refs. [10,21].

** This caveat is only necessary because we could choose to have small corrections in the Drell-
Yan process and large corrections to the parton-model expression for £, . Nothing would be
gained by such a shuffling of the large correction terms and it would correspond less to the
normal operational procedure. Full details of our definition of parton densities are given in
sect. 2.
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is thus positively misleading in the order in ag(Q?) in which we calculate.

The algorithm of perturbative QCD [12] and in particular its application to the
Drell-Yan process [13] are now well-understood. All the mass-singularity logarithms
encountered in quark-gluon perturbation theory may be factored from the pertur-
bative partonic cross section and consistently absorbed into the parton distribution
functions [14,15], which thereby acquire a calculable dependence on the scale size
of the interaction, determined in the case of muon production by the invariant mass
0? of the muon pair and the intermediate massive photon. We argue that renormali-
sation group improved lowest-order perturbation theory from which the mass singu-
larities have been exorcised according to the above procedure is not adequate to
describe the Drell-Yan process at present values of Q2. A reliable treatment of the
Drell-Yan process will require the inclusion of higher-order terms and hence depends
crucially on the factorisability of both leading and subleading mass singularity loga-
rithms *.

The structure of this paper is as follows. In sect. 2 we remind the reader of our
definition of the parton densities beyond the leading order in terms of the deep
inelastic structure function F,. In sect. 3 we discuss the advantages of the dimen-
sional scheme for the regularisation of the infrared and collinear divergences and
calculate the deep inelastic structure function %, and the Drell-Yan cross section in
order a. In sect. 4 we derive the corrections to the total Drell-Yan cross section
do/dQ? and discuss the reason why the corrections are large. In sect. 5 we derive the
results for cross-section differential in Feynman x¢. A discussion of the numerical
size of these corrections in relation to the available experimental data is given in
sect. 6.

2. Parton densities beyond the leading order

In this section we establish our notation and remind the reader of our definition
of the parton densities beyond the leading order. Let us consider first deep inelastic
leptoproduction. Q2 is the absolute value of g2, where g is the momentum carried
by the current and x and ¢ are defined by:

2
x = Q ,
2P-q

t=1In Q?*u?, 1)

Pis the four-momentum of the target and u is an arbitrary scale of mass. We also
define the quantities F;(x, @?) related to the normal structure functions by **
(%1, Fa, F3) = (QFy, Fa/x, F3) . (2)

We have defined the script F; because they have a more immediate relationship with

* See refs. [14,16].
** See for example, ref. [17].
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the densities of partons. For example, in the naive parton model the electroproduc-
tion structure functions are given by

F(x) = Fp(x) = IE o), 3)

where g (x) is the “bare” distribution of the /th type of quark or antiquark inside
the hadron and sum on / runs over all flavours of quarks and antiquarks.

Our definition of the parton densities beyond the leading order in QCD is the
requirement that, in terms of the “renormalised” scale-dependent parton densities
qi(x, t) the form of eq. (3) is preserved for the structure function ¥, with no cor-
rections proportional to ay(Q?): '

%o, =250 T opau ). @

Calculating the leptoproduction structure functions F;(x, ¢) in perturbation theory
we find, (Go(y) is the “bare” gluon distribution function):

N X R N R

(D) 52 thoo ) s Go()’)} . )

In the above formula the index / runs over quarks and antiquarks of any flavour
and the numbers 4j are the appropriate coupling factors. In particular in electropro-
duction the 4} are given by the squares of the quark (or antiquark) charges. Eq. (4)
implies that to first order in oy the relationship between bare and renormalised
Ly
qi(x, t) =qor(x) + | —
i+ [ 2

quark densities is given by:
ay x x
—tPo| =\ + —
J [2n QQ(y) asfq,2(y)] qox(»)

+ [;‘s—ﬂthG (%) + ast,Z('fj)] Go()’)} . (6)

Defining the moments of the quark and gluon distributions,

14

1
q¥() = f dx x"gp(x, 0) ,
0

1
GO () = f dx x""1G(x, 1), @)
0
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we may rewrite eq. (6) as,

o= [1+200asO] o+ [ B4 ara) 6@ ®
where
n
y_4(3. 1 1 1 n?+n+2
INONETEN B _) Lo ! 0
37aq 3(2 nn+1) "3 gl 29675 i+ D(n + 2) ©)

The generalisation of eq. (8) to include the effects of all leading logarithms may
be written as follows:

g =(1+ o I G + o &, G (10)

where ¢ and G are related to qo and Gq by the matrix equation

q o, (t) Q) qdo

S I e O e (1)
LL P ﬁ(a) qo | -

G 015(0) GO

and y"(a) is the standard anomalous dimension matrix given in lowest order by

g"YgZ]) 0 2751’8
7(”)(04)=§S—n 0o HW LR, (12)

-+

57%?; 578?1 3y

In terms of these densities the electroproduction structure function %, for exam-

ple, may be written
L DA E A o

+(Ee,)as(r)[fcl( )- sz( )]G(y z)} (13)

In this equation oy has been replaced by the running coupling constant ag().

There are many advantages to this definition of the quark densities. One of the
most important is that it appears to be the most natural choice since a large fraction
of the information on parton distribution functions inside hadrons comes from
measurements of £, in electroproduction and (anti-) neutrino experiments. There
are also technical advantages; the corrections to the lowest-order results are jinde-
pendent of gauge and the method of regularisation of the infrared divergences. For
example, in eq. (13) the correction terms to the leading-order results are given by [18],

2 dy
Fi(x, l‘)=f}—
X
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Qg [fq,2(z) fq,l(z)] =5 _2 (14)

& lfo,20)~f,1 )] =§i %42(1 ). (15)

These corrections are independent of the method of regularisation of the divergences,
because in this order in perturbation theory they require no regularisation (i.e., they
are finite). Since they correspond to on-shell matrix elements they are manifestly
gauge invariant. Thus, whilst any single function f'is, in general, convention depen-
dent, the differences of the functions f are well-defined.

Another requirement of parton densities is that they should obey the conserva-
tion of charge:

1
[ &xlaie, ) = qitx, 0] =i, (16)
0

where v; is the valence value of the /th quark in the hadron. Using our definition of
parton densities this condition is automatically satisfied beyond the leading order.
This can be seen by considering the Adler sum rule {19} which, neglecting powers
of M?/Q?, may be written

1

[ P00~ B, 0 = 4o a7
0

A, is a constant dependent only on the flavour content of the theory. The Adler
sum rule is true for any combination of vector and axial vector currents. Therefore,
in order that the Adler sum rule be free from scale-breaking corrections we must
have

1
578 = [ dz Py =0, (18)
0

1
&= [ dzfea@=0. (19)
- 0

These conditions will be explicitly verified in our calculations in sect. 3. Using these
two conditions it is clear from eq. (6) that if the *““bare” quark densities satisfy eq.
(16), then this condition will be maintained by our renormalised parton densities.
There still remains a considerable degree of ambiguity in the definition of the
gluons. However, since we have no probes which couple directly to the gluon field,
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the exact definition of the gluon field beyond the leading order is irrelevant for cal-
culations performed only up to order a. All reaction cross sections initiated by
gluons start in order a. A sensible requirement to demand of the gluon field is the
conservation of momentum:

1
fdxx[Zl)q,(x, H+Gx,D]=1. (20)
0

Since the quark distribution function has been completely defined this condition
fixes the second moment of the gluon distribution (fis the number of flavors):

GA0) = [1 - 2f ay(1) 1@,] GO) — (e(t) £$3) IE AGE (21)

This condition ensures that eq. (20) is free from corrections of order ay(z) (if it is
satisfied by the bare distributions). A possible complete definition of the gluon field
would be to extend eq. (21) to all moments of the gluon distribution. In order
o2(0?) the exact definition of the gluon density will be important, but for the order
& calculation which we present here it is immaterial.

The absorption of the f’s into the distribution functions only changes the deriva-
tives with respect to ¢ in next order in as(z‘) since

B oo ~ b ) T

The quark and gluon densities therefore continue to satisfy the standard evolution
equations in order ag(f) [5]:

(22)

e 8 e refoo]. o
i(%l):%g—)j% I: ( )2410’ t)+PGG( )G(y f)} (24)

We now move on to consider the implications of these definitions for the Drell-
Yan process. In the naive parton model the total cross section for the production of
a lepton pair of mass Q2 in the collision of two hadrons is given by

]_)Y 47Ta2
dQ2 ~ 9502

T

sior /2 2 D gaPepaien ra s (i-2). @9

1X2

In this formula /S is the invariant mass of the incoming hadron system, 7 = Q%/S,
the flavour index f'sums over quarks alone and the superscripts [1] and [2] label
the incoming hadrons. If we assume that such a formula is true in zeroth order in
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@, we may investigate the modifications caused by the order ¢ processes:

G+q@ > +q(@, (26)

q+a—>'y*+G, (27)

together with the virtual gluon corrections to the lowest-order process g +q - 7.
Omitting all sums and other obvious factors, the perturbative corrections to the
Drell-Yan process may be cast in the form:

dUDY

dQ?

dx
Of - of {[q Hee) a6 () + (1 0 2)]

x[80-2+00 - (2R 1+ 0 )]
+ (@5 Gep) + 8 (x2)) GBI (x) + (1 ¢ 2)]
Xo0(1 — 2)[%3?3’(2) r+ ast,DY(Z):H , (28)

where z has the meaning,

2
r
2= =2 (29)
X1X2 s
and s is the incoming four-momentum squared of the partonic subprocess. Suppres-
sing similar coupling factors we may also write the perturbative correction to the

%, structure function due to the interaction of the virtual photon with a quark as:

1
T = [ {[6 (12400 - 952 Pog@) 1+ 06 1o,2)) | 000

+00 - 9] 2Pe60) 1+ 006,20 Go(}’)} : (30)
where z = x/y. Eq. (30) also defines our quark densities beyond the leading order:
q(x’ t)= g2(x> t)' (31)
It is known that the functions in egs. (28) and (30) are in fact equal [13]:
PRY(2) = Poq(2) (32)
PR (2) = Poc(2) - (33)

Expressing eq. (28) in terms of our scale-dependent parton densities we obtain (to
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order o)

dQ2
X [8(1 - 2) + o(5) 01 — 2)(fq, DY (2) — 24, 2(2))]
@M, 0+ 1M1, 0) 6P (g, 1) + (1 0 2)]

X log(1) 0(1 - 2)(fg,pY(2) *fG,z(Z))]} , (34)

fdxl dx, {[q[”(xl t) q[2](x2,[)+(1 92)]

where ag has been renormalisation-group improved to ay(¢). Restoring all factors
we find the Drell-Yan formula including corrections up to order ag(Q?) is given by

doDY 4ma? }dx; pdx
dUQz =9;’220f-10f—xf {[?e}q}”(xl,r)ci}“(x2,r)+(1 < 2)]
X1 =2) + ay(r) 6(1 - 2)(fq,DY(2) — 2f4,2(2))] (35)

+[FL ey, ) G121 (g, ) + (1 0 2)] 045(2) 6(1 — 2)(f, Dy (2) — G, 2(2))

We therefore see that, at least as far as the cross section do/dQ? is concerned, the
problem reduces to the identification of the two terms (fy, py — 2f4,2) and

(fe,pY — fG,2)- These correction differences are obviously independent of the
infrared singularities and the regularisation prescription. For the correction to the
differential rapidity cross section we will need a slight generalisation of these correc-
tion terms in which the Drell-Yan cross section is not integrated over angle. Full
details of this latter problem will be given in sect. 5.

3. Corrections to leptoproduction and the Drell-Yan process

To fulfil our stated aim of defining the parton densities beyond the leading order
in terms of the structure function %, we must calculate current-parton deep inelas-
tic scattering cross sections up to order o to identify the terms fy 2(z) and fg, 2(2).
The former quantity is calculated from the graphs shown in fig. 1 with an incoming
quark and the latter from the graphs of fig. 2 with an incoming gluon.

In calculating these partonic cross sections we encounter divergences. We may
regulate these divergences in any way we choose since, in our method of definition
of the parton densities, any regularisation dependence will cancel in the physical
corrections which are given by differences of the functions f. Thus we could intro-
duce parton masses, or continue the external parton legs slightly off-shell as we did
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e
=N

(c) (d)

Fig. 1. Diagrams giving the corrections of order ag to the point-like quark-current cross sections.
The incoming current is denoted by a wavy line, the gluon by a spiralling line and the quarks by
a continuous line. In calculating (a) the quark wave-function renormalization must be taken into
account in order ag. (a) + (b): the virtual-gluon corrections 7* +q —q;(c) + (d): the real-gluon
corrections 7* +q—-q+G.

W .

e

Fig. 2. Diagrams of order g4 contributing to gluon-current scattering.

in our previous paper [1]. In this paper we choose to regulate the divergences by
performing the calculation of real and virtual gluon corrections in a number of
space-time dimensions different from four. This method has several technical advan-
tages. Using dimensional regularisation the gauge invariance of the theory is assured
at all stages. The phase-space integrals are considerably simplified because of the
presence of only massless partons.

The absorbtive part of the forward photon-parton scattering amplitude may be
expanded in the usual structure function expansion:

jrpay . .
R N A

where p is the incoming parton momentum and ¢ is the momentum carried by the

photon current. The structure functions Wy and W, are in general functions of the

variable z and 02, where Q2 is the absolute value of current momentum g2 and z is
Q2

zZ= .
2p-q

(37)
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In analogy to the relations for virtual photon-hadron scattering we have that,

p-qs qu

F2(z, 09 = (38)

Fi(z, Q%) =2W; . (39)

It is convenient to project out two different linear combinations of the parton
structure functions by saturating the virtual-photon indices with the tensors ~g*”
and p*p”. From eq. (36) we obtain in » dimensions (€ =2 — %n).

Wy =(1 — €) Fo(z,0H) - ('23‘“ ) Fy(z, 0% — F1(z, 0%), (40)

2
P W = L5 (Falz, 0~ Filz, 07) (@)

The second of these combinations is proportional to the longitudinal cross section.
The results for the longitudinal cross section require no regularisation and are well-
known [18]. They have been given in our notation in sect. 2. Extraction of the
structure function %, requires only that we calculate the quantity in eq. (40) from
the relevant graphs.

We consider first of all the graphs with incoming quarks. The lowest-order graph
fig. 1a gives the result

Fp=86(1—12). (42)

This result defines the normalisation of our partonic cross section. The calculation
of the cross section in the next order requires the evaluation of the real-gluon emis-
sion graphs figs. 1¢,d and the interference of the lowest-order graph, fig. 1a, with
the virtual graph, fig. 1b. In order that the coupling constant remain dimensionless
in an arbitrary number of dimensions we make the replacement g - g (u)€, where u
is an arbitrary parameter with the dimensions of mass.

The real gluon emission graphs describe the reaction

7" (q) + a(p) =~ q(p) + G(k) , (43)

where the symbols in brackets are the momenta carried by the fields. In # dimen-
sions the invariant matrix element squared for this reaction is given by

s . —t\ 2uq?

IMY*qquIZ = dag %(1 — &))" {(1 - 6)(: +T) — —% + 26} s (44)
where ag = g?/4m, s =(p+¢q)?%, ¢t =(p ~ k)? and u = (p — p")2. In this expression the
virtual-photon indices have been summed over by contraction with —g"” and all
manipulations performed in # space-time dimensions [9].

The two-particle phase space (PS) in # dimensions for the production of two on-
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shell massless objects may be written

pS = f(z ™" f(z -1 Qny' 8@ (p+q-p' - k)8 (P'H ST . (49)

In the parton-virtual photon c.m.s. with incoming momenta directed along the
(n — 1th direction we may write

k=(kl, ..., k| cos 0), (46)

where the dots indicate n — 2 unspecified momenta. In this frame we may perform
n — 2 angular integrations so that eq. (45) reads

1 (4n)¢

T - )f dlkllkl'~ 26[ d(cos B) (1 cos20) =€ (s— 2v/51k1).(47)

-1

Performing the | k| integration using the delta function and changing the variable of
angular integration y = %(1 + cos ) we have finally for the centre of mass two-par-
ticle phase space

_ 1 (4n —e
Ps=a- () g f S0 - (48)
In this frame we may write
2 1 - 2 s Y4
=_Q_.(_Z_Z_)’ =_Q_(1 ), uz_%y’ (49)

so that we obtain the contribution to ?72|re a1 38

4mu? . e .
2|real o 3( Q2 ) (1 — ){3Z+Z (1-2) f dy((1 —-»)~

(2 o or 2] 0

In the above equation we have inserted the contribution from the longitudinal cross
section according to eqgs. (14) and (40). The integrations over the angular variable y
which would diverge in the limit y ~ 1 (the region of forward gluon emission) are
finite for small negative values of €. Performing the integral over y we have

og 4 (4mu ra-—e €1 y—€
F2(2, 0D | eq = 2173( Q2) TG 29 {3z+z(1 z)

+22 1
x[_ll z +3—z—% LI ” (51)
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In this €xpression we have dropped terms of order e if they do not ultimately lead
to a finite contribution. At this stage it is useful to make the singularities in € mani-
fest by defining distributions having finite integrals as € — 0 using the identity

¢ e 1 1 In(1 - z)
z%(1 — )71 ~~66(1—z)+(1~z)+—e( - )+

ll“_ ZZ + 0(e?) . (52)

+e€

The distributions denoted by the small cross (+) are defined as usual. For example,
the distribution 1/(1 — z), is defined such that

1 1
fdzﬂ—:fdzﬁ—(z)—_h—(l—) (53)
0

(1-z)+‘0 1-2

Further details on the distributions and on their moments are given in an appendix
at the end of this paper. Expanding the other terms in eq. (51) in the normal way:

z

(1l —-z)¢=1+eln Tt 0(¢?), 54

-2

we finally obtain the contribution of real-gluon emission graphs, figs. 1¢,d, to Fy:

X _ag 4 4mﬂ)e rd-e |2, . 11+z2 3.
F2(2, 09| em 2ﬂ3(Q2 T( 20 =8(1-2) 6(1~z)++258(1 z)

_ + 22
+ [:(1'+ 22)(1n1(1h ZZ))+ —% a _12)+ — 11 _ZZ Inz+3+2z+ %6 (1- z)]} . (5%
To complete the calculation of ¥, we must now calculate the interference of
the virtual-gluon correction fig. 1b with the lowest-order graph fig. 1a and the asso-
ciated external quark leg wave-function renormalisation. Since our method of regu-
larisation is explicitly gauge invariant we may calculate in any gauge. It is convenient
to calculate in the Landau gauge in which the vertex correction and the quark self-
energy are individually ultraviolet finite. In fact in this gauge, using dimensional
regularisation, the quark self-energy vanishes in order ¢ for massless quarks [9].
Quark wave-function renormalisation is therefore not needed, and in this gauge the
problem reduces to the calculation of the order & corrections to the photon vertex.
Our result is

P =7M{1 L4 (47“12)6 I'(1+e)T2(1 —e) [:g 3 8}} 66

47 3\ —¢2 T(1 — 2¢) e e
After use of the expansion,

FTA+e)T(1—e)=1+e*jn?+0(eY, (57)
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we may write the contribution to ¥, from figs. la,b as
4/4nu®\e T'(1-€) [-2 3 1
2 - T =2 1.2
Fa(z, Q )‘Virtual =6(1 -2) [ +— ( 0 ) T _26)[ 3 *6-8—37(:1 .(58)
Adding the real and virtual contributions to ¥, we obtain
417;12)6 r'(d —e)

Fae, 0 =801 -2 =1 5 Pagla)

07 ) T( -2¢
o 4 In(1 - 2) 3 1 1+7?
3 3[(1 )( 1—z )+_2(1—z)+1—zlnz

+3+22—(%+%n2)8(1*z)}. (59)

The double pole in € has cancelled between real and virtual graphs as it must.
This is the familiar cancellation of soft singularities. The coefficient of the single
pole in 1/e and hence of the logarithm of Q?/u? is just the normal anomalous dimen-
sion function [5]

4/ 1+22
Paq(2) =3 ((1 Z) %5(1—2))- (60)

Eq. (59) allows us to identify the final object of this calculation which is the func-
tion fy, , defined in sect. 2:

o 4 In(1 — )) 31 1+22
== - et — +3+
%fa,2(2) 2713{(1 )( —z ), 20 -2, | _gmz*3+2z

2
— 3+ 37r2)6(1—z)+(( +z)+ %8(1—2))(—£+7E~1n47r)}~ (61)

The occurrence of the Euler-Mascheroni constant yg and the In 47 in these expres-
sions is an artifact of dimensional regularisation and they will not be present in the
physical predictions of the theory. The moments of fy 5(z) defined as

(n) _f dz z"*~ lfq 2(2) (62)

are easily derived using the table of Mellin transforms given in the appendix to this
paper:

n
1
+%E%+_3_+ 2 _%+7gg(—z+7E—ln4ﬂ):|. (63)
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782 is the anomalous dimension [3]

n
m_(3, 1 5 1}
Yaq [2 nn+1) ,-Z=;j ’

Two remarks should be made about eq. (63). The first is that the first moment
fél)z vanishes:

This is a consequence of the Adler sum rule. As explained in sect. 2, the importance
of this fact for our definition of parton densities is that the number of valence
quarks inside the hadron is maintained beyond the leading order.

The second remark is that discarding the pole in 1/e in eq. (63) we directly
obtain the result of Bardeen et al. [20], for the coefficient function of the quark
operator in the light-cone expansion. Their calculation took into account the renor-
malisation of the operator matrix element beyond the leading order necessary in
the minimal subtraction scheme.

We now proceed to extract the quantity fg ,(2). The relevant Feynman graphs
are shown in fig. 2. With the experience gained in the calculation of fg »(z) the
labour is small. The matrix element, with the virtual-photon indices contracted with
~g", may be obtained by crossing from eq. (44), after suitable modification of the
colour sums and averages

2
|A@%}md2=*%%ﬂ——dﬂﬂf{0<—d(%+£)+%%f—2e}- (65)

The final particle phase space is the same as before and so, using eq. (49) for the
partonic variables 5, f and u, we have for the gluon contribution to %,:

o1 (4ﬂu2)€ 1
m2\ 07 ) T =9

1F2(2,0%) = {&a—@

1
+525(1 -2 [ dy(r(1 - )¢
0

X [(1 ——e)(}l—)+ 1 1)}_ 2) ~2:(1 —z)(i+ 1 1y)}] : (66)

In the above equation we have inserted the appropriate combination of the longitu-
dinal cross section, eq. (15), as required by eq. (40) and dropped terms of order € if
they do not ultimately lead to finite contributions. Performing the angular integra-

tion in y we have

1
19262, 09 = 1 22 22

4mu®\e T'(1 —€)
02 ) ' —2e)
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+;‘—;%[(22+(1 — )i 224 621 —z)}. (67)
The function Py(z) is given as usual by

Pog(2) =322 +(1 - 2)?) . (68)
From eq. (67) we can identify .the quantity fg, ,(2):

o fG, 2()——~-{(2 +(1 - )2)ln 24 62(1 —2)

+(E@+ (1 —2)2)(——+~/E»1n 4n)} (69)

The expression for f, 5 in eq. (67) is appropriate for electroproduction with one
quark flavour of unit charge. From our definition of fg,, in eq. (5) is clear that
fG,, is defined from the quantity 2?72 so that it gives the gluon correction for either
a quark or an antiquark. The gluon correction to- ¥, always contains the correction
for a quark and an antiquark because the gluon dissociates into a quark-antiquark
pair. To each quark plus antiquark with unit coupling there corresponds a gluon
correction equal to 20 fG, 2(2).

Using the table of moments in the appendix we may take moments of /g, ,(z)

g;) 4 4 1 nZ+n+2 1
27'2 ntl n+2 n? nn+t)(n+2)m J
1
+ 42 (_ ~+yp—In 471)} : (70)
where 74 (2, is the usual anomalous dimension function:
2
() _ n“tnt?2 71

Gy D+ ) n

This result is again compatible with the results of ref. [20] *.

Thus armed with the functions fy ,(z) and fg, ,(z) we may now proceed to cal-
culate the corresponding quantities for the Drell-Yan process. There are two types
of contributions in this order; the modifications of the lowest-order quark-antiquark
annihilation process shown in fig. 3 and the contributions involving an incoming
gluon shown in fig. 4. Since we are not interested in correlations between the plane
of the u*u™ pair and the incoming scattering plane we sum over the polarisations of

* In the sense defined above for fq,2- Our conventions for the gluons correspond in the language
of the light-cone expansion to a slightly different definition than normal for the gluon opera-
tors.
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>r\/\/\NVVV + E PV
(a) (b)

*—TN\/V\N T RRRRR0RD

— > loonsnens ——hn
(c) (d)

Fig. 3. Diagrams giving corrections of order «g to the basic quark-antiquark annihilation graph
of the Drell-Yan process. In calculating (a) the quark wave-function renormalization must be
taken into account in order «g. (a) + (b): the virtual-gluon corrections q + q — 7*; (c) + (d): the
real-gluon correctionsq +q— G + 7*.

T T

Fig. 4. Diagrams of order gg contributing to the process q(q) + G - q(@) + 7*.

the virtual photon by contraction of the massive photon by indices with the tensor
g

We consider first of all the lowest-order quark-antiquark annihilation diagram
fig. 3a:

a(p) +q(2) > 1" (@) -
The matrix element for this process (in # dimensions) is given in our normalisation
by s=(p+p)?

l—es_
2N 2’

quﬁwwy* |2 = (72)

In this equation the factor 1/ comes from the average over the V initial colours
(N = 3). The phase-space factor for the production of a photon of mass Q2 is

Ps=»2sﬂ5(1_z), (73)

where the variable z, here, and throughout our treatment of the Drell-Yan process
has the meaning:

z=0%s. (74)
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Combining eqs. (72) and (73) we have the results for the lowest-order quark-anti-
quark annihilation diagram:

dogg(z, 0%
dQ?
This equation defines the normalisation of our partonic Drell-Yan cross section used
throughout the rest of this paper. It corresponds to multiplying all invariant matrix
elements by a factor 2V/(1 — ¢).

The contribution of the real-gluon emission diagrams is easily evaluated. The
nmatrix element for the process

=§(1 —z). (75)

ap) + ) > Gk +1°@) 76
is given by
2
Myl = o (mf{(l— o +1)+ 22 2} 1)

In n dimensions we may write the phase space for the production of a massive pho-
ton as

4IWFE‘:7T) )f d|k||k|1 261/1‘ d(COS@)(l—-COS20) —e
X8(s— Q% — 2Vslkl) . 78)

Performing the integration over the gluon momentum |k | and making the charge of
variables y = %(1 + cos 0) we obtain

—i ﬂ__ 7€ —2e —€

In terms of the variables 02, y and z, the invariants s, £ and u are given in the c.m.s.
by:

2 2, 2
s=g- t=f%—(1—z)(1~y), =~—Q;—(l—z)y. (80)

Substituting these values into the matrix element eq. (77), we obtain for the
real qq contribution to the Drell-Yan cross section

2 1
_a ﬁ ﬂ—)e 1 ¢! _Z)I—ZGZef dy y~¢(1 —y)~¢
0

doqﬁ(zs Q2) _"s (
real 2n 3 Q2 F(l - 6)

dQ?

X[“'e)(l;y+1-y—y)+(1—z)22;(1—y)*26]' (81)
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The contribution of the virtual graphs, figs. 3a,b, can be obtained from the value
of the vertex correction given in eq. (56). Note that in the Drell-Yan process
q? = Q%> 0 (whereas in deep inelastic scattering ¢ = —Q?% < 0). We therefore
obtain an extra factor of (—1)€ relative to the deep inelastic scattering case. Expand-
ing this factor up to terms of order €2 we obtain for the real part:

2y = & 4 4ﬂu2)fF(1+e) (1 —e)
Re ['*(Q?) 7"{1 + ( 02 Ta 20

4m 3
X [,—27—§~8+n2}} . (82)
€ €

This difference of 72 between the Drell-Yan process and deep inelastic scattering
will turn out to be of considerable numerical importance and we will discuss it
further in sect. 4. Suffice it to say at this point that the coefficient of #? is control-
led by the magnitude of the double-pole terms in € (the soft divergence) *. Eq. (82)
allows us to write for the virtual qq annihilation contribution to the Drell-Yan pro-
cess

doggz, 0% 5. _ &i(“ﬂ#’)f r(l-¢)
do? virtual =0 =2 [1 ' 213\ Q2 I'(1 - 2¢)
2 3
X[~e—2‘~z~8+§ﬂ2}}. (83)

Integrating eq. (81) over y and adding it to the virtual contribution eq. (83) we
would obtain the contribution of the qq annihilation graphs to the total cross sec-
tion. This will be done in sect. 4. Since we are also interested in the angular distribu-
tion of the massive photon we will leave eqs. (81) and (83) as the final result of the
qq calculation in this section.

Lastly we must calculate the contribution of the quark gluon scatterirg graphs
shown in fig. 4. As before the matrix element for the process

q+G->q+7y* (84)

is given by the matrix element for the time-reversed process which we haye already
given in eq. (44). After suitable modifications of the sums and averages over colours
we obtain

11 —e¢ s -1\ 2uQ?
IMQG—VY*qP = 4“55 N {(1 — 6)(:+'S—) — T + 26} . (85)

The indices of the massive virtual photon have been contracted with the tensor
—g", Introducing the dimensional phase-space equation (79) and making the substitu-

* The coefficient of the soft singularity logarithms is the same in any on-mass-shell regulariza-
tion scheme.
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tions eq. (80) we obtain for the quark-gluon Drell-Yan cross section

dog(z, 0%) _ o | (4np2

=503

€ 1 !
W0 3 ) » {(1~z)'~2<z€ [ rea-m—
0

T —o
ooy a -0 )2 (56)

As usual we have dropped terms of order € where they are innocuous.

4, The Drell-Yan cross section do/dQ?

In this section we complete the calculation of the first-order corrections to the
total Drell-Yan cross section; the corresponding results at fixed xp are obtained in
sect. 5. We first use the results of sect. 3 to derive the final expression for doygz/dQ?.
Integrating eq. (81) over the angular variable ¥ we obtain:

dogg(z, 0 _a 4 (41ru ) ' —e
sz real LR 0? ['(1 - 2e)
X {H%[(] — )1 m2ezE 4 2z 1%e(] ~z)“1"26]} . 87

Using distribution identities as in eq. (52) we can make the terms singular as ¢ >0
manifest, yielding,

dogq(z; 0%) :54(477#2)6 rg—e [35(1 o212
dQ? et 213\ 0% ) T(1 —2¢)|€? el —2),
2
+a(1+ 2)(111(1 Z)) BP R lnz]. (88)
z /s -z

Adding the virtual graph contribution we obtain:

dogglz, 0®) 477;12)6 I'(l—e
dg? 0? I'(l1 —2e)

=501 -2~ 22 Pga)

2

where Pyq(z) has its usual meaning (eq. (60)). This is the manifestation in this order
of the universality of mass singularities. Comparison of eq. (89) with eq. (28) aliows
us to extract fy py(z):

2
& fq,0v(2) = _i [4(1 + 2)(111(1 Zz)) -2 (11 +_Zz)ln z+(Gn? - 8)8(1 —2)

+ & _[4(1+ 2)(ln(l - ))+ ) 11+z2 1nZ+(37r —8)8(1;2)} , (89
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; 1 +22 3 _]_ C
+4((1AZ)F+56(1~z))(~€+7ﬁ—ln4ﬂ)}. (90)

By subtracting 2fy, ,(z) (eq. (61)) we obtain the quantity relevant for the correc-
tions to the Drell-Yan formula *:

o(fa, Dy — 2/4,2)

_os 4 3 n(t - 4 - ]
T2 3[(1_z)+“6 4“2“*22)( T, )++(1+3ﬂ2)6(1 2)|. o1

The moments of this function are given by:

n n k
ORI O N St B DI RS DI )
&(fa, DY — 2/q,2) = E 3[ T a v k:1k11]
2 < 2
- 20— +1+‘12] 92
N =R S A ©2)

Performing the integral over y in eq. (86) we obtain the perturbative corrections
to dogg/dQ*:

dog(z, Q%) Lo, (47w )f T(1—¢
dg?  e2n Fas(@) T(1 — 2¢)
) .
+%5;%|:(22+(1 —2)2)1n(~1~;L)~§z2+z+§] (93)

By comparison with eq. (28) we may extract fy py(z):

(1‘2)2 3.2 3
_Z’—‘~§Z +Z+§

ot Dy(b)———[(ﬁ(l ) n

+(22+(1 - )2)( —+'yl~-ln47r):l. (94)

Taking the difference between this quantity and eq. (69) we obtain

o(fa,pv(2) — fa, (Z))—*—-[(22+(1 ~2))In(l —2)+322-52+3] . (99)

The moments of this quantity are

» 2 2 nitn+2
o (f&py - fé)z 2772[

1
(n+D2 (m+2)? am+Dn+2) 5 7

* This equation corrects eq. (93) of ref. [1]. This is the content of the erratum to ref. [1].



482 G. Altarelli et al. [ Drell-Yan process in QCD

13 1 7 3}
+-= -t 6
2n+2 n+l1 2n (96)

This completes our calculation of the corrections to the Drell-Yan total cross sec-
tion.

In order to make a preliminary estimate of the size of these corrections we plot
the moments of these corrective terms in fig. 5. We have plotted the quantities in
curly brackets in egs. (92) and (96), so that in the case of the qq terms the scale of
the corrections is given by multiplying the quantity plotted by ay/27. Taking a
notational value of o /27 ~§15 appropriate for 02 ~ 100 GeV? we see that for this
value of g the qq corrections are by no means small compared to 1. The gluon cor-
rections (expanded scale) are negative and small. Whilst it is true that in the evalua-
tion of the cross section the gluon corrections will be convoluted with a substantial
gluon distribution tending to increase their effect, for reasonable parametrisations

40

30

20

10—
2 4 6 8 10 12 14 n
o S SN SR N W
( (n)

-2 277'“6[?[))\( - fGr.\Z )
-0.4 - {expanded scale)
-0.6—
-08[
-1,0

Fig. S. Plot of the moments of the Drell-Yan correction terms 2”(f0(lr3)Y — Zf&','%) and

21r(fq’} Y — fg:)2) as a function of n. Note that the scale of the ordinate has been multiplied
by ten for negative values. Also plotted is the function %(2 In27 + #2) which gives a large contri-
bution to 2n(f{hy — 2/$).
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of the gluon distribution they will remain small [1]. We therefore concentrate our
attention on the quark-antiquark terms.

The terms in eq. (91) which are giving large corrections are the last two. Would it
have been possible to predict the form of these terms before doing the calculation?
The answer is that in large measure we could have. Consider first of all the logarith-
mic distribution 2(1 + z2)(In(1 — 2)/(1 — z)),. The calculation of the logarithmic
terms in the real gluon emission graphs for the leptoproduction and the Drell-Yan
process can be represented, in a slightly schematic notation, as

og 41 +22 [max g
~ —z)t = = - 97
Fa~b(l—2)+ 5% 5o f = 97
Imin
dogg as4 1+22 [max g
~8(1 —z)+ =~ — 98
dQ2 G-a+p27 [ 7 8)

Imin
where the integration over the final two-particle phase space is represented as an
integral over the four-momentum transfer squared. The value of i, in eqs. (97)
and (98) is common to both integrals and dependent on the particular method
chosen to regulate the collinear divergences. The values of #m,y On the other hand
depend on the particular process and are, for leptoproduction

Q2 Q2
tmaxz_—z-, z=2p.q, (99)
whereas for the Drell-Yan process we have
2 1 -z 2
tmax=-%——)-, z=—Qs—. (100)

Performing the integration we obtain, in this extended leading logarithmic approxi-
mation,
agd 1+z

2
&(fo,py = 2q,) ~ 5232 T In(1 ~2). (101)

The above derivation is valid for values of z < 1. In order to see how the expres-
sion in eq. (101) becomes the distribution (1 + z2)(In(1 — 2)/(1 — z))4 (a result con-
nected with the cancellation of the soft singularities) we have to consider the also
virtual graphs.

The other large term in eq. (91) is the delta function at z = 1 with coefficient
1+ —71 . As already noted in sect. 3, a term of magnitude #2 in this expression comes
from the mismatch of the space-like values of g2 appropriate for electroproduction
and the time-like values appropriate for lepton-pair production. The coefficient of
this factor of n2 is determined by the strength of the soft singularity. Details of how
it arose in our method of regularisation have been given in sect. 3. In fig. 5 we have
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also plotted the quantity %(2 In%n + n?) which is the approximate form of the mo-
ments of those correction terms for which we have given a simple explanation. The
presence of both these terms is related to the existence of soft gluon singularities in
the theory.

5. The differential cross section d26/dQ%dxy

The data for the Drell-Yan process come from the observation of muon pairs
over a limited solid angle and are often presented in the form of a cross-section dif-
ferential in Feynman xp, where x is related to the momentum of the muon pair
along the beam direction in the hadron-hadron ¢.ms.:

_ 2z s=—2_ (102)

x =
RV Xy,

For the lowest-order process q + @ = v, the z component of the virtual-photon
momentum equals the z component of the momentum of the annihilating partons:

VS 8@z~ 49 =80 —x; —xp). (103)
The differential cross section in the naive parton model is hence given by (4 =
4762/95)

0%d%e

dQ%dxp x

+x0 (et abr Dl o + 2] (104)

The parton densities are evaluated at the points

= %(x»F +/x} + 47)
x9=17/x9 = j(—xp + Vx} + 47). (105)

When higher-order corrections are included this simple form is no longer main-
tained. Partons initially having momenta x, (x,) greater than x9(x9) can degrade
their longitudinal momentum by the emission of partons. The z component of the
virtual photon momentum is given in this case by

s — Q? xl—x2s+Q2) xq + X,
=1 0 + s 106
4z ( s 8 xptxy 2 ) 2/xix, (106)

so that xy is fixed in terms of the parton c.m. scattering angle 0 to be:

NS 8@~ 5[()61”2) 3 c080+(x1~x2)1;z—x5~] (107)

Inserting this delta function into the sum of egs. (81) and (83) we obtain an expres-
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sion for the qq contribution to the cross section:

03d%0 dx, dx, 4(47w )6 1
=[S 1+
dQ%dxp Xy X, H(x1,x2) 0*) T -e

5 3 o5 4 (4mu*\e 0(1 —2)
X(~a-grme )5(’*”5("1"‘2 xe)+ 2n3(Q2) rd-eo

1
X [ dy 81y +x)(1 —2) y+x12 = xy = xp] 21 =2) XY~ (1= p)~°
(4]

-

X [(1 —el *Z)(*Nl_if%)‘L 2(1 iz "1)(1 1y+i)}} (108)

where for (relative) compactness of notation we have set:

H(xy,x,) = Eef [alH ) ab2 (xp) + (1 2)] . (109)

Directing our attention temporarily to the real graph contributions in eq. (108) we
use the identities

e 1 1 In(1 — 2)
(-2~ *_66(1*2)+(1—z)+_6( 1-z ),(’

1 1 Iny
—1—€ = $ +— e(h__) , 110
y T e o) Vs DA (110)

to write

2f(1—2)" %y~ ¢(1—y)~¢ [(1 —e)(1 —Z)(—2+ 1‘1}*},) + 2('1_12 - 1)(?1—), ¥ i)}

={(£§ +53E)5(1 —2)(6(1 —y)+8())

s ) e () 2 (2]

2

1+z

(1-2)+

Inz ln(lfz) 1+22 1 _1_— - -
_221_Z+4z( - )+]+(l—z)+((l—y)++y+) 2(1 z)}. (111)

e -y)+6(y))[——( +326(1 —z)) +(1-2)(1+2In(1 —z)—In z)
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Performing the integral over y and adding in the virtual terms we obtain *

Q%d% ,dx, _dﬁ_ a 4 (4mp 1
d0% dxp ‘Af x H(xl,x2){8(1—z)5(x1x2 xp)+ 27r3( Q2) T(i-0

X [(%172—8)6(1 —2)8(x;—Xx—xp)t0(1 =2)[6 (x;—2x2—xp)+8(zx | —x5~xF)]

X [ l((ll_i)i+ 35(1-:)) +(1 —Z)(”z]“(] )i +4Z(ln§1—22))+)]

+6(1—z)0(}’*)9(1—y*)[_2(1_Z)+ 1”2( ! +L>H} (112)

(1 = 2)(x; +x3) (=2 N1 —y")s »i
where
G = 2t xD) IIRCIE COR) 0
x2(1=2)(xy +x;)° x1(1—2)0xq +x3)

The interchange y* <> (1 — »*) occurs when the replacements (xg < —x), (x; < x3)
are made. Evaluating the integrals constrained by delta functions we have:

Q2d2o _ 1 l: 0 0[: %42 ]
—d-dexF_ A\/m H(x7,x3)| 1+ $m - 8)

1 0 1 0
dxy X1 dx2 o0 (x_2j|
+asxf? . H(xl,xg)f(xl)wsxfg 5, Hed X 1 xz) (114)
&i 1 1 H(XI,X2) [ 1+22 1 _1_)]
R xl)é Ty (e )
where
_w4f 1, 0 ( 1427 5 )
ozsf(z)—ﬂ3 {(~e+ln e +7E—ln47r) a ,z)++26(1 —z)

* When multiplied by a delta function & (1 — z), the x fixing delta function
§[(x1 +x9)(1 — 2) y + x4z — x5 — xF] reduces to (xy — xo — xF) times the integral in dy
which is zero over the distributions

1 1 lny)
B Y J+

and —éﬂz over
Iny +ln(l -¥)
1-y y
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1 In(1 — z
+(1—2)(1+21In(1 —2)—1Inz) -2z ILZ;+ 4z(1—§—z)) ] S 115)
—Z . - +

The final step in the calculation of the qq correction is to express the product of
distribution functions H(x, x,) in terms of]-?(xl, X5, t) containing quark densities
defined through F,, eq. (30). After renormalisation-group improvement of the o
to a,(¢) we obtain

2d2 | ~
N e L I Ca]

+ozs(t)f—H(x1,x2,t)g( )+as(t)f——H(x1,x2,t)g( O)j’ (116)

L4 dxy Ao A xp0) 1+22 ] _1_”
o §f<f f x; (1-2)(x; +xp) [_2(1~Z)+<1—z>+((1 —y*)++y:)
where

asg()—*i[2 3z+(1+z2)(lnflwzz))+ 2(1_12)J (117)

The first line in eq. (116) is simply a scale correction to the parton-model result.
We will refer to this as the delta-function contribution for obvious reasons. The sub-
sequent lines contain the effects of partons cascading down from x, (x3) > x9, (x9).
Integrating eq. (116) over x we obtain, after some simple manipulations, the qq
contribution to the total cross section Q?do/dQ?.

The last term in eq. (116) centains the product of two distributions. The explicit
method of handling this product is as follows. We first change the variables of inte-
gration xy, X, to z and u = y* using the Jacobian:

dxl dx2 1 dZ du

) 118
X1 %y (1-2)x +x5) 2 J(z,u) (118)
where
T T
J(z,u)=(x2+—)(1 —u)+(x1+——)u, (119)
X2 Xy
and x,; and x, are expressed in terms of z and « according to
o oxet b dr( - (- 2)u(L+ (0 — 2)/2) W]
2 2[1 = —2)u] ’
r
Xy =—. (120)
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X2

X1

IYig. 6. The region of integration in the x{, x4 plane shown tor the case x(l) > xg is given by the
rectangle A + B + C. Note that only in region A does the integration range extend toz =1 or
u=0.

Consider, for example, the integral

fdxl dez H(le'xZ) 1+Z 1
xy (12 +x) (1 - 21 ¥%

B dz 1+2z% du H(z,u)
_ff 4 du

z (1 =2 uy J(z,u) (121)

A+B+C

The domain of integration (fig. 6) splits into three regions A, Band C. Assuming
for the moment, x> 0, (the case shown in fig. 6), it 1s only in region A that the
poles at z = | and « = 0 can be reached. In region A, x§<z<1and0<u<1s0
that

dz 1+ 22 %H(z,u)_ 151_2__1_‘;22_ 1% H(.wy HE,0)
{f z (1 —2) 1y J(z,10) _fo z (1 ~2)+0f (J(z,u)-_ﬂj(z,o))'(lzz)
*1

Note that the difference appearing in the u integration vanishes at z = 1. This is
because z=1 and 0 <u < 1imply x; 2 = x(l’, , for arbitrary u. The whole integral,
eq. (122), therefore has no pole at z = 1 and no further subtractionat z = L is
required:

du H(z,uw) H(z,0)
Ofu(J(z,u)“J(z,O))‘ (123)
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The points z = 1 and u = 0 are excluded from regions B and C so we may write

([l 12 bW _ [f LS hiGw (124)

z (1 =2)4 us J(z, 1) z 1—z uJzu'

B+C B+C

The final result over the whole region of integration may formally be written as

ff dz 1+2% duH(z,u)
z (1 —2)rue J(z,u)

A+B+C
+22 du H(z, *dz *du H(z, 0

= [f %11 z Qt_tj(z u) f uJ((ZO) (125)
Aipre 2 12 u (z,uw) 29 u J(z,0)

It may easily be checked that eq. (125) is also valid for xg < 0. The companion
integrals with y* = 1 — y* can be obtained by the substitutions xy = —xy and
H(xy,x3) =~ H(xp, xy).

The quark-gluon contribution to the differential cross section can be obtained
from eq. (86) using an essentially identical procedure *

Q%% dx 1 (4nu?\e (1 — 2)
dQ%dxy f f 2{’“ b 2) (Qz) r(—e

X [5(X1 —ZXxy — xF)l:_le(22+(1 _2)2)+(22+(1 _2)2) lll(lzwz)2+ IJ

L0000 -y

(1 =2)(xy +x3)

[22(1 —2)+(1=2)2(1 =y +(22+(1-2)?) m} :|

+ K(XZ’xl)

AT

0’
x[see- x| L @12 )2)1n(—~‘j)2+1}

L0080y

: L
( _Z)(x1+x2)[22(1—z)+(1 —2)2y*+(z2+(1 _2)2)y }:”’ (126)

where
K(x1,x) = E Habt ) + g (k1) GhH (xy) . (127)

Defining the quark densities as usual in terms of ¥, so that K (x;, x,) becomes

* The quark-gluon corrections to d2 o/szdyR have also been considered in ref. [22].
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K(xy, x5, 1) and performing the integrals where possible we obtain

Q2d2o 1 [ ldx2 N (xg)
=4 t — 2K 0’ , h
dQ%dxy (x%;+47-)l/2 os( )Jg X (x%,x2,0) ——xz

—

pe 1

0 fo d;‘—l‘ KG9 x,,0) h(j—?)}

1

ﬁs(_[) ey K(xp,xp,0)
an fxl f?(l—z)(x1+x2)

239 ¥1ig %2
X [22(1 -2)+(1—22(1 -y +(2+(1 ;2)2)*_1__}
(1 “y*)+
L1 pdxy pde Ko, xp,0)
2 fo“fooZ (= 2)(x; +x,)
_ _ \2 ,* 2 —22—1—
x[zz(l 2+ (1 —2)2y*+ (22 +(1 ))yiﬂ’ (128)
where,
ah(2) =§’S—§[(z2 +(1-2)?)In(l —2)+1 - 6z(1 - 2)] . (129)

The sum of eqs. (116) and (128) gives our final result for the differential cross sec-
tion.

By simple modifications one could also obtain the rapidity distribution. The
rapidity is defined as

E+q
1 z
YR = -ln( ) , (130)
k2 £ q:z

where £ = (q% + ¢} + 0%)V/? and g, are the v* energy and momentum along z in the
hadron-hadron ¢.m.s. For example Q?d20/dQ?dyRr |, =9, a quantity often used in
plotting the data, is obtained from our eqs. (116) and (128) by setting xy = 0 and
replacing H(x |, x,, t) and K(x{, x,, t) by

2xyxp +7) - 2(x1x2 + 1)

[;(x,x,t and K(xy,x,,¢t
1 ¥2: 1) (1 +x7) X2, ) (xq +x3)
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6. Numerical calculations

Preliminary estimates presented in sect. 4 indicated that the quark-antiquark
annihilation terms in the total cross section received large corrections when the
effect of gluon radiation was included. We now present detailed calculations for the
differential cross section which will confirm those conclusions.

In all calculations we set +/S=27 GeV and consider incident protons on nucleons
as in the data of ref. [23]. The protons are directed along the positive z direction.
Our input parton densities at a reference momentum Q% = 03 = 75 GeV? are (SU(4)
symmetric sea)

u(x)=u—ir=1.78(1 — x)3(1 + 2.3 x)\/x ,

dy(x)=d —d =0993(1 —x)3/x,

s(x) =0.21(1 —x)7/x, (4 flavours) ,

G(x) =2.54(1 — x)°/x . (131)

With this parametrisation the momentum carried by the various components (1 = 2
moment) is

uD(0%) ~0.30, dP03) ~0.10,
s®(03) ~0.026, G(03) ~0.40. (132)
The running coupling constant is parametrised as usual by
127
a(Q?) = 25 (0YAY)’ (133)

with A = 0.5 GeV. The renormalisation-group improvement implicit in the above
formula has been inserted by hand in the formula of the previous sections, since
calculations performed in O(qg) are insensitive to the change with scale of the cou-
pling constant. By the same token, we have no way of knowing (short of actually
performing calculations in higher orders) whether Q2 or some other large variable is
the correct variable to describe the fall-off of the running coupling constant. This
represents a theoretical uncertainty in our estimate of the size of the correction
terms.

The evolution of the parton densities (eqgs. (23), (24)) with changing Q2 is cal-
culated as follows. Firstly, the moments of the densities are performed analytically.
These moments can then be calculated at the appropriate value of Q2 using the well-
known eigenvalue matrix of the logarithmic exponents. Finally at each Q2 of inter-
est inverse Mellin transforms are taken. A check on the inversion procedure at every
value of Q2 is obtained by recalculation of the moments from the final x-dependent
parton densities and comparison with the original moments at that value of Q2. The
errors are less than 2% throughout the Q2 range of interest for all moments with
n<10.



492 G. Altarelli et al. | Drell- Yan process in QCD

| AC
T,
Lo N\ TOT
- N
AN
0.8 g
= N
\\
o6 /
— gq(no8)
0.4 .
8 /
7
0.2 o -qG
- AT o7
0 1L LA NN
0.0 ~005 Ol 05 10
-0.2 -

Fig. 7. Plot of the changes in the cross section, ¢ = Q2d2a/deyR|yR=0 due to the correction
terms. The quantity Ac/og (where og is the naive prediction with scaling parton densities) is
plotted against 7. The different curves refer to different values of Ao = (0 — ag). (a) 0 = oTQT
includes all the correction terms (qq and qG) in eqs. (116) and (128). (b) o = o5 includes only
the delta function contribution. The variation of this piece is due to the running coupling con-
stant. The correction is large at all values of 7. (c) 0 = aqq—includes all the gq corrections other
than the delta function. (d) ¢ = 0qG shows the quark-gluon corrections. This correction term is
negative and is shown changed in sign.

In fig. 7 we plot the changes in 0*d?0/dQ?dyg | ,p=o due to the corrections. The
total corrections together with various components are shown plotted as a fractional
change with reference to gy, the naive scaling parton model results. The total correc-
tion (TOT) spans the range from 80% to 100% in the range of 7 investigated. At low
values of 7 this correction is almost entirely due to the delta-function contribution
(8) proportional to ‘3‘772 + 1 whereas at the highest value of 7, both this term and the
other qq corrections (qq (no 8)) play an equal role. The quark-gluon correction
(—qG) is negative and does not exceed 15% in the range investigated.

The size of the delta-function correction is independent of the form of the input
q and q distributions and is determined by the running coupling constant. Since the
fall-off of the coupling constant is only logarithmic, these corrections can only be
made small by increasing Q? by several orders of magnitude. The other qq correc-
tions (in particular the term whose moments grow like In?n) depend on the form of
the input distributions. In valence-valence quark-antiquark annihilation processes
(e.g., 7N, PN) these latter terms will be slightly less significant at lower values of 7.

In fig. 8 we plot Q2d20/dQ%dyR|yg=o as a function of 7. The dotted curve shows
the cross section with Q2 dependent parton densities. The solid curve has all the
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Fig. 8. Q2d2o/dQ2dley2R=0 in cm? plotted as a function of 7. The dashed curve is the parton-
model prediction with Q< dependent parton densities. The solid curve is the prediction includ-
ing all the corrections in order aS(Q2).

o, (Q?) corrections included. The scale is logarithmic.

Lastly in fig. 9 we show the shape of the rapidity cross section as a function of
x5 for several values of 7. Only the relative magnitudes of the curves at each value
of 7 are significant. The total corrections are large at all values of xf and 7, so that
there is no special configuration in which the correction can be ignored. The quark-
gluon correction is small and negative at all values of xg.

7. Conclusions

The numerical analysis of sect. 6 has shown that the corrections to Drell-Yan
processes expressed in terms of leptoproduction parton densities are so large at pre-
sent values of Q2 that the lowest-order formula for the Drell-Yan process with scale-
breaking parton densities is unreliable. A correct theoretical description will require
the inclusion of the significant terms appearing in higher orders in the perturbation
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Fig. 9. Plot of 0 = dezcr/szd.xF versus x g for various values of @2 and 7. The scale for each
graph is arbitrary and is obtained by dividing all curves by the maximum value of the complete-
ly corrected cross section Q2d20TOT/dQ2dXF~ The relative size of the various curves in each
diagram is significant. oyt is the cross section including all the correction terms. o is the par-
ton-model prediction with parton densities evolved to the appropriate value of Q2. 0qG only
includes the effects of the quark-gluon correction. On each graph the appropriate values of
02,7, ag, and xF (the maximum value of x ) are given.

series. A possible clue to the identification of such terms in higher orders is the fact
that in order oy the large terms are the vestiges of the cancelled soft singularity.

Our analysis leaves open the possibility of describing Drell-Yan type processes in
terms of Drell-Yan parton densities alone. At the present stage of experimental
information this implies a substantial loss of predictive power.



G. Altarelli et al. [ Drell-Yan process in QCD 495
Appendix

In this appendix we present a series of results connected with the moments of the
functions encountered in the text. We define the moments of a function f(2) to be,

1
F@ = f dz 2" 1f(2) . (A1)
0

In table 1 we list the moments f* corresponding to the functions f(z). The distribu-

tions 1/(1 — z)4 and (In(1 — 2)/(1 — z)), are defined in terms of their integrals with
an arbitrary function h(z)

fdzh(z)(l_ > Ofdz&?-_—i’(l—) (A2)
fdzh( a2 fdz(h() nay = (A3)

The above distributions differ from the normal functions 1/(1 ~— z) and

Table 1 1
The moments /() of the function f(z) defined by the relation £(?) = f dz 2" 11(2)

f(2) o™
1 1
n
Inz —n—lz
| n—1
nz 1
1-2 mer 172
n
In(l - 2) D
ioj=y J
§(1 —z) 1
n—1
1 1
(-2 =
n—1

k
In(1 —z)) lEL
l-z /4 k=1 kj=17
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In(l — 2)/(1 — 2) by functions which have support only at z = 1. It therefore follows
that the integral

f dz h(z) f dz h(z) f dz h(z) ; (A4)
and similarly for the distribution (In(1 — 2)/(1 - 2)),.
The moments of these distributions are readily derived using the identity
n—-1
@ - D=(z-1) 2 2/, (A.5)
j=t

In generalizing table 1 it is useful to remember the convolution theorem for Mellin
transforms

1
r@= [ Fewn(Z).  r0=gone. (A6)
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