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Momentum space simulation of proton spectra in heavy ion reactions
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A new and transparent model for the theoretical simulation of proton singles spectra from
heavy ion collisions is introduced. Working with few assumptions about momentum space
geometry in heavy ion collisions, this model is able to explain the double differential singles cross
sections. Predictions for proton-proton coincidence data are also obtained in the framework of

this model and compared with data.

To study medium energy heavy ion reactions, a
modification of the Vlasov equation with the Uehling-
Uhlenbeck collision integral [Vlasov-Uehling-Uhlenbeck
(VUU) and Boltzmann-Uehling-Uhlenbeck (BUU)] re-
cently has been brought forward.!® In this approach
the goal is to combine the concepts of mean field
theories, such as the time dependent Hartree-Fock
(TDHF) theory*® which has been successful in describ-
ing single particle observables in low energy heavy ion
collisions, and intranuclear cascade models®’ which
have been applied successfully to high energy collisions
where the effects of individual nucleon-nucleon collisions
become dominant. At medium energies the effects of the
mean field potential and of nucleon-nucleon collisions
are both important. In this energy range (20-100
MeV/nucleon), the VUU approach has been reasonably
successful in describing the shape of, for example, double
differential proton spectra from 2C-12C collisions.’

However, the major drawback to the VUU/BUU ap-
proach is the large amount of computer time required to
cairy out numerical calculations based on VUU theory.
This time arises from the fact that the trajectories of ap-
proximately 100 pseudoparticles per nucleon must be
followed through the six-dimensional phase space.

We propose a model which is based on simple con-
siderations of momentum space geometry. This model
requires a small amount of computer time and thus en-
ables us to generate many thousands of events. The re-
sults of the model are compared to the experimental
data of >)C-'2C collisions at E;,=40 MeV/nucleon
beam energy which recently have been measured.?

Our model is presented in a nonrelativistic formula-
tion which is sufficient for the energies under considera-
tion, but is is straightforward to include the effects of
relativistic kinematics. We begin by assigning every nu-
cleon a random momentum p; inside a sphere with ra-
dius pp(r) using local Thomas-Fermi approximation in
the rest frame of its nucleus.

Pi=(py 3Dy isPz)
=(£,€5,E3)pp(r)+(0,0,a(2myE/ A)1?) . N

Here the beam axis is assumed to be parallel to the z
axis. The quantities £, &,, and &; are random numbers
between —1 and 1 with the constraint

218246351, )

The constant a is O for the target and 1 for the projec-
tile. The local Fermi momentum is given by

pr(r)=#[1.57%(r)]'7?, (3)
where
p(r)=po/{1+ exp[(r—R,)/al} . @

In Fig. 1(a) the occupation of the longitudinal and
transversal momentum space resulting from this method
are shown.

One can include the effects of nucleon-nucleon col-
lisions in a simple way by considering only elastic col-
lisions which largely dominate the cross section at the
beam energies under investigation. The total number of
individual nucleon-nucleon collisions, N, is treated as a
free input parameter. As will be seen later, the spectra
obtained are sensitive to N and thus allow a determina-
tion of the actual number of nucleon-nucleon collisions
which have occurred during the nucleus-nucleus col-
lision.

For each one of the N nucleon-nucleon collisions we
randomly pick two nucleons i and j. Energy and
momentum conservation for the collision require

PP+ (PP =(pf P+ (p?? (5)
pP+p}=pi+p} ©

where the superscripts b and a stand for “before the col-
lision” and “‘after the collision.” In this geometry a col-
lision is simply represented by a rotation of the relative
momentum p; —p; around the nucleon-nucleon center of
mass momentum 5(p; +p;) by a random pair of angles 6
and ¢. This treatment results in isotropic nucleon-
nucleon cross sections in the nucleon-nucleon rest frame
which is a reasonable approximation for these energies.
It is possible to reject nucleon-nucleon collisions, if ei-
ther p or p{ ends up in an already occupied region of
momentum space. This is the method with which Pauli
blocking is treated in the VUU approach. However, for
our purposes this approach is not used because every
collision depopulates some area of already occupied
momentum space and populates another area randomly.
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Thus, on the average, the Pauli principle is not violated
any more than in the random initialization procedure
based on local Thomas-Fermi theory used above.

In Fig. 1(b) the population of transverse and longitudi-

nal momentum space after N =3 random nucleon-
nucleon collisions per nucleus-nucleus reaction is shown
for the 2C-12C system at 40 MeV/nucleon. The most
obvious effect is that higher transverse momenta are
available after the collisions. Thus the isotropy in the
single particle spectra will increase with N.

If a nucleon is to be emitted from the overlap region
of the two nuclei, it has to escape from a mean field po-
tential. This means that its kinetic energy has to be
bigger than an energy V in the center of velocity frame.
In our momentum space geometrical picture this corre-
sponds to a sphere around p., with radius p,y
=(2myV)"? from which nucleons cannot be emitted.
All other nucleons will be emitted with an energy of

Eyin=E,(0) =V
=(pZ+pi+p2)/2my—V

=Q*/2my , (7)

where Q is the absolute value of the momentum vector
of the particle after escaping from the potential.

The absolute number of particles which are able to es
cape from the potential is sensitive to the magnitude of
V for collisions with a beam energy around the Fermi
energy. So we should be able to investigate some prop-
erties of the nuclear mean field in finite systems by look-

ing at the absolute normalization of the proton cross sec- -
tion o(E, Q). -

To obtain the normalized cross sections we use a
prescription similar to the one used in the fireball mod-
el.” The output of our numerical simulation is the num-_
ber of emitted protons into an energy interval AE and an
angle interval AQ, N(AE,AQ,b), as a function of the
impact parameter b. We obtain the double differential
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FIG. 1. Occupation of the longitudinal and transverse

momentum space for the system '2C+'>C at a beam energy of
40 MeV/nucleon before (a) and after N =3 nucleon-nucleon
collisions. p(p) is displayed on a logarithmic scale.

cross section from this via

d’c _ r 2mbN(AE,AQ,b)
dEdQ " N AE AQ

Here the factor (1—A) is used to correct the absolute
normalization of the spectra for the effect that a fraction
A of the escaping protons will be trapped in larger frag-
ments and thus not be counted as single protons. The
fraction A is taken to be 0.5 based on experimental com-
posite particle yields from Ref. 8. In principle our simu-
lation could be combined with a coalescence part which
should then also allow us to predict the yield of larger
mass fragments. For the purpose of this investigation,
however, we tried to keep the simulation simple and
transparent and avoided the inclusion of composite frag-

b1 . (®)

ments.

The depth of the mean field potential, ¥, is the second
free parameter in our model. This parameter determines
the overall normalization of the cross section. In the fol-

~ lowing we shall estimate the magnitude of this potential

energy V on theoretical grounds. We start out with a
standard Skyrme parametrization for the mean field po-
tentiall® '

Ulp)=A(p/py)+Blp/py) , )

in which the exponent o is determined by the desired
nuclear compressibility and the coefficients 4 and B are
then fixed by the requirement that the binding energy
per nucleon in nuclear matter has a minimum of —16
MeV at density p=p,. In Fig. 2 the values of 4, B, and
the compressibility « are displayed as a function of the
exponent o.

Two particular choices for o have recently received
special attention. A value of o =1 yields the so-called
“soft” equation of state (EOS)

Up)=—359 MeV X (p/py)+305 MeV X (p/py)"’,

(10)

with a nuclear matter compressibility of 200 MeV. For
a value of o =2 we obtain the “stiff”” equation of state

Ulp)=—124 MeVX(p/po)+70 MeVX(p/py)?,  (11)
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FIG. 2. The coefficients 4 and B in the Skyrme parametriz-
ation for the equation of state and the nuclear compressibility
Kk as a function of the exponent o.
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with a nuclear compressibility of 375 MeV. In the fol-
lowing we will use the latter to obtain numerical esti-
mates, but the numbers do not change very much by us-
ing the soft EOS or any value of o between } and 2.

From U(p) we obtain the average potential energy ¥
by integration

1 -fp"‘“‘ Ulpdp .  (12)

Pmax—Pmin * Pmin

V o {PrinsPrmax) =
Taking p;,=0 and p_,.=p, we obtain the nuclear
matter value of the mean potential energy

3 # 5, Eping(e)
52my A

¥ (0,p0)=—39 MeV=—

(13)

For finite nuclei we have to use the actual binding en-
ergy, e.g., Epng(12C)/ A= —8 MeV, instead of the nu-
clear matter value of Ey; 4(0)/ A4 =—16 MeV to deter-
mine V. From the fact that local Thomas-Fermi theory
was used to initialize the occupation of momentum
space, we also get a correction for the average kinetic
energy value of nuclear matter,

3_#
+ 5 sz

For the case of "*C this results in E,;,('*C)=18 MeV
instead of the value of E,;; =23 MeV for infinite nuclear

matter. So we obtain for the average potential energy of
a 12C nucleon

V(0,p5)=—26 MeV . (15)

Epyp=1""1 kZrd®r . (14)

This simple estimate can be compared to a self-
consistent Hartree-Fock calculation for '2C which yields
the values E,;=15.87 MeV and V(0,p,)=—24.06
MeV.

During the collision, it is not a good approximation to
use ppin,=0 and p,,,,=p, for the overlap region. p ;=0
would correspond to a complete disintegration of the
overlap region which is unlikely for a beam energy of 40
MeV/nucleon. Also the value for p,,, has to be correct-
ed, since we expect the maximum density in the overlap
region to exceed p,. Since these minimum and max-
imum values of the density are not exactly known, we
choose another approach and treat the proper value of
the average potential energy for the overlap region as an
input parameter into out simulation. Using the argu-
ments given above, we expect the value of ¥ roughly to
be between 20 and 35 MeV. By comparing to the exper-
imental data we find that a value of V=20 MeV yields
the correct absolute normalization for the proton cross
section.

In our momentum space geometrical simulation, the
only other input parameter besides the average potential
energy is the average total number of individual
nucleon-nucleon collisions per nucleus-nucleus reaction.
A large number of collisions will lead to a thermalized
system, whereas a smaller number of collisions will cause
steeper energy spectra. In Fig. 3 we show the compar-
ison of our model predictions with an impact parameter
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FIG. 3. Comparison of the results of our calculations (histo-
grams) to the experimental data from Ref. 8 for the double
differential proton cross sections from C+ 12C collisions at 40
MeV/nucleon as a function of proton kinetic energy for the
proton emission angles of 25, 55, 85, and 150 deg.
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FIG. 4. 7= f o(E,0,,¢)dE as a function of the two angles
0, and ¢. 6, is the emission angle of the second particle with
respect to the beam axis, and ¢ is the relative azimuthal angle
between the trigger particle and the second particle. The con-
tour plot is the result of our calculation.
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FIG. 5. The in-plane to out-of-plane ratio R(6,) as a func-
tion of the emission angle 0, with respect to the beam axis.
The histogram represents our calculations. The data are taken
from Ref. 8 and are represented by squares.

averaged number of N =3 unblocked nucleon-nucleon
collisions per event with the experimental data from Ref.
8 for double differential proton . spectra from 40
MeV/nucleon 2C+-12C collisions as a function of proton
energy for the proton emission angles 25, 55, 85, and 150
deg. The theoretical simulation shows a degree of agree-
merit with the data which is surprising considering the
simplifying assumptions going into the model. The mag-
nitudes of the experimental cross sections are well repro-
duced. The relative yields for different angles as well as
the angular dependence of the falloff constant in the ob-
served energy spectra are in agreement with the experi-
mental values and thus well understood. However, due
to the fact that we do not include evaporation from exit-
ed target and projectile residues our calculations under-
predict the data at low proton energies.

Recently, measurements of particle-particle correla-
tions in heavy ion collisions at intermediate energies
have been performed.®!!-® In light systems (C4C and

N+C) it has been shown that the two-particle correla-

tions are dominated by momentum conservation. The
correlation functions show a strong preference for the
two particles to be emitted in the same plane and on op-
posite sides of the beam.»!® Since total momentum is
conserved in our model simulation, it is possible to study
exactly this effect. We again use the example of a 2¢c.

12C collision at Ey,y, /nucleon=40 MeV and compare

- our results to the experimental data of Ref. 8. In the ex-

périment a trigger detector was used at a laboratory an-
gle 6=45° relative to the beam axis. The momentum
vector of a particle detected in this detector and the
beam momentum define a plane. In the experiment the
ini-plane to out-of-plane ratio for a second particle emit-

‘ted with an angle 6, relative to the beam axis and an an-
" gle ¢ relative to the plane was measured. This ratio is

defined as
o [ o(E,6,,¢=180"\dE
R =
*7 [ o(E,0,4=90dE

In Fig. 4 we show (7='f o(E,0,,¢)dE as a function
of the two angles 8, and ¢. Two features are visible.
First, due to the fact that the calculations, as well as the
experiment, are done in the laboratory system, we ob-
serve a strong enhancement of the counts in forward
direction. Another feature is that it is almost completely
symmetric with respect to ¢=180° as expected. For
fixed 6, the graph has maxima around ¢ 180°. This
effect will cause the in-plane to out-of-plane ratio R(6,)
to be larger than 1. In Fig. 5 the function R (8,), as cal-
culated from the results of our model simulation, is com-
pared to the experimental results from Ref, 8. The cal-
culations show a smaller value of R than the experi-
ments, but it seems that our model can nicely explain
the tendency of the data by only using momentum con-
servation. - :

In summary, we have presented a simple model which
enables us to understand the experimental features of
proton spectra from heavy ion collisions at beam ener-
gies per nucleon around the Fermi energy. Its main ad-
vantages are the transparency of its concepts and the
very small CPU-time requirements which enable us to
generate statistics which are comparable to the experi-
mental ones. Since momentum and energy are exactly
conserved in every nucleon-nucleon collision, we are also
able to investigate proton-proton coincidences in the
light of momentum conservation. The results of our
simulation for the double differential single particle cross
section as well as the values for the in-plane to out-of-
plane ratios are in reasonable agreement with the data.
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