PHYSICAL REVIEW B 113, L060301 (2026)

Editors’ Suggestion
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We present direct observation of the ringdown dynamics in the rotating frame of a resonantly driven single-
mode nonlinear nanomechanical resonator. An additional close-to-resonance harmonic force excites nonlinear
oscillations about the fixed point in the rotating frame. When the secondary drive is removed, we measure decay
of the in-phase and quadrature components toward this fixed point. We show that the decay of the in-phase
signal is nonexponential, even though the vibration amplitude decays exponentially if both forces are switched
off, revealing an unexpected interplay between conservative nonlinearity and dissipation. A minimalistic model
captures these dynamics as well as the spectrum of the vibrations excited by the additional force, relating them
to the dissipation-induced symmetry breaking of the dynamics in the rotating frame.
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Decay of vibrations of nanomechanical systems reveals
important information about the physics of the vibrational
modes, such as their linear or nonlinear coupling to other ex-
citations, including the mode-mode coupling. The decay rate
imposes the limits on various applications of the mechanical
modes, in particular those in classical and quantum sensing.
[1-5]. Measuring the spectral linewidth is usually sufficient
to determine the decay rate of many vibrational systems,
especially at macro- and microscales. However, in nanome-
chanical systems, spectral linewidths can be broadened by
frequency fluctuations, obscuring the true decay rate [6-9]. To
overcome this limitation, ringdown measurements are widely
adopted [3,10-13].

In a ringdown measurement, the system is actively driven
initially, then the drive is turned off, and the resulting change
in energy or amplitude over time is directly tracked. This
transient response allows one to separate out dissipation
from dephasing effects [14]. A major dissipation mecha-
nism in nanomechanical systems is the coupling to a thermal
reservoir, which is linear in the mode coordinate; it leads
to a rather simple exponential decay of the amplitude [5].
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However, the decay due to nonlinear coupling [15] may be
more complicated, and ringdown measurements can detect
such interesting characteristics of the systems as nonlinear
(amplitude-dependent) damping, nonlinear frequency shifts,
and mode coupling [3,13,16-19].

The rotating frame offers a simple view of intricate
nonlinear dynamics and is widely used when analyzing
nanomechanical oscillators. In this frame, a sinusoidal re-
sponse to a resonant drive is described by a fixed point.
Studying vibrational dynamics in the rotating frame has
unearthed a wealth of phenomena, including fluctuation
squeezing [20-22], the onset of spectral sidebands [23,24],
frequency combs [25-32], the occurrence of chaos [33,34],
and manifestations of mode coupling [35-39]. However, the
relaxation from an excited state to the fixed point in the rotat-
ing frame has remained largely unexplored.

In this Letter, we tackle the problem of decay directly by
studying the ringdown of a nanomechanical system in the ro-
tating frame. We find that a driven nonlinear nanomechanical
oscillator with a very small damping exhibits an unexpected
behavior: A conservative nonlinearity leads to nonexponential
decay in the rotating frame, even though, in the absence of a
drive, the decay remains exponential in the laboratory frame.
The effect is pronounced even where the nonlinear part of
the vibration energy in the laboratory frame remains small
compared to the linear part.

Our system is subjected to a near-resonant harmonic drive
in the laboratory frame, which can be used to tune the dy-
namics in the rotating frame. The harmonic drive breaks the
time-translational symmetry of the system. It provides a refer-
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ence for studying the response to a weak secondary drive that
we apply. Viewed in the rotating frame, the secondary drive
perturbs the system into a state of forced periodic vibrations
about the fixed point. They manifest as a frequency comb in
the laboratory frame [26,27].

By turning off the secondary drive, we observe the ring-
down, i.e., relaxation towards the fixed point in the rotating
frame. The ringdown response shows different decay patterns
for the in-phase and quadrature components owing to the
nonlinearity, which is strong in the rotating frame, while is
still weak in the laboratory frame. The distinct decay rates
observed for the in-phase and quadrature components are
ultimately related to the lack of symmetry with respect to time
translation by a quarter of the modulation period, which would
lead to the interchange of the components. In addition, the
system lacks inversion symmetry in the rotating frame, which,
as we show, results in significant contributions of even har-
monics to the frequency content of the dynamical variables—a
revealing signature of the underlying strong nonlinearities.

The system we study is a doubly clamped beam in a
tensile-stress dominated regime [40,41]. The device is a het-
erostructure composed of 100 — nm-thick silicon nitride and
a 50 — nm-thick aluminum layer deposited on top for carrying
an alternating current. The beam is L = 360 um long and
w = 1 wm wide, as shown in Fig. 1(a). The bare mass of the
wire from its physical dimension is m = 1.63 x 10713 Kg.
The device is housed in an experimental cell and cooled
to approximately 7 ~ 4 K. The low-vacuum environment
(~107% mbar) ensures low-damping conditions.

We focus on the fundamental flexural mode of the nanores-
onator. Its dynamics is well described by the following
minimalistic model:

X+2Ix + a)%x + yx® = Fy cos(wit) + B cos(wat), (1)

where x is the modal displacement, I', wy, and y are the
damping, natural frequency, and Duffing coefficients of the
mode, respectively, and we use units where the mode mass
is set equal to 1. Except for special cases [42], this model
describes response to a resonant drive even where the system
does not have inversion symmetry [43], and it works well
in our case, as seen in Fig. 1. The primary and secondary
forces on the right-hand side of Eq. (1) have drive amplitudes
F) and F,, and drive frequencies w; and w;, respectively.
While the driving frequencies, w; and w», are kept close to
the mode eigenfrequency, the magnitude of the forces differs
significantly, with F] > F;, and hence Fj is designated as the
primary drive.

The measured eigenfrequency of the mode is wy/27 ~
248.013 kHz [see the inset of Fig. 1(b)]. When the drive
is turned off, we observe exponential decay of the vibra-
tion amplitude during the ringdown in the Duffing nonlinear
regime, with the slope I' on a log-linear plot depicted in
Fig. 1(c). This slope gives the relaxation rate I' = 1.35 Hz
(Q =~ 580000). During the ringdown, the vibration frequency,
which is amplitude dependent due to the Duffing nonlinearity,
approaches wy. Figure 1(b) illustrates a Duffing stiffening
response, which reveals the familiar frequency dependence on
the vibration amplitude. The Duffing nonlinearity is quantified
from the backbone curve; using wma,x — @y = 3ya[2nax /(8wyp),
where wnax and am,x are the maximal values of frequency
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FIG. 1. (a) Optical image of the resonator and measurement
setup. The experiment is conducted on one of the two suspended
strings. (b) The nonlinear resonance curves in the laboratory frame
of the first flexural mode were obtained from upward frequency
sweeps. The rainbow-colored curves represent measured amplitude
spectra at increasing drive strengths. The black dots represent the
theoretical approximation values along the curve. The inset shows a
resonance curve in the linear regime with drive F; = 0.015 m/s?, and
the green dashed curve represents a fit to the amplitude response of
a driven damped harmonic oscillator. (¢) Ringdown response of the
first flexural mode amplitude in the Duffing nonlinear regime under
a drive of F; = 0.15 m/s? and 8w, /2m = 6.5 Hz. The green dashed
line represents the fitted linear decay.

and amplitude reached on the response curve [Fig. 1(b)],
we obtain y = 1.597 x 10 m~2 s~2 With the experimentally
evaluated I', wg, and y, we find the following critical drive

level for the onset of bistability: Fo, = 16,/wjI3/ (93y) =

0.033 m/s? [43].
Our primary interest lies in the rotating frame dynamics
associated with the large-amplitude branch of the Duffing os-
cillator, as described by Eq. (1), in the regime where F, < F)
and |wy — wi|/wo K 1. We change variables to g, p using
x(t) = q(t) cos(wit) + p(t) sin(w;t) and the corresponding
equation for x. Then, we obtain in the rotating-wave approx-
imation (RWA) the following Hamiltonian ‘H = Hy(q, p) +

Hi(q, p,t), where
3

14 1 Fiq
Ho(q, p) = ——(*+p*)* — =8w1(@*+p*) — —,
32w, 2 2w,

Hi(q. p. 1) = —FlgcosGwat) — psin(Swat)]/ 2w,
and the frequency detunings are given by dw; = w; — wy,

dwy = wy — wy. The second frequency detuning, dw,, is de-
fined relative to w; rather than wy, as the rotating frame is
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FIG. 2. (a) The amplitude A(w,) of vibrations for downward
frequency sweeps of the secondary-drive frequency w,, measured
at F, =15, 30, 60, 90, 120, and 150mm/s?, with F, fixed
at 3.0 m/s>. The signal A(w,) is plotted against the detuning
dw; = wy —w; of the secondary drive. The peak values of the
amplitudes for different F> are marked with solid circles. (b) The
measured (circles) phase-space trajectories of (g, p) in the rotating
frame for the frequencies w, corresponding to the maximal A(w;,) in
(a), with the matching color coding. The trajectories are obtained by
homodyne measurement with reference frequency at w;. Rainbow-
colored curves are obtained by numerically solving the equations
q=09,H—Tqand p=—09,H — I'p for the corresponding sets of
(Fz, 86()2)

chosen at frequency w;. From Eq. (1), we obtain the RWA
equations of motion for g, p of the form ¢ = 9,H — I'q,
p=—0H—Tp.

When F, =0, and if we disregard damping, the mode
performs vibrations in the rotating frame about the fixed
point (geq, p = 0), with gy being the larger solution of the
equation F/(2w;) + dwigeq — Sngq/(&ol) = 0. Where the
amplitude of these vibrations is small, their frequency is given
by Q= vVoVo?, with 0V = 82H|, = Byqs,/Bw) —
Swi), o® = H|y, = 9yql,/Bw1) —dw). The weak
damping of our system allows us to consider the regime where
I' is small, not only compared to wy, but also compared to €2,
i.e., the vibrations are underdamped in the rotating frame.

In the absence of damping (I' = 0) and secondary drive

(F> = 0), the equations of motion ¢ = 3, and p = —9d,Ho
can be rewritten in terms of the scaled energy of a harmonic
oscillator Iyo = (¢ + p?)/2 (cf. Ref. [43]):
2wdw 201H 20 .
G o = = o = ==, p=""ho. @)
The time evolution of Iyo is determined by the first-order
equation IE,O/2+ Uer(Ino) = 0 with an effective potential
U.sr, and can be described explicitly in terms of the Jacobi
elliptic functions; see Supplemental Material [44]. It describes
in the explicit form periodic oscillations of /g, and thus of the
dynamical variables ¢, p, with frequency that depends on the
value of ‘Hy. This solution allows us to analyze, in the rotating
frame, the linear and nonlinear response of the mode to the
secondary drive. In particular, it enables studying the analog
of the “backbone” curve of such response.

In Fig. 2 we show the measured response of the oscilla-
tor to the secondary drive. We focus on the response at the
drive frequency w,. For small F,, the response is maximal at
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FIG. 3. (a) The ringdown signals of g = q(t) — q.q and
8p = p(t) — peg- The system is initially driven by the secondary
drive with 8w, /27 = 13 Hz and F> = 150 mm/s?, while the primary
resonant drive is set at Sw; /2 = 86.9 Hz and F; = 3.0 m/s>. F is
switched off at # = 0. Dashed blue and red curves represent, respec-
tively, theoretical predictions for the ringdown envelopes of §g and
ép. (b) Log-linear plot of the maximal deviations for ¢ (blue) and 6 p
(red). Solid curves show the theoretical predictions for the maximal
displacement of the vibrations |5¢(z)| and |§p(t)|. The blue dotted
and dashed lines represent the decay rate 2I" and I', respectively.
(c) The decay of the area enclosed by phase-space trajectories in the
rotating frame over time. Yellow circles indicate the experimental
data and the yellow curve is the theoretical prediction.

wy = w1 + €2, and its amplitude A(w,) increases linearly with
F,. As the drive is further increased the response shows non-
linear behavior. Driving with F, beyond a critical value F,
pushes the response curve A(w;) into a bistable regime, and
a set of downward frequency-sweeping measurements reveals
frequency pulling-away behavior, reminiscent of a softening
Duffing response as shown in Fig. 2(a). This is caused by the
dependence of the effective frequency of the vibrations in the
rotating frame on the value of the Hamiltonian . The small
rainbow-colored circles in the figure indicate the maximal
amplitudes at each value of F,. They determine the initial
conditions of the ringdown measurements shown in Fig. 3,
which are done by turning off F;.

The phase-space trajectories of (g, p) in the rotating frame
are obtained by setting w, to produce the peak amplitude
at each drive level of F, and then carrying out a homodyne
detection with the the primary drive at w; as the reference;
see Fig. 2(b). However, the trajectories do not have mirror-
reflection symmetry with respect to the axis p = 0. This is
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a consequence of dissipation, which breaks time-inversion
symmetry.

Turning off the secondary drive F, induces ringdowns
probed by homodyne measurements referenced at frequency
w;. As depicted in Fig. 3(a), the quadratures decay to the
equilibrium position 6g = g — geq — 0, 6p = p — peq — 0.
To characterize this decay process, we identify the points of
the maximal deviations as the point furthest away from the
equilibrium on the phase-space trajectories in Fig. 2(b) during
each cycle. A handful of these points are marked by the blue
and red circles on the curves in Fig. 3(a). The points of the
maximal deviations are then plotted against time in Fig. 3(b)
to illustrate the decay process.

Two unexpected features immediately stand out from
Fig. 3(b). The first is that the ringdown of 6¢g shows a non-
exponential decay. Second, the decays of ¢ and p are not
identical. The initial decay rates of ¢ and p, i.e., where the
deviations |8¢g| and |§p| are close to maximal, are measured to
be 2.50 and,1.31 Hz, respectively. These values are in a good
agreement with the decay rates of ~2I" and ~ I'" calculated for
the chosen parameters and indicated by the early-time slopes
in Fig. 3(b). However, overall, the decay of ¢ is profoundly
nonexponential; the effective decay rate associated with the
slope of |8¢q| in Fig. 3(b) decreases in time from ~2I" to
a smaller value, which is ~I" (the data for small |§g| are
somewhat obscured by the noise; the analysis of this effect
is presented in the Supplemental Material [44]).

The difference in the decay of the quadratures is rooted in
the breaking of the continuous time translation symmetry by
the periodic drive. Another manifestation of this asymmetry
is the fluctuation squeezing observed in Ref. [20]. However,
our ringdown measurements do not require the analysis of
fluctuations to reveal the symmetry-breaking effect. We em-
phasize that this is temporal, not spatial, symmetry breaking
that underlies the effect.

During the ringdown, because of the slow decay rate, the
trajectories g(¢), p(t) in the rotating frame form a tight spiral,
with the ratio of the step to the characteristic radius < 0.1.
One can then consider the approximate area S enclosed in a
single turn of this spiral. In the absence of decay, this area
would provide the action of conservative system with Hamil-
tonian H. In the presence of decay, S decays as the mode
approaches the fixed point. This decay is shown in Fig. 3(c).
It is exponential at the rate of 2.69 Hz ~ 2I', consistent with
our model. This should be contrasted with the strongly nonex-
ponential decay of g(¢). We emphasize that we observe such
nonexponential decay in a single-mode resonator, in contrast
to multimode systems, where nonexponential decay is asso-
ciated with intermode energy exchange, cf. Refs. [11,13]. We
also emphasize that if the mode displayed nonlinear friction
[5], the decay of S would be profoundly nonexponential.

We now discuss the spectra of the system in the presence of
a secondary drive. In Fig. 4 we show the Fourier transforms of
the coordinate and momentum in the rotating frame. The spec-
tra display multiple peaks, which correspond to the overtones
of the vibrations at frequency 8w, q(t) = > g, exp(indwst)
and p(r) = Y pyexp(indwyt). The occurrence of the over-
tones leads to a frequency comb in the laboratory frame,
with the spectral lines of the comb located at frequencies
| + néw, with integer n. The comb is pronounced at a
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FIG. 4. (a), (b) Spectra of q(t) and p(¢), obtained by fast
Fourier transform of the outcomes of homodyne measure-
ments for two values of the secondary drive (Sw,/2m,F,) =
(15.4 Hz, 15 mm/s?) (upper(8w,/2m, F>) = (13.3 Hz, 150 mm/s?)
red) and (8w,/2m, F,) = (13.3 Hz, 150 mm/s?) (lower, purple).
These values correspond to the two peak amplitudes marked by
red and purple circles in Fig. 2(a), respectively, with F; also set to
3.0 m/s?, the same values used for Fig. 2 and Fig. 3. Colored circles
(gray, yellow, and cyan) at the peaks of the spectra are the theoretical
values. (c¢), (d) Amplitudes of the first (yellow) and second (cyan)
harmonics components of g(¢) and p(t) as functions of the averaged
Hamiltonian (H,) calculated for different F> and dw, /2. Filled
circles and empty circles represent measured data and theoretical
calculations, respectively. The solid and dashed lines between the
circles are guides to the eye.

sufficiently strong F;. It reveals a strong and nontrivial depen-
dence of higher harmonics of ¢(¢) on the secondary drive. This
dependence reflects the spectral composition of nonlinear vi-
brations in the rotating frame as functions of the vibration
“energy” Ho in the absence of decay and F;. It is therefore
instructive to describe it using the values (), which are
obtained by averaging H, for given F;, §w, along the experi-
mental trajectory.

We find that the second harmonic of g(¢) becomes com-
parable to the first harmonic, i.e., g»/q; ~ 1 already for
(Ho) ~ —1.98 pm?/s, or for the secondary drive amplitude
F>, ~ 120 mm/s? for §w, = 13.96 Hz, as shown in Fig. 4(c).
In contrast, for the same parameters, in the spectrum of p(t)
only the first harmonic is pronounced; see Fig. 4(d). Such
a difference in the behavior of two quadratures is distinct
from the response of most weakly nonlinear systems, such
as a system with a standard Duffing nonlinearity, where the
second harmonic remains small up to fairly large vibration
amplitudes; cf. Ref. [42].
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There is a connection between the evolution of the de-
cay rates during the ringdown shown in Fig. 3(b) and the
frequency content of the quadratures shown in Fig. 4. In a
quasilinear picture, the components g, () and p,(t) decay at
rates nI". Then, if the dominating components of g(t) and
p(t) are g, and p;, respectively, one might expect that g(r)
will decay at the rate ~2I", and p(¢) will decay at the rate
~T". This argument provides an insight into the decay rates
at large amplitudes, where |g>| ~ |q1|, whereas |p>| < |p1].
The nonexponential decay is only visible when the ringdown
is initiated from relatively large ().

In conclusion, we experimentally investigated relaxation
of a driven single-mode nonlinear nanomechanical resonator
in the rotating frame. The nonlinearity is weak, and the
vibration amplitude of the resonator decays exponentially
in time, in the absence of a drive. However, we find that
even conservative nonlinearity can modify the decay rate in
the rotating frame, leading to distinctly nonexponential re-
laxation. The ringdown data that we collect show marked
differences between the decays of the in-phase and quadra-
ture components. Our results on the effect of a weak extra
drive show the onset of a pronounced second-harmonic signal
in the rotating frame, but only in the in-phase component.
A minimalistic nonlinear model successfully describes the
observations and reveals the relation between the nonexpo-
nential decay and the harmonic generation, which result from
the interplay of the nonlinearity, dissipation, and the broken
time-translation and time-inversion symmetry of the driven
mode.

More broadly, because it requires minimal conditions, this
effect is generic and likely to arise in a wide class of driven
nonlinear oscillators. Furthermore, as we find, studying decay

in the rotating frame offers a powerful tool for revealing
and exploring nonlinear effects, as the scale on which the
system becomes significantly nonlinear is much smaller than
in the absence of the drive; cf. Ref. [5]. This is particularly
valuable in high-Q nanomechanical systems, where conven-
tional linewidth measurements might mask important details.
By connecting spectral signatures to time-domain decay pat-
terns, our approach provides a framework for interpreting
nonexponential relaxation processes, and suggests ways of
controlling nonlinear phenomena. Beyond the present setting,
the technique can also serve as a means of probing differ-
ent dissipative environments—for example, immersing the
resonator in superfluid helium, where its vibration generate
vortices [48—-50]—to study the nontrivial interplay between
nonlinearity and dissipation, offering a pathway to deeper
understanding of the rich many-body physics of dissipation
processes.
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Non-Exponential Relaxation in the Rotating Frame of a Driven Nanomechanical Mode
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Jeong, Junho Suh, Steven W. Shaw, M. I. Dykman, and Hyoungsoon Choi

S.1. THEORY

The equations of motion in the rotating frame, ¢ = 9,H —I'q, p = —0,H —I'p is obtained by adding linear damping
to the Hamiltonian #y and #; given in the main text with

3y 1 Fiq
Ho(q,p) = %( *+p%)? — §5w1(q2+]02) - ﬁ,

H1(q,p,t) = —Fs[q cos(dwat) + psin(dwat)] /2w .

The equations are then written explicitly as

. 37, 9 2 F

- L -2 T 1
q (5w1 8o (¢ +p )) D 2o sin(dwqt) — I'g, (S1)
. 3y 2 2 Iy Fy
p= <5w1 8o (¢“+p )) q+ 2o + S0 cos(dwat) — I'p. (S2)

The conservative dynamics (I' = 0, F5 = 0) can be viewed as the motion of a ”particle” with position ¢, " momentum”
p and Hamiltonian Hy . Therefore, when v > 0 and dw; > 0, the extrema of Hy correspond to the equilibrium points
of the particle for which p = 0, and ¢ = goq. These equilibrium points are found by solving the algebraic equation

F 3

2751 — 8716]2(1 + dw1geq = 0. (S3)
For Fy > F,,,, this equation has three real solutions. A straightforward linear stability analysis shows that the deter-
minant of the corresponding Jacobian is given by A = 837—[0|(qeq,0)3§,7—l0|(qemo), which is positive for the intermediate
and largest solutions of Eq. (S3), and negative for the smallest solution. Therefore, the intermediate and largest
equilibrium points are centers, and the smallest equilibrium point is a saddle. We focus here on cases where the
inclusion of H; (F3 # 0) and the light damping I' lead to oscillations in the vicinity of the stable high-amplitude state
(ani, 0) where ay; can be approximated by

8w15w1 2
| = ~ Fiy) —. S4
@hi = Geq \/ 3y t 3yw1dwy (84)

The amplitude approximation in Eq. (S4) is shown in Fig. 1(b) of the main text and agrees well with the experimental
measurements.

To analyze the oscillations around (geq, 0), we introduce the local coordinate u = ¢ — geq, Which yields the following
dynamical system for the deviation away from the high-amplitude state

(3 3 F .

0= ( 8w1q _ 5w1> p+ i [P + u(u+ 2geq)] p — —2:1 sin(dwat) — T'u, (S5)
: 9vq2 3y Fy

p=— (&ulq - 5w1> o [P?(goq + 1) + u(u + 3geq)] + %0r cos(dwat) — T'p. (S6)

The eigenfrequency of small deviations (Jul, [p| < geq) is given by

3yq? 9yq2 B 9y Fy
Q= (2 L T 18y .
\/( 8w (5w1> ( Swy 0w 32w? \ widw; By 6ywrow

For a near-resonant secondary drive [ows — Q]/2 < 1, v and p can oscillate non-linearly with large amplitude around
(geq,0). When the secondary drive is weak, F» < Fj, we can apply a standard perturbation analysis of weakly




nonlinear oscillators. To this end, we introduce a bookkeeping parameter ¢ to keep track of small quantities in
Egs. (S5)-(S6)

3vq2 3 3F.
= ( - M) P+ g [P o+ 2000)] p = 52 sin(0wat) — T (S7)
. 97q;, 37 12 2 e Fy 2
p=— <8wiq —dwy | u— Sor [p (Geq+u)+u (u—|—3qeq)] + oo cos(dwat) — €“T'p, (S8)

and use the asymptotic expansion
u(t) = eu(l)(t, €*t) + u® (t, €*t) + Su® (t, €%t) + O(eY), p(t) = ep(l)(t, et) + €2p(2)(t, €t) + Sp) (t, €%t) + O(eb),

where we explicitly denote the presence of a slow time-scale €%t that is associated with the relaxation time of the
system 1/(e2T"). By substituting the asymptotic expansion into Egs. (S7)-(S8), rearranging them, and equating the
same power of € to zero, we obtain the following set of equations:

O(e) : @V + Q%M =0, (S9)
3
O(2) : i + Q% = %iel; {(8w15w1 — 3fyq§q)(3u(1)2 + pM?) + 160w, (uMpM) + u(l)p(l))} , (S10)
Falwr (ws — dw1) + 374 37¢2
O i® 4+ 02 = 5w (dws _ c;1) Vg cos(Bwnt) — 20 — T | 4 (;’qq _ 5w1> p(l)]
Wi w1

37¢e . . . . 3v¢2
4 %: [um)p(l) +a@p® £y Mp® D@ _ <gj1q _ M) B3uMy® +p<1>p<2>)]

(S11)

2
i 3y [p(1)(3p(1)2 +u(1)2) + 2u(1)p(1)u(1) T (3’quq . 6w1> u(1)(p(1)2 _ u(1)2)
80.)1 8&]1

where p{) can be computed from the following expressions

2 2
a5 ) o = a0, Nlea 5, ) p@ = 4@ _ 3 ), 0
8wy 8wy 4wy

3vq2 F
Y9ea s ) p® = a® 4 ru® — 2 Gt + 2L [Qqeq(uu)p(z) +u®@p) 4 pM (M2 4 u(1>2)} ,
8wy 2w1 8w

The solution of Eq. (S9) is given by u(!) (¢, €2t) = a(e*t) cos(Qt+¢(€%t)), which can be substituted into Egs. (S10)-(S11)
to determine u(®, u(® and a pair of slow evolution equations for a(e?t) and ¢(e*t) [from the fundamental harmonic
components in Eq. (S11)]. By defining a modified phase § = —¢ + (0w — Q)t, which implies a resonant secondary
drive [dws — Q| ~ O(e?), we arrive to the following slow evolution equations

da Foetr .
——— =-Ta— 3 12
d(€2t) “ dun sinf, (812)
do 3Vet o Fhew
_ _ 1
O 0 — dwy + 20 ¢ Tora cos ), (S13)

where

—81793¢8, — 504y* gl w1 0wy + 576v¢2 widw? + 512w dw? 8w1dwr — 37q2
Yot = ’y( Y qeq 2 qeq 1 1 . 'quq 1 1 1 1) and FZCH' — F2 1+ w (814)
1024wi2? 8widwr — 9vg2,

represent the effective Duffing coefficient of the response and the effective drive amplitude of the in-phase component,
respectively. We note that while Egs. (S12)-(S13) represent oscillations in the rotating frame around (geq,0), their
structure is similar to the structure of the phase and amplitude equations of a standard Duffing oscillator. Therefore,
the same techniques can be applied to analyze these equations and we find the threshold drive amplitude F,, given
by

32

V2203 /(9V3 e
1+ \/(8w15w1 — 3742,)/ (Bwidwr — 9vq¢2,)

FCI‘2 =




10'g T T T T
E — Q2/01
- —— p2/pa
IOO_E
1071

|||I'I'I'|
|||||,|,|,|

1st and 2nd Harmonic ratio

Fig. S1. Ratio of the second to first harmonic amplitudes as a function of gi. The blue(q) and red(p) lines are calculated from
Eq. (S15) and (S16), respectively.

such that bi-stable response exists for Fo > Fi,,. With the inclusion of a DC offset and the secondary overtone, the
expressions for u and p are given by

3YGeqa® (16w10w1 — 97¢2,)
w = + acos(dwsat — 6
(8&)15&]1 — 9"}/ng)(8&)150‘]1 - 3’7ng) ( ’ )

6Ygeqa® (dw1dw — 3v42,)
- 2 -2 1
Bornbios — vy (Buordeor — 3yl OS2t = 20). (S15)

4F,
8wy dwy — S’ngq

8wia

P [ws sin(dwat — 6) — T cos(dwat — 0)] + sin(dwst)

- 8wy dw; — 37q§q
24'yqeqw1(5wQa2
(8w1dw1 — 9Yqeq) (Bw1dwr — 3Yqeq)

sin(20wqt — 20). (516)

Note that Eqs. (S15)-(S16) can also describe the ring-down response with Fy set to zero, and the frequency and
amplitude replaced by dws —  and a — a(0)e~'’. Therefore, we see that while the fundamental harmonic decays
with e !, the second harmonic and the DC offset decay with e=2!'t.

The threshold maximal deviation dq at which the 2I" decay contribution becomes negligible can be estimated from
Eq. S15 and Eq. S16. The ratios of the second to first harmonic amplitudes, g2/q1 and po/p1, calculated from
these equations are plotted as a function of ¢;. Using a practical criterion g2/q1 < 0.1 for the disappearance of the
2" component, we find that this occurs at maximal deviations dq of a few hundred picometers. Meanwhile, ps/p;
remains sufficiently small, indicating that the 2I" decay is already negligible in the p. This behavior is consistent with
Fig. 3(b), where the decay transitions to the I' regime as dq approaches the hundred-picometer scale.

An alternative and more global way to describe the dynamics is by using an action-angle representation of the
oscillations in the rotating frame, where Iy, = (¢* + p?)/2 is the action, and tan~!(p/q) = ¢no is the angle. The



Hamiltonian Hy and the evolution equations of the action and angle are given by

37 Fl Iho

= —Awq ] I — —/—= 1
HO w1 ho+ Sw ho w1 2 COS(bho (S 7)
. OHo
¢ho 611'10 'Fd)ho

=—-Aw; + 3—71 - ¥[F COS Pno + Fo cos(Awat — ¢po)] (S18)

- 1 4(,«)1 ho 20.)1\/% 1 ho 2 2 ho)|»
. OHo
fro = -2 -
h a(bho ‘FIho

V21
= — % ho [Fl sin ¢ho F2 Sin(Awgt — d)ho)] — 2FIhO. (Slg)
w1

For I' =0, Fy, = 0, Egs. (S17)-(S19) can be readily integrated, and the action dynamics can be simply visualized as
the motion of a ”particle” trapped in a potential well of a particular shape. To see this, we simply square and add
Eq. (S17) and Eq. (S19) to get

['2
52+ Uett (Ino) =0, (520)
where
1 332 N\? (R
Ue (1) = = Awilo — =00 ) — (=) [,. S21
off (Tho) 5 <7'lo+ w1lho 8o, > o ho (S21)

Thus, the particle with action I, oscillates in the effective potential U.g with zero effective total energy. The time
dependence of I}, can be written explicitly in terms of the Jacobi elliptic fucntions as

2’211 —+ 21]2 — (2’2[1 — Zlfg)CIl(T — 7'0)
214 22 — (21 — z2)en(T — 79)

Lo = , (S22)

where 7 = 3my,/z122t/[16w1 K (myy,)], I;’s with (j = 1,2,3,4) are the roots of the equation Ueg(fno) = 0, Iy > I»
are real, Iy = I} are complex conjugates, z; = /(I; — I3)/(I; — I4) with (j = 1,2), K(ms,) is the complete elliptic
integral of the first kind with the parameter mq,, = [(I1 — I2)? — (21 — 22)?]/(42122), and 79 is set by the initial
condition.

For small non-zero I' <  and Fy < F, the Hamiltonian Ho(Iho, $no) is no longer a constant of motion. However,
the evolution of Hy can be found from

. (oM, G
HO — <a¢ho f¢ho 8] ‘Flho) . (823)

As the right-hand side (RHS) of Eq. (523) is small (of order I" and F5 in magnitude), its influence on Hy can be
separated into two effects. The rapidly oscillating components cause only small-amplitude, high-frequency fluctua-
tions(e.g., oscillate with the frequency 2). In contrast, the slowly varying components drive a persistent drift that
accumulates into a large, long-term change. Therefore, to isolate the dominant long-term dynamics, we neglect these
fast-oscillating terms on the RHS of Eq. (523). Neglecting the terms containing the fast oscillations (¥, where
n = +1,42,...) is equivalent to averaging over the period of the oscillations T = 27 /Q[1]; thus this method is often
called the method of averaging. Hence, the averaged equation of H is given by

. OH OH
o) =~ ( 5707, + G0 7y, ) (524)

where (f) =T~ [ fdt.

As explained in the main text and can be seen from Fig. S3(c), when both I" and F» are non-zero, in steady-state
they balance each other to produce a nearly constant (Hg) for which I, oscillates periodically. As F; is increased,
the value of [(Ho) — Ho(geq)| becomes larger and the amplitude of the attendant oscillations increases.

When |[Ho — Ho(geq)]/Ho(geq)| < 1, we find that z1 & 2o; thus, Eq. (S22) can be approximated by I ~ [I1 + 1o —
(I1 — I) cos(Q2t+1)] /2, and Eq. (2) of the main text by ¢ — geq ~ g1 cos(QUt +1) + g2 cos(2Qt +2¢), p ~ p1 sin(Q+1).



A straightforward perturbation analysis reveals that in the presence of small damping (T' < Q), ¢1 and p; decay
exponentially at the srate, i.e., q1,p1 o e 't while ¢go decays exponentially at twice the rate, i.e., go o< e 2I't.
Consequently, when the lightly damped system is prepared with a fixed value of H( that corresponds to fixed I; and
I, such that |[Ho — Ho(geq)]/Mo(geq)| < 1, we calculate the ratio g2(0)/q1(0) = [3v(I1 — I2)/(32w1)][dw1 — 3v(I1 +
I5)/(8w1)]~!. Thus, the decay of q(t) towards geq is overall non-exponential and is dominated by a decay rate of 2T
(lg] oc e72) when [3y(I; — I3)/(32w1)][6ws — 37(I1 + I2)/(8w1)] ™t > 1 and by a decay rate of I' (|g| o e~!*) when
[3"}/([1 — IQ)/(32W1)][5W1 — 3’}/(11 + 12)/(8(,01)}71 < 1.

S.2. PHASE-SPACE TRAJECTORIES IN THE ROTATING FRAME

The points of maximal deviation from equilibrium in the rotating frame phase space correspond to the lower and
upper envelopes of the quadratures ¢ and p, as illustrated in Fig. 3(a) of the main text and Fig. S2. The term
“maximum” refers to a point where the first derivative of |dg| is zero, the second derivative is negative, and, among
the two such extrema in the upper panel of Fig. S2(a), the larger one is chosen. The attendant value of p is shown
in the lower panel of Fig. S2(a). These maximal deviation points serve as reference markers for analyzing the decay
behaviors of ¢ and p during the ring-down process.

Another straightforward approach to analyzing the ring-down signal is to compare the experimental phase-space
trajectories of (g, p) in the rotating frame with their theoretical counterparts and observe how these trajectories decay
over time. The time evolution of the area S, which is enclosed by the nearly-closed trajectories and is proportional
to the action, can be obtained by using the divergence theorem to show that

jocs':jff-ndez/v-fdsz—zrs. (S25)
0 S

In this expression, I = (27r) ™! § pdg is the action associated with Ho, f = (¢,p)” represents the velocity vector in the
phase portrait, n is the normal vector to the trajectory, and df is an infinitesimal segment of the closed trajectory.
From Eq. S25 we find that S(t) = S(0)e 2",

After switching off F5, the area S decays as the system’s trajectories contract within the rotating frame as shown
in Fig. S2(c), (d). The logarithmic plot of S over time in Fig. 3(c) of the main text shows good agreement with the
theoretical prediction, exhibiting a slope of 2I" ~ 2.7 Hz.

S.3. EXPERIMENTAL METHOD AND QUASI-CONSERVATIVE DYNAMICS

By applying an AC current in the presence of a perpendicular magnetic field, as depicted in Fig. 1(a) of the main
text, the device is harmonically driven primarily via the Lorentz force and generates the electromotive force [2]. This
signal is fed into a Zurich Instruments HF2LI lock-in amplifier, which demodulates the in-phase and quadrature
components. A secondary drive is introduced to excite the sidebands by adding it to the output source of the lock-in
amplifier. The sideband signal in the linear regime is measured using a second demodulator. In the nonlinear regime,
a homodyne measurement was carried out to encapsulate the more complicated full dynamics of the system.

Strong nonlinearity has far-reaching consequences on the relaxation of the quadratures, which can be detected via
homodyne measurement of ¢(t) and p(t) as shown in Fig. S3(a). In particular, the dynamics of p(t) is dominated by
its fundamental harmonic p o« exp(£idwst) as shown in Fig. 4(d) of the main text. As a result, the overall spectrum
of z(t) in Fig. S3(b) are masked by considering only p.

An increase in the peak amplitude at wo with increasing Fb corresponds to higher-energy states in the rotating
frame as captured by the system’s low-pass filtered Hamiltonian level as shown in Fig. S3(c). The time-averaged

Hamiltonian defined as (Ho) = Ty 0T2 Hodt, serves as the horizontal axis variable for Fig. 4(c), (d) in the main text.
The low-pass filtered Hamiltonian remains approximately constant at each drive level, shown in Fig. S3(c), indicating
a quasi-conservative system due to the sideband damping being compensated by the secondary drive F5.

S.4. FREQUENCY-ENERGY RELATION

Fig. 2(a) of the main text shows the results of a frequency sweep of the upper sideband in which ws is varied,
resulting in different energy states in the rotating frame. The figure shows only the amplitude of the first harmonic.
However, because the system is strongly nonlinear, multiple harmonics must be considered to accurately capture the
nonlinear response. To show this, we introduce the frequency-energy relation based on the conservative Hamiltonian
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Fig. S2. (a) The oscillation of dg and ép within one cycle of the first harmonic frequency T = 27/dws, dwa/27 = 13 Hz and
Fy = 150 mm/sz, with the same values of (Fi, dwi) used for Fig. 3 of the main text. Orange and green circles indicate the
extremal points. (b) Phase space trajectories in the rotating frame for the same cycle of (a) with the same extremal points
indicated. Note that the orange circle represents the maximal deviation from equilibrium. (c),(d) Phase space trajectories in
the rotating frame over time during the ring-down process, reconstructed from Fig. 3(a) of the main text, with the colormap
representing the progression of time. Panels (¢) and (d) show experimental and theoretical trajectories, respectively. The
orange circles denote the points of maximal deviation from equilibrium in each cycle of the trajectory.

dynamics, neglecting damping so that the trajectories remain centered at (geq,0). We observe that the effective
resonance frequency in the rotating frame monotonically decreases as Hg increases, as depicted in Fig. S4(a). In
the rotating frame phase space, the trajectories correspond to increasingly large, banana-shaped loops (Fig. S4(b)).
Furthermore, higher-order harmonics of ¢ become significant as Hy increases. Over the Hg values of interest the
first and second harmonics dominate the response. Since these components have slower decay rates than the higher
harmonics, they are essential for analyzing the ring-down behavior shown in Fig. 3 of the main text.

S.5. RING-DOWN MEASUREMENT

In the ring-down measurement presented in Fig. 1(c) of the main text, the system was initially driven in the Duffing
nonlinear regime. After switching off the drive Fj, the demodulated signal at wy was monitored using a sufficiently
large bandwidth (> dw;) to capture the full ring-down dynamics originating from the nonlinear state.
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Fig. S3. (a) The top and bottom panels show the in-phase and quadrature components over time at the peak condition with
dwe = 13.3 Hz and F> = 150 mm/s?, corresponding to the purple-colored case in Fig.2 and Fig.4. of the main text. (b) The
measured spectrum of z(t) = ¢(¢) cos(wit) + p(t) sin(w1t) in the laboratory frame, using the ¢(t) and p(¢) components shown
in the top and bottom panels in (a). (c) The filtered Hamiltonian Ho for each drive level of F», represented using the same
rainbow colors in the main text, low-pass filtered with a cutoff frequency of 5 Hz. Drive levels are F> = 15, 30, 60, 90, 120,
and 150 mm/s?.
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Fig. S4. (a) Effective resonance frequency in the rotating frame as a function of the conservative Hamiltonian Ho. The Black
line indicates the theoretical prediction, and the rainbow-colored circles denote representative points along the curve. (b)
Theoretical phase-space trajectories in the rotating frame corresponding to the representative points in (a). (¢) Theoretical
harmonic components of g, plotted using the same color scheme as in (a)

In the ring-down measurement of the rotating frame, there exist two distinct time scales: the fast dynamics of the
main tone at ~ w; ! and the slower oscillatory motion at ~ dwy 1 and decay at ~ I'"!. Our real-time measurement
technique is designed to track the slow dynamics of the motion, which oscillates at a frequency of dws.

To achieve this, we measure the real-time quadrature components ¢(t) and p(t), which are demodulated using
reference signals cos(wit) and sin(wit). The key requirement is that the demodulator’s bandwidth at w; must be
sufficiently broad to capture the full harmonic content of the slow dynamics, preventing any unintentional filtering
of relevant signals[3]. In terms of time constant, which is inversely related to its bandwidth, the demodulator’s time
constant must be small enough to resolve the slow oscillations, 4.e., smaller than dw; L

For ring-down measurements, an additional constraint arises from the dissipation rate I'. The demodulator’s time
constant must be shorter than the characteristic dissipation time (2I')~! of the oscillation. If the time constant is
too large (> (2I')71), the demodulated signal becomes excessively smoothed, preventing accurate observation of the
ringdown behavior.

As a concrete example in our system, for dws/27m ~ 10 Hz, we set the demodulator’s time constant to 2 ms.
This value is sufficiently small compared to both (2I')~! ~ 370 ms and dw, 1~ 10 ms, ensuring that our real-time



measurement method accurately captures the oscillatory motion and its decay dynamics.

S.6. QUALITATIVE UNDERSTANDING OF STRONG NONLINEARITY

To qualitatively understand the strong second harmonic of ¢, we decompose the effective Hamiltonian Hq into
three parts: harmonic component Hy, = éw; (¢ + p?)/2, symmetric nonlinear component Hyr = 37v(¢? + p*)? /32wy,
and asymmetric component H4 = —F1q/2w;. The coefficients dw; and Fy are key tunable parameters of the sys-
tem’s nonlinearity in the rotating frame, revealing a competing relationship between harmonicity (symmetry) and
anharmonicity (asymmetry).

In Fig. 2(b) of the main text and Fig. S5(a), the estimated values at equilibrium (qeq, peq) are Hy ~ —10712 m?Hz
and Ha ~ —10713 m?Hz, which are relatively comparable. As a result, when the system is driven sufficiently hard by
F5, the dynamics enter a nonlinear regime where H 4, which depends solely on ¢, plays a key role in the emergence
of the strong second harmonic of ¢g. In contrast, for Fig. S5(b) where dw; /F} is relatively large, these values shift to
Hr ~—10""m?/s and Ha ~ —107'2 m? /s, making the anharmonic effects much weaker.

The secondary drive Fy ranges from 15mm/s? to 150 mm/s? for dw; = 86.9Hz, F; = 3.0m/s? in Fig. S5(a), and
from 30 mm/s? to 240 mm/s? for dw; = 18.4kHz, F; = 60m/s? in Fig. S5 (b). For each Fy, the detuning of the
secondary drive, dws, is chosen to correspond to the peak values (Fig. 2(a) in the main text). For small ratio dw; /F}
at equilibrium, the asymmetric term becomes comparable to the linear, leading to asymmetric trajectories in the
phase space of the rotating frame. This results in a noticeable comparable contribution from the first and second
harmonics, with the second harmonic of ¢ becoming increasingly prominent (the upper panel of Fig. S5 (¢)). For large
detuning, the anharmonic term is relatively small, resulting in a more symmetric shape (Fig. S5(b)) and a weaker
second-harmonic component of ¢ (the upper panel of Fig. S5 (d)). This comparison explains why, in the case of
Fig. S5(a), strong nonlinear behavior can be achieved with a relatively small secondary drive F, as the harmonic and
asymmetric contributions remain comparable.

S.7. WEAK NONLINEAR CORRECTIONS: ASYMMETRIC POTENTIAL AND NONLINEAR
DAMPING

In the analysis of the response to a resonant drive, the asymmetry in the heterostructure potential, which leads to
odd terms such as V(z) = Bz3 + ... in the nonlinear potential, can be accounted for by renormalizing the “bare”
parameter of the quartic nonlinearity, unless the drive is so strong that the system approaches dynamical chaos in
the laboratory frame [4].

We significantly expanded the range of the driving field amplitudes Fj, and thus of the amplitudes of forced
vibrations, to investigate the influence of nonlinear damping. Such damping is usually modeled by the term I'yz?d
in the laboratory frame. From the fitting shown in Fig. S6(a), the estimated nonlinear damping coefficient is T'y ~
6.34 x 10'2m~2s7!. Following the same procedure described in the main text, we then apply a probe drive Fj
(F2/Fy ~ 0.01), and bring the system to the peak amplitude of the Fs-induced nonlinear vibrations in the rotating
frame. We then examine how the quadratures ¢ and p decay in the absence of Fy as functions of the equilibrium
amplitude of forced vibrations ¢.q,. The value of ¢., is changed by varying F; and dw.

Fig. S6(b) shows the initial (right after F» is switched off) decay rates of ¢ (blue) and p (red) in the rotating frame,
together with the decay rates I' + nggq/4 for p, and 2(I" + I‘quq/4) for ¢; the value I' + I‘ngq/él is the instantaneous
decay rate of vibrations with amplitude ¢., in the laboratory frame in the presence of nonlinear friction. The results
indicate that nonlinear damping can modify the decay rates in the rotating frame as g., increases to the values
significantly higher than those studied in the main text, while still maintaining the approximately twofold faster
decay of ¢ compared to p.

In our main-text measurements, performed at geq ~ 0.127 um, the system operates in the small nonlinear-damping
regime, as suggested by the trend in S6(b), where the effect of nonlinear damping is negligible and does not influence
the main conclusions.
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Fig. S5. Comparison of nonlinearities for small and large values of dwy/Fi. (a), (c) correspond to the small case (dw1 = 86.9
Hz, Fi = 3.0m/s?), while (b), (d) correspond to the large case (dwi = 18.4 kHz, Fi = 60m/s®). (a),(b) The phase space
representation of the Hamiltonian #Ho in the rotating frame near the equilibrium. Its contours represent constant Hamiltonian
levels from the model, color-mapped accordingly. The maximum Hamiltonian levels of (a),(b) are capped differently for clear
visualization of the region of interest. Rainbow-colored lines denote experimentally obtained trajectories at the peak condition
by varying F» and dwz. F> values are indicated on the x-axes of (c),(d), with the corresponding values marked on the upper
x-axis of the top panels. (c),(d) First and second harmonic components of ¢ and p as a function of Fb.
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Fig. S6. (a) Peak amplitude as a function of F;. The solid line shows the fitting curve. (b) Initial decay rates of ¢ (blue) and
p (red) as functions of geq, obtained from the ring-down measurements in the rotating frame. The solid lines represent the

expected trends: 2(T" + I‘gng/4) (blue) for ¢ and T + nggq/él (red) for p, derived from the effective decay rate I" + qugq/él in
the laboratory frame.

S.8. COMPARISON OF NOISE FLOOR AND RELAXATION

To assess the non-exponential relaxation relative to the noise floor and to clarify the range over which the experi-
mental observations remain valid, we analyzed the tail of the ring-down signal for ¢ > 3 s, which was not presented in
the main text. Averaging this data with a 4-20 interval defines the noise floor that contains 95% of the fluctuations, as
shown in Fig. S7(a) and (b). The difference between the two noise levels arises from fluctuation-induced squeezing [5].
r As shown in Fig. S7(a), the experimental data enters the noise floor around ¢ ~ 2s. A clear deviation from both
the 2I" and T" decay trends is observed in the range 0.5s < t < 1.5s. For ¢t > 2.5s, the decay follows the I" trend,
although it becomes obscured by the noise floor.
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Fig. S7. Log-linear plot of the maximal deviations of dq (a) and dp (b) obtained from the ringdown measurements in the
rotating frame, together with the noise floor. The shaded regions indicate the £20 noise levels estimated from the tail data of
the ringdown (open circles).



