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34. CLEBSCH-GORDAN COEFFICIENTS, SPHERICAL HARMONICS,

(12 a

J J
Note: A square-root sign is to be understood over every coeflicient, e.g., for —8/15 read —4/8/15. NIt o o
- — HT[ m2
1/2x1/2 | J—— , = >
co( fici ;
Frzeiz] 1]l o o s 2%1:/2 isiz| 572 372 m; my | Coefficients
I+1/2 “1/2|1/2 1/2| 1 3 [rz #1/2] 1)earz2+3s2
-1/2 +1/2)1/2-1/2]-1 Yll = = sinfei? +2 -1/2| 1/5 4/5| 5/2 372
|-1/2-172] 1 8 +1 +1/2| 4/5-1/5)+1/2 +1/2
i 53, +1-1/2| 2/5 3/5| s/2 3/2
Yo =4/— (— cos* 0 ~ -) o+1/2| 3/5 —2/5|-1/2 -1/2
1x1/2 [ 372 am 2
0-1/2| 3/5 2/5| 5/2 3/2
3/2) 372 172 15 1+1/2| 2/5 -3/5|-3/2 —3/2
l+1 +172]  1fers2 4172 Y= 2 sinfcos ei® - i il s
w1-12[ w3 23l s 172 o W2RWZ LG T—a || s -viel-sre
0+1/2| 2/3 -1/3|-1/2-1/2 1
Y2 = 15 . 2 26 3372 +1/2] 1] +1  +1 =2l
o-1/2| 2/3 /3| 32| Y2 = 3\ 51 sin®
_1e1/s] i/acafal-a/a m +3/2-1/2|1/4 374 2 1
2 l 3 I +1/2 +1/2|3/4-1/4 [s] 0
X -1-1/2 1 5/2
+3| 3 3/2x1 io)s| Bl a3 +1/2-1721172 172 2 1
[#2+1] 1] +2 +2 [z w1 1|+3/2 +3/2 -1/2+1/2{1/2-1/2| -1 -1
+2 0[1/3 2/3 3 2 1 +3/2 ol 2/5 3/s| s/2  3/2 1/2 -1/2 -1/2| 3/4 1/4) 2
+1 +102/3 -1/3] +1 +1  +1 +1/2 +1| 3/5 -2/5|+1/2 +1/2 +1/2 -3/2 +1/2| 1/4-3/4}-2
+2 -111/15 1/3  3/5 +3/2-1|1/10 2/5 1/2 |-372-1/2] 1
1x1 |_2 +1 ofe/is 1/6-3/10| 3 2 1 +1/2 0| 3/5 1/15 -1/3| s/2  3/2 1/2
+2] 2 1 0+1| 2/5 -1/2 1/10| © 0 0 -1/2 +1|3/10 -8/15 1/6|-1/2 -1/2 -1/2
M s+ +1-1[1/5 1/2 3/10 +1/2 -1|3/10 8/15 1/6
+1 ofi/z 12| 2 1 o 0 0|3/5 0 -2/5 3 2 1 -1/2 0| 3/5 -1/15 -1/3| 5/2 3/2
0+11/2-1/2] 0 0o o -1+1|1/5 -1/2 3/10| -1 -1 -1 -3/2 +1|1/10 -2/5 1/2}-3/2 -3/2
+1-1|1/6 1/2 1/3 0-1 2/5 1/2 1/10 -1/2-1| 3/5 2/5]| 5/2
0 o0f2/3 o0-1/3] 2 1 -1 o|s/15 -1/6-3/10| 3 2 -3/2 0] 2/5 -3/5]-5/2
-1+1|1/6 -1/2 1/3|-1 -1 -2 +1|1/15 -1/3  3/5| -2 -2 1_3/2 ETE
0-1|1/2 1/2] 2 -1-1]|2/3 1/3] 3
Y™ = (1) -1 of1/2-1/2 |-2 -2 0]1/3-2/3]-3 (j1jamymea|ji1jo J M)
= 1 47 o -2 -1 1 J=Fiasge g s 5 3
S f,,g - Vg it I = (=1)"71722 (G mama |21 M)
1 2041
J _ m—m' 41 ] 3/2X3/2 3 [/ 14 cost
¢ m'm (- 1) rjlm m T d —m,—m! +3] 3 2 (f(l] 0= cosf i/él g = COS (ﬁ% ] Se——
[F372 372 1|+2 +2 . /21 2 ' 2
4%B42 |12 —mer +3/241/2| /2 12| 3 2 1 2172 - —an? g1 _sind
= —1/2 = TG "0 T 5
l2+372]  1fess2+s/2 bl H3/2 ;;z i;z 1:; ;; 3/:; 1/2,-1/2 2 i V2
372 —
+2+1/2| 3/7 4/7| 1/2  5/2 3/2 +1/2+1/2 |3/5 0 —2/5 3 2 10 n 1 —cosf
+1+3/2| 4/7-3/7}¢3/2  +3/2 +3/2 Traasis |ire=irT 3710 - 5 5 bl 1=
ety By i ey v B RS A
= - = 9/20 1/4-1/20-1/4
2x2 | oease| 2/7-udyas. w/m| +ife sz sars wuz| B2 RIRAR YTy AT
[ 2] 1] +3 +3 +2-3/2| 1/35 6/35 2/5 2/ -3/2 +3/2 |1/20 -1/4 9/20-1/4] -1 -1 -1
+1-1/2(12/35 5/14 0 -3/10 o a7 | As 1/2 2710
- |2z zf e 3 2 0+1/2(18/35 -3/35 -1/5  1/s| /2 s/2 3/2 12| |15 1s5] 3ve sl
( +1+2{1/2-1/2] +2 +2 2 -1+3/2| 4/35-27/70 2/5 -1/10 | -1/2 -1/2-1/2 -1/2 —372+1/2| 1/5- 1,,2 /0| -2 -2
+2 013/14 1/2 2/7 +1 -3/2| 4/35 27/70 2/5 1/10 I -
+1 +1( 4/7  0-3/7 4 3 2 1 0 -1/2 [18/35 3/35 -1/5 -1/5 ;ﬁ —i::; i”:i_ijg _?
0 +2|3/14-1/2 2/7| +1 +1 +1 +1 -1 +1/2 12/35 -5/14 0 3/10| 7/2 s5/2 3/2| &
vz ~1|1714 3710 377 /s -2 +3/2 | 1/35 -6/35 2/5 —2/5|-3/2 -3/2-3/2 [3ra-3r2| 1
+1 0| 3/7 1/5-1/14-3/10 0 -3/2| 2/7 18/35 1/5
0 +1| 3/7 -1/5-1/14 3/10 4 3 2 1 0 -1 =1/2| 477 =1/35-2/5] 772  s5/2
2 A e Soiati 0 i 0 -2 +1/2] 1/7-16/35 2/5) —s/2 -5/
+2 -2 [ 1/70 1/10 2/7 2/5 1/5 “1-3/2| a/7 31| 772
+1-1|8/35 2/5 1/14 -1/10 -1/5 —2-1/2| 377 -as1l7/2
0o o0 [18/35 0 -2/7 0 1/s
-1 41 | 8/35 -2/5 1/14 1/10 -1/5| 4 3 2 1 |~2—3/2 1
32 14+cos 0 -2 +2 | 1/70-1/10 2/7 -2/5 1/s| -1 -1 -1 -1
G3pp3/2= — 5 93 +1 -2(1/14 3/10 3/7 1/5
5 1+ cosfy\2 0 -1| 3/7 1/5-1/14-3/10
2372 i el . O d§2=(+—) -1 0| 3/7 -1/5-1/14 3/10[ & 3 2
3/21/2 = 2 2 ’ 2 -2 +1[1/14 -3/10 3/7 -1/5| -2 -2 -2
3/2 z1—cost 0 g o ltcesd 0 -2|3/14 1/2 2/7
([3/2,—1/2 =3 3 008y dgy = sind -1 -1|4/7 o-3s7] & 3
1+ cosd -2 0f3sa-1/2 2/7| -3 -3
32 __1_':0‘50 % Q o _ V6 ., d? = —————(2cos8 —1) 1y =
ajy = d5a= sin“ 0 1,1 1 2|1/2 172 4
J/ -3/2 9 n3 2,0 4 -2 -1|1/2-1/2|-4
3/2 _3cosf-1 0 2 l—cost | 9 _ 3. . -2 -2 1
‘ll/o 2= 5 Cos3 di _y=- sin dig= 3 sin@ cosf
3/2 _ 3cosf+1 . 8 2 _ (1 —cosf\2 2 _ 1l—cost ) 9 (3 o 1
(11/2’_]/2 ——sing di o= (“——2 ) di_y=—F—(2cos0 +1) dgo = (§ cos* ) — 5)

Figure 34.1: The sign convention is that of Wigner (Group Theory, Academic Press, New York, 1959), also used by Condon and Shortley (The
Theory of Atomic Spectra, Cambridge Univ. Press, New York, 1953), Rose (Eiemz.nfm-y Theory r)f Angular Momentum, Wiley, New York, 1957),

and Cohen (Tables of the Clebsch-Gordan Coefficients, North American Rockwell Science Center,

here have been calculated using computer programs written independently by Cohen and at LBNL.

Thousand Oaks, Cdllf 1974). The cogﬂlcmms
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