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Frequency stabilization of self-sustained oscillations in a sideband-driven
electromechanical resonator
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We present a method to stabilize the frequency of self-sustained vibrations in micromechanical and
nanomechanical resonators. The method refers to a two-mode system with the vibrations at significantly
different frequencies. The signal from one mode is used to control the other mode. In the experiment, self-
sustained oscillations of micromechanical modes are excited by pumping at the blue-detuned sideband of
the higher-frequency mode. Phase fluctuations of the two modes show near-perfect anticorrelation. They
can be compensated in either of the modes by a stepwise change of the pump phase. The phase change
of the controlled mode is proportional to the pump phase change, with the proportionality constant inde-
pendent of the pump amplitude and frequency. This finding allows us to stabilize the phase of one mode
against phase diffusion using the measured phase of the other mode. We demonstrate that phase fluctu-
ations of either the high-frequency mode or the low-frequency mode can be significantly reduced. The
results open new opportunities in generating stable vibrations in a broad frequency range via parametric
down-conversion in nonlinear resonators.
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I. INTRODUCTION

Self-sustained oscillations play a major role in diverse
fields ranging from biological systems to lasers and clocks
[1]. One of the most-important classes of systems that
can display self-sustained oscillations is mechanical res-
onators. Examples include quartz oscillators that have long
served as time references in ordinary clocks. In recent
years, silicon micromechanical devices [2–5], because
of their small size, have become viable alternatives to
quartz oscillators in numerous applications, from telecom-
munications to smart watches. Self-oscillating microme-
chanical and nanomechanical devices are also used in
high-precision measurements. Shifts in the vibration fre-
quency enable measurement of force [6], charge [7], spin
[8], and mass [9]. A well-known example is frequency-
modulation atomic force microscopy [10]. The decrease
of the size of mechanical resonators is generally expected
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to lead to an increase of fluctuations [11]. Suppressing
fluctuations is a central problem in micromechanical and
nanomechanical systems, and in particular in the systems
that display self-sustained oscillations.

In micromechanical devices, the feedback needed to
excite self-sustained oscillations is often implemented via
an external circuit in which the signal generated by vibra-
tions is phase-shifted and amplified to serve as the periodic
drive [12–19]. Alternatively, the feedback mechanism can
also be intrinsically built into the driven system, such as
by photothermal effects [20–24] or other effects [25], or by
measurement backaction [26].

Phase fluctuations in self-sustained oscillations are
induced by different sources, from the thermal noise that
arises from the coupling of the resonator to the environ-
ment to noise in various parts of the feedback circuit
[27–29]. There have been many efforts to increase the
phase stability of self-sustained oscillations in microme-
chanical and nanomechanical systems. In the linear
regime, phase fluctuations induced by thermal noise
decrease with the oscillation amplitude [30–32]. It is there-
fore beneficial to maximize the oscillation amplitude by
operating the feedback circuit with a large external drive.
However, if the oscillation amplitude is increased beyond
the linear regime, the eigenfrequency of the resonator
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becomes dependent on the amplitude. As a result, ampli-
tude fluctuations are converted into frequency fluctua-
tions. It was shown that, by designing the dependence
of the eigenfrequency on amplitude to be nonmono-
tonic, phase noise can be minimized at the extremum
where the eigenfrequency is locally independent of
amplitude [18,33].

The nonlinear coupling to high-order modes has also
been exploited to reduce phase noise. In these systems, the
two modes are tuned into internal resonance, with the ratio
of the eigenfreqeuncies of the modes being an integer. With
energy exchanged between the modes, the phase fluctua-
tions of the self-sustained oscillations of the low-frequency
mode became much weaker [16,34].

Other approaches focus on mitigating the effects of noise
generated by the feedback loop. For example, noise in the
phase of the drive from the feedback loop can produce
phase noise in the oscillations. This effect can be signifi-
cantly reduced by driving a resonator into nonlinearity and
picking an operation point where the vibration frequency
is insensitive to the phase of the drive [12,35]. More recent
work extended these concepts [15,36] and explored the
possibility of surpassing the limit imposed by the ther-
momechanical noise [37]. Similar approaches were also
used in minimizing the phase noise in self-sustained oscil-
lations of two vibrational modes under a nondegenerate
parametric drive [38].

An important distinction of self-sustained oscillations
from forced oscillations is that the oscillation phase is
arbitrary. In the presence of noise, fluctuations of the
phase accumulate in time, resulting in phase diffusion
[30,39–44]. Phase diffusion leads to decoherence, deter-
mining the spectral width of self-sustained oscillations.
Minimizing phase diffusion is therefore paramount in
applications of self-sustained oscillations ranging from
high-sensitivity detection to high-stability frequency stan-
dards. To our knowledge, the possibility of significant
reduction of phase diffusion in self-sustained oscillations
has neither been explored theoretically nor demonstrated
experimentally in micromechanical and nanomechanical
oscillators.

In this paper, we present a scheme to stabilize the
frequency of an important type of self-sustained oscilla-
tion induced by a drive with a frequency that is orders
of magnitude different from the frequency of the vibra-
tions of interest. We consider the vibrations induced by
dynamical backaction in a sideband-driven micromechan-
ical resonator with two nonlinearly coupled vibrational
modes. The two modes have vastly different eigenfrequen-
cies and decay rates, with the higher mode serving as an
analogue of a photon cavity mode [43,45] in the context of
cavity optomechanics [46,47]. A sufficiently strong pump
applied at the blue-detuned sideband of the upper mode
excites self-sustained vibrations [48–55] of both modes. In
the stationary regime, the phase diffusion of the modes is

anticorrelated. The sum of the phases remains essentially
constant [43].

We show that the sum of the phases can be adjusted by
the phase of the sideband pump and study the transient
process in which such adjustment occurs when the pump
phase is changed. For a step change of the pump phase,
the phases of both modes settle to new values after a tran-
sient, the duration of which is determined by the smallest
eigenvalue of the linearized equations of motion about the
stable state. The phase change of each mode is propor-
tional to the pump phase change, which is assumed to be
small. Importantly, the two proportionality constants add
up to unity. This finding, together with the phase anticorre-
lation of the two modes, allow us to stabilize the phase of
one mode by measuring the phase of the other mode and
then compensating for the phase diffusion by adjusting the
phase of the pump. We demonstrate that phase fluctuations
of either the high-frequency mode or the low-frequency
mode can be significantly reduced. This results in a much-
narrower spectral linewidth. Our scheme does not require a
frequency reference near the mode to be stabilized, in con-
trast to direct feedback, which stabilizes a particular mode
by measuring its phase. By exploiting the nonlinear cou-
pling between two modes, the frequency reference could
be orders of magnitude different from the eigenfrequency
of the mode that is stabilized.

II. TWO-MODE ELECTROMECHANICAL
SYSTEM

A. Excitation and detection of self-sustained vibrations

In our experiment, the micromechanical resonator con-
sists of a square polysilicon plate (100 × 100 × 3.5 µm3)
that is suspended by two beams of the same cross-section
area (1.3 × 2 µm2) but different lengths of 80 and 75 µm,
respectively [Fig. 1(b)]. Fabrication was done with the
surface micromachining process PolyMUMPs offered by
MEMSCAP. The beams are covered by 30 nm of gold
to reduce the electrical resistance. We use two vibrational
modes in our experiment. For the low-frequency mode
(mode 1), the plate undergoes translational motion nor-
mal to the substrate as the two beams are deformed [top
in Fig. 1(c)]. The resonance frequency ω1/2π is 47 030.7
Hz and the damping constant �1/2π is 0.48 Hz. The high-
frequency mode (mode 2) is the lowest in-plane mode
of the shorter beam [bottom in Fig. 1(c)], with resonant
frequency ω2/2π = 1 867 195.4 Hz and damping constant
�2/2π = 36.2 Hz. Because of its significantly larger decay
rate, in the presence of a weak external drive, mode 2 can
play a role similar to optical or microwave modes in cavity
optomechanics [46,47]. The change of the tension caused
by the vibrations leads to a nonlinear coupling between the
modes.

Forced vibrations of each mode can be excited by peri-
odic electrostatic forces when small probe ac voltages are
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FIG. 1. (a) A sketch of the spectra of mode 1 (mechani-
cal mode) and mode 2 (cavity mode). Energy of the pump
that leads to self-sustained vibrations is supplied to the upper
sideband of mode 2. (b) Scanning electron micrograph of the
electromechanical resonator, including the measurement scheme.
The white scale bar near the lower-left corner measures 30 µm.
(c) Vibration profiles of mode 1 (top) and mode 2 (bottom). (d)
Dependence of the square of the vibration amplitude of mode 1
on the detuning of the pump frequency from the upper sideband
for mode 1 at pump-current amplitude of 189 µA. (e) Similar
plot for mode 2.

applied to the electrodes nearby. For mode 2, vibrations
can also be excited by the periodic Lorentz force when
an alternating current is passed through the beams in a
magnetic field perpendicular to the substrate. Motion of
the plate in mode 1 is detected by measurement of the
capacitance change between the plate and the underlying
electrode. For mode 2, the overlap area of the beam with
the electrodes is much smaller than for mode 1, resulting in
greater detection noise for capacitive detection. To reduce
the detection noise for mode 2, vibrations are detected
instead by the change in the current due to the back elec-
tromotive force as the beam vibrates in the magnetic field.
All measurements are conducted at a temperature of 4 K
and a pressure of less than 10−5 Torr. These measurements
allowed us to determine the values of the eigenfrequencies
and decay rates of the modes.

To induce self-sustained oscillations, a periodic pump
current at frequency ωF close to the frequency sum (ω1 +
ω2) is applied through the beam to generate a Lorentz force
as shown in Fig. 1(a). This force modulates the nonlinear
coupling between the two modes. The equations of motion

that describe the effect of such resonant modulation on the
coupled-mode system are

q̈1 + ω2
1q1 + 2�1q̇1 + γ1

m1
q3

1 + γ

m1
q1q2

2

= F
m1

q2 cos (ωFt + θF) ,

q̈2 + ω2
2q2 + 2�2q̇2 + γ2

m2
q3

2 + γ

m2
q2q2

1

= F
m2

q1 cos (ωFt + θF) ,

(1)

where q1 and q2 are the displacements of the plate and
the beam center, respectively, m1 and m2 are the effec-
tive masses, and γ1 and γ2 are the Duffing nonlinearities
of the two modes. The two modes are found to be dis-
persively coupled, where the vibration of one mechanical
mode creates tension in the beams and in turn modifies
the resonance frequency of the other mode (Appendix A).
In Eq. (1), the dispersive coupling is represented by the
terms with coupling constant γ that correspond to cou-
pling energy 1

2γ q2
1q2

2. The parameter F gives the amplitude
of the parametric sideband pumping, which is propor-
tional to the amplitude of the applied pump current Ipump.
The phase of the pump is θF . In the Hamiltonian of the
coupled modes, the term corresponding to the pump is
−Fq1q2 cos (ωFt + θF).

We assume that the pump frequency is close to
ω1 + ω2, with the pump detuning �F = ωF − (ω1 +
ω2) much smaller than ωF . By making the substitu-
tion u1 = 1

2 (q1 − iω−1
1 q̇1)e−iω1t and u2 = 1

2 (q2 − i(ωF −
ω1)

−1q̇2) exp[−i(ωF − ω1)t] to convert q1 and q2 to slowly
varying complex vibration amplitudes u1 and u2, and
by applying the rotating-wave approximation, we obtain
equations for u1 and u2:

u̇1 + �1u1 − i
3γ11

2ω1
u1|u1|2 − i

γ12

ω1
u1|u2|2 = F1eiθF

4iω1
u∗

2,

u̇2 + (�2 + i�F)u2 − i
3γ22

2ω2
u2|u2|2 − i

γ21

ω2
u2|u1|2

= F2eiθF

4iω2
u∗

1, (2)

where γ11 = 1.91 × 1022 rad2 s−2 m−2, γ22 = 7.38 ×
1025 rad2 s−2 m−2, γ12 = 8.41 × 1022 rad2 s−2 m−2 and
γ21 = 1.26 × 1025 rad2 s−2 m−2. The parameters γ21, γ22,
γ12 and γ21 contain contributions that account for the renor-
malization that arises from the nonlinear coupling of the
modes [43]. The parameters F1 and F2 also account for the
forces that are directly applied to the modes. We note that
F1/F2 = γ12/γ21 = m2/m1.

We first consider the case in which vibration ampli-
tudes are small so that the terms involving γ11, γ22,
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γ12 and γ21 can be ignored. With �2 � �1, we apply
the adiabatic approximation by setting u̇2 = 0 in the
second equation in Eq. (2) because after a short tran-
sient, both |u̇1/u1| and |u̇2/u2| become much smaller than(
�2

2 + �2
F

)1/2. It follows from Eq. (2) that for �F =
0, u2 ≈ (F2eiθF /4iω2�2)u∗

1. Putting u2 back into the first
equation in Eq. (2) yields an effective damping constant
of mode 1 that decreases with the pumping power as
�1 − F1F2/16ω1ω2�2.

For sufficiently large pumping power, the effective
damping becomes negative and self-sustained vibrations
are excited. Both modes start oscillating at the same time,
although with different amplitudes. Figures 1(d) and 1(e)
shows these amplitudes for mode 1 and mode 2, respec-
tively, as a function of �F at a pump-current amplitude of
189 µA. The vibrations are excited when �F is increased
beyond a threshold value −ωc. This value can be found
from the condition of the loss of stability of the stationary
state u1 = u2 = 0, giving [43]

ωc = (�1 + �2)
[
�2 − 1

] 1
2 ,

� = (F1F2/16ω1ω2�1�2)
1/2 .

(3)

The vibration amplitude increases with �F . At �F = ωc,
the zero-amplitude state becomes stable again. Previous
experiments [43] determined the dependence of ωc on
the pump power and studied the bistability and hysteretic
behavior as �F is varied.

B. Anticorrelated phase diffusion of the two modes

If the pump is not too strong, self-sustained vibrations of
the two modes are sinusoidal, but their frequency deviates
from ω1 and ω2. The deviation depends on the amplitude
and frequency of the pump. To analyze the self-sustained
vibrations, we write the variables u1 and u2 in the form of
the amplitudes r1, r2 and phases φ1, φ2 of the vibrations and
take into account that the vibrations in the rotating frame
have frequency δω:

u1 = r1eiφ1(t) exp(iδωt), u2 = r2eiφ2(t) exp(−iδωt). (4)

In the steady state, r1, r2, φ1, and φ2 and are independent of
time. In the laboratory frame, self-sustained oscillations in
modes 1 and 2 occur at frequencies ωself,1 = ω1 + δω and
ωself,2 = ω2 + �F − δω, respectively.

It is convenient to write the equations of motion in the
form

ṙi = −�iri + Fi

4ωi

r3−i

ri
sin � (i = 1, 2),

φ̇+= − �F +
∑

i=1,2

[
γ

(+)

i 3−i

ωi
r2

3−i − Fi

4ωi

r3−i

ri
cos �

]

,
(5)

and

φ̇− = �F − 2δω −
∑

i=1,2

(−1)i

[
γ

(−)

i 3−i

ωi
r2

3−i −
Fi

4ωi

r3−i

ri
cos �

]

,

(6)

where
φ±=φ1 ± φ2, � = θF − φ+.

The explicit form of the coefficients γ
(+)
ij and γ

(−)
ij is given

in Appendix B.
The stationary solution of Eqs. (5) and (6) gives the

amplitudes r(0)

1 , r(0)

2 and the phases φ
(0)

1 , φ(0)

2 of the self-
sustained vibrations of the coupled modes, as well as the
vibration frequency in the rotating frame δω. They are
also listed in Appendix B. In particular, the total phase is
expressed as

φ
(0)
+ = θF − �(0), �(0) = arcsin(1/�), (7)

where � is defined in Eq. (3).
An important feature of Eq. (5) is that the evolution of

the amplitudes r1, r2 and the total phase φ+ is independent
of the phase difference φ−. At the same time, the evolution
of φ− depends on r1, r2, and φ+ as well as the phase θF of
the driving field but not on φ− itself. It is this feature that
enables efficient control of the mode phase.

While fluctuations in φ1 + φ2 do not accumulate, fluc-
tuations in φ1 − φ2 do. Figure 2(a) shows the mea-
sured phase change δφ1(t) = φ1(t) − φ1(0) and δφ2(t) =
φ2(t) − φ2(0) as a function of time as θF is kept constant.
δφ1(t) is almost perfectly anticorrelated with δφ2(t), in
agreement with Eq. (7). Previous work has demonstrated
that the system undergoes phase diffusion, with the mean
square phase change increasing with time [43]. Depending
on the origin of the phase fluctuations, the diffusion was
found to be either normal or anomalous. This phase diffu-
sion leads to decoherence, determining the linewidth of the
self-sustained vibrations. Figures 2(b) and 2(c) show the
results given in Fig. 2(a) in frames rotating at the frequen-
cies of self-sustained vibrations of the two modes, ωself,1
and ωself,2, respectively. The motion of the two modes in
the tangential direction is not confined, but is correlated.

III. FREQUENCY STABILIZATION

With the phase anticorrelation of the two modes, one
can measure the phase diffusion of one mode and infer
the phase of the other mode without measuring it. This
property enables the design of a scheme that uses the mea-
sured phase of one mode to stabilize the phase of the other
mode, provided that there is a mechanism to alter the lat-
ter. We show below that either φ1 or φ2 can be stabilized by
adjustment of the pump phase θF and use of the measured
φ2 or φ1 as the error signal. An antecedent less-efficient
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FIG. 2. (a) Change of the vibration phase δφ1 of mode 1
(green) and δφ2 of mode 2 (yellow), measured as a function of
time. The black line represents the sum δφ1 + δφ2. The pump-
current amplitude is 189 µA, corresponding to F = 2.3 mN m−1,
and frequency detuning �F is 300 Hz. The same results are plot-
ted in (b),(c) in the frames rotating at the frequencies ωself,1 and
ωself,2 of the self-sustained vibrations of the two modes. The
variables are Xi = ri cos(φi) and Yi = ri sin(φi), i = 1, 2.

scheme was implemented in a previous experiment [43] to
prove the concept for stabilizing mode 2. Here, we ana-
lyze in detail, quantitatively, the effect on the two modes
when the pump phase θF is adjusted. Then we develop and
optimize the stabilization scheme in our experimental sys-
tem. Furthermore, we demonstrate that mode 1 can also be
stabilized by measuring mode 2, despite requiring much
larger changes in θF .

A. Effect of a change of pump phase

For short durations of phase accumulation, the noise-
induced changes of the phases are small and can be
compensated by small changes of θF . The effect can be
analyzed by linearizing the equations in Eq. (5) about the
stationary solution r(0)

1 , r(0)

2 , φ(0)
+ . It is convenient to write

the linearized equations for the increments:

x1 = ζ − ζ (0), x2 = θF − φ+−�(0), x3 = r1 − r(0)

1

r(0)

1

,

where ζ ≡ r2/r1. The corresponding equations have the
form

ẋn = nmxm (n, m = 1, 2, 3), (8)

where we imply summation over repeated indices.
Appendix B gives the explicit form of the matrix ̂.
The initial conditions that correspond to incrementally
changing θF by δθF at t = 0 are x1(0) = x3(0) = 0 and
x2(0) = δθF .

For stable self-sustained vibrations described by Eq. (5)
the eigenvalues λν (ν = 1, 2, 3) of the matrix ̂ have neg-
ative real parts. Therefore x1(t), x2(t), and x3(t) become
exponentially small for t � tr, where the relaxation time
tr = 1/ min |Re λν |. This means that, over the relaxation
time, φ+ is incrementally changed by δθF , i.e., δφ+(t) →
δθF . For the rest of this paper, we use δφ+(t), δφ−(t) and
�φ+, �φ− to denote, respectively, the transient and settled
values of φ+, φ− changed from the initial values.

The eigenvalues λk can be found analytically near the
bifurcation point �F = −ωc, where self-sustained vibra-
tions emerge; see Appendix B. Here the eigenvalues λ1 and
λ2 are complex conjugate, with the real part −(�1 + �2).
The eigenvalue λ3 is real and small in absolute value,
λ3 ∝ �F + ωc. Our numerical analysis shows that, for the
parameters of our system, the eigenvalue λ3 remains small
in absolute value throughout the range we have explored;
see Figs. 3(e) and 3(f). Therefore, the relaxation time
tr = −1/λ3.

The incremental change δφ−(t) of φ− is described by
the linearized form of Eq. (6), with dδφ−/dt being a sum
of the appropriately weighted x1(t), x2(t), and x3(t). Hence,
δφ−(t) is given by the integrals over time of x1(t), x2(t), and
x3(t). Since all variables xn(t) are proportional to δθF and
all of them decay for t � tr, we see that δφ−(t) → CδθF
for t � tr, where C is determined by the parameters of
the system; see Appendix C. Therefore incremental change
of θF leads, after transient time comparable or larger than
tr, to

�φ2 = gδθF , �φ1 = (1 − g)δθF , g = (1 − C)/2.
(9)

1. Implementing phase increment of the driving field

The incremental change of the phase θF of the driving
field is obtained by changing the driving frequency ωF
for a short time and then bringing it back to the origi-
nal value. One scenario is where this time is on the order
of 1/ωF . Equations (2), (5), and (6) do not apply on this
timescale. However, the change of the “slow” variables
over time comparable to 1/ωF associated with the change
of θF is small and can be disregarded. It applies to the case
implemented in the experiment where θF is controlled by a
digital function generator.
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FIG. 3. (a) Numerical calculation of the dynamics of mode 1
in the frame rotating at frequency ωself,1 in response to a sud-
den change of θF by 1◦; X1 = r1 cos φ1 and Y1 = r1 sin φ1. The
pump-current amplitude is 379 µA and frequency detuning �F
is 1000 Hz. Initially, X1 is set to zero. The black line is part of
the circles X 2
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1
2. (b) Corresponding plot for mode 2.

(c) Measured dependence of φ1 on time (green circles). The solid
line represents numerical simulations with no fitting parameters.
Error bars are comparable to the spread of the data. The inset
zooms in at shorter times. (d) Corresponding plot for mode 2. (e)
Real parts of the eigenvalues for the matrix ̂ in the linearized
equation of motion plotted as a function of the pump detuning
frequency. λ1, λ2, and λ3 are plotted as dashed red, blue, and
green lines, respectively. Near the supercritical Hopf bifurcation
point, analytical expressions (Appendix B) give the solid green
line for λ3 and the red square for λ1. (f) Similar plot for the
imaginary parts of λ1, λ2, and λ3.

Alternatively, the phase can be incrementally changed
by changing the frequency ωF over time much longer
than 1/ωF but yet much shorter than 1/ max |λν |. The
dynamics in this case is described by Eqs. (5) and (6).
It can be modeled by assuming that �F is changed by
δθFδ(t). As seen from Eq. (5), this is equivalent to the
initial condition x2(t → +0) = δθF . However, φ− is also
incrementally changed by δθF .

Yet another way of changing the phases is to apply a
pulse of �F(t) with �F(t) varying slowly on the scale tr.
The change of the variables xn, φ− can be then described in
the adiabatic approximation. This leads to simple explicit
expressions for this change; see Appendix C. Unexpect-
edly, the result allows one also to express C in Eq. (9) in a
simple explicit form, which does not require diagonaliza-
tion of the matrix ̂.

We note that the frequency of self-sustained vibrations
can be obtained in an alternative way. One could omit δω

in defining the variables r1, r2, φ1, and φ2 in Eq. (4). This
omission will not affect the equations of motion (5) for
r1, r2, φ+; that is, they will have the same form. The sta-
tionary solution of these equations gives r(0)

1 , r(0)

2 , φ(0)
+ , and

this solution is stable for �F + ωc > 0, since Re λν < 0
(ν = 1, 2, 3). On the other hand, Eq. (6) will have as a
solution φ̇− equals a constant. The value of this constant
is −2δω; see Eq. (B3). In the stationary state, the complex
amplitudes u1(t) and u2(t) oscillate at frequencies δω and
−δω, respectively.

2. Measurement of the effect of a step change of the
pump phase

Figures 3(a) and 3(b) show that both the amplitude and
the phase are perturbed by a step change in the pump phase,
for mode 1 and mode 2, respectively. Details of the calcu-
lations of the transient are described in Appendix C. There
are two stages in the transient response. The system first
relaxes quickly following the spirals, the decay rate and
frequency of which are determined by the real and imagi-
nary parts of the eigenvalues λ1 and λ2, respectively. As
described earlier in this section, λ1 and λ2 are complex
conjugates of each other. The second part of the transient
is marked by the arrow pointing to the left in Fig. 3(a) for
mode 1. On this part of the phase trajectory, the system
approaches the new stable state at a much slower rate given
by λ3 and the fast variables follow the slow variable adia-
batically. For mode 2, the second stage of relaxation occurs
over a much smaller range in Fig. 3(b) and is difficult to
identify.

After the transient, the amplitudes r1, r2 of the self-
sustained vibrations go back to the original values. The
phases change by �φ1, �φ2 as given by Eq. (9), assum-
ing that phase diffusion induced by noise is negligible.
In particular, �φ1 + �φ2 equals δθF after the transient,
according to Eq. (7).

As described later, the algorithms to stabilize the phases
φ1, φ2 requires one knowing the ratio g = �φ2/δθF , which
denotes the fraction of the change in the pump phase taken
up by mode 2. The fraction of the change in the pump
phase taken up by mode 1 is 1 − g = �φ1/δθF . The value
of g is determined by Eqs. (9) and (C8). We find that g
depends only on system parameters, including the damping
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constants, effective masses, and nonlinear coupling coeffi-
cients, but is independent of the pump detuning frequency
and amplitude (Appendix C). For our system parameters,
g = 0.94. A change in the phase of the pump therefore
affects both mode 1 and mode 2. However, the effect on
mode 2 far exceeds that on mode 1.

We measure the response of the two modes for a dura-
tion of 0.5 s after θF is abruptly changed by 1◦. θF is
controlled by a digital function generator. It changes over
a timescale of approximately ω−1

F , as indicated above,
much shorter than |λ−1

1 |, |λ−1
2 |, and |λ−1

3 |. The measure-
ment is performed 7200 times and the averaged phase
changes scaled by the pump step, δφ1(t)/δθF , δφ2(t)/δθF ,
are plotted in Figs. 3(c) and 3(d), respectively, as green
and yellow dots at detuning �F = 1000 Hz and an ampli-
tude of 379 µA of the pump current, which corresponds
to F = 4.5 mN m−1. Averaging is necessary to resolve the
change from detection noise and the noise introduced by
phase diffusion. The agreement between measurement and
theory is good on the slow-relaxation timescale, which in
our case was 0.3 s, with no fitting parameters. However,
it is not feasible for us to measure the fast relaxation rep-
resented by the solid lines in the insets, as it requires a
much larger bandwidth for the lock-in amplifier, which
significantly increases the detection noise.

Apart from the transient response, the measured values
of �φ1, �φ2 in the steady state also agree with the cal-
culations: mode 2 accounts for most of the phase change
(94%) in response to δθF , while the remaining 6% occurs
in mode 1. As plotted in Fig. 3(e), the dashed green line
represents the eigenvalue λ3 that determines the rate of the
slow relaxation. |λ3| first increases with increasing pump
detuning, then remains largely constant when pump detun-
ing exceeds 2 kHz. The red and blue lines plot the real parts
of λ1 and λ2, which determine the rate of the fast relax-
ation. Figure 3(f) shows the imaginary parts of eigenvalues
λ1 and λ2, which are associated with the frequency of spi-
raling in Figs. 3(a) and 3(b). The relaxation rates change
for other pump detuning values.

The ability to control the phase of the modes by adjust-
ing δθF , together with the near-perfect anticorrelation in
the phase diffusion of modes 1 and 2, allows us to imple-
ment a scheme to stabilize the phase of mode 2 (mode
1) over timescales longer than |λ−1

3 |, by measuring the
phase of mode 1 (mode 2), which vibrates at a different
frequency.

IV. FREQUENCY STABILIZATION

A. Stabilization algorithm

We first discuss how the phase of mode 2 can be
stabilized by measuring mode 1. Figure 4(a) shows the sta-
bilization algorithm. The procedure starts at time t = 0, at
which we define φ1 (t = 0) = φ2 (t = 0) = θF (t = 0) = 0
for convenience. In each cycle, φ1 is measured. Then the

(a) (b)

(c) (d)

FIG. 4. (a) Algorithm for stabilizing φ2 by measuring φ1 and
adjusting θF . (b) The duration of one cycle equals twait + tmeasure.
The pth cycle lasts from time tp to time tp+1. θF is changed only
at the beginning of each cycle. (c) φ2 is measured as a function
of time when the stabilization routine is turned off for 20 min
(yellow) and on for 20 min (brown). The pump-current amplitude
is 189 µA and frequency detuning is 300 Hz. The inset shows
the spectra S2 of the self-sustained vibrations of mode 2 when
the stabilization algorithm in (b) is implemented. The spectral
width is significantly reduced with stabilization turned on. (d)
Dependence of the standard deviation of φ2 on tmeasure at fixed
twait of 300 ms.

pump phase θF is adjusted accordingly in the subsequent
cycle to bring φ2 close to zero. The duration of each cycle
�t is chosen to exceed the relaxation time |λ−1

3 |. The
pth cycle lies in the time interval tp < t < tp+1, where
tp = p�t and p is a positive integer. θF is modified only
at the beginning of a cycle at tp , to a value θF ,p determined
by the algorithm described below. It remains fixed at other
times.

Let φ1,diffuse (t) and φ2,diffuse (t) represent the phase
change of mode 1 and mode 2, respectively, that arises
solely due to phase diffusion. In the pth cycle, after the sys-
tem has settled in response to changes in θF that occurred
at tp , the phases of the two modes are given by

φ1 (t) = φ1,diffuse (t) + (1 − g) θF ,p ,

φ2 (t) = φ2,diffuse (t) + gθF ,p .
(10)

Here, the second terms on the right-hand side account for
the effect of the change in pump phase θF ,p , which is split
between modes 1 and 2 according to a fixed ratio g that
was discussed in Sec. III A. Our goal is to choose θF ,p+1
in the next cycle to maintain φ2 (t) close to zero. As dis-
cussed in Sec. II B, there is near-perfect anticorrelation in
the phase diffusion of modes 1 and 2 for fixed θF ,p . In other
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words, φ2,diffuse (t) can be inferred by measuring mode 1,
without measuring mode 2 itself. Rearrangement of the
first equation in Eq. (10) yields

φ2,diffuse (t) = −φ1,diffuse (t) = (1 − g) θF ,p − φ1 (t) . (11)

The measurement of φ1 (t), however, takes a finite amount
of time of data averaging to reduce the noise introduced by
the detection circuit. As shown in Fig. 4(b), at the begin-
ning of each cycle, the system is first allowed to settle in
response to the change in θF . Then the measurement of φ1
is performed over time tmeasure to yield an averaged value
φ̃1,p . The pump phase θF ,p+1 for the next cycle is chosen
by replacing φ1 (t) in Eq. (11) by φ̃1,p and then substituting
φ2,diffuse(t) into the second equation in Eq. (10) with φ2 (t)
set to zero and p replaced by p + 1, yielding

θF ,p+1 = 1
g

[φ̃1,p − (1 − g) θF ,p ]. (12)

For stabilization of the phase of mode 2, the pump phase
for the (p + 1)th cycle is thus determined by both the mea-
sured phase of mode 1 and the pump phase chosen for the
pth cycle.

To keep φ2(t) small, we choose the time interval �t
to be short. Consequently, the increment θF ,p+1 − θF ,p =
(φ̃1,p − θF ,p)/g is small. To understand the evolution of
the increments of θF ,p we assume that immediately before
the (p + 1)th correction, i.e., for t = tp+1 − δ with small
δ > 0, there are small deviations of φ2 from the target
value of zero, so that φ2(t) = εp , with |εp | 	 1 being a
random number. If we set φ1(tp+1 − δ) = φ̃1,p , i.e., if we
disregard the change of φ1(t) over time tmeasure and ignore
the uncertainty in measuring φ1, we have from Eq. (10)
φ̃1,p = θF ,p − εp . The increment in pump phase is then
given by

θF ,p+1 − θF ,p = −εp/g. (13)

With g ∼ 0.94 in our experiment, |θF ,p+1 − θF ,p | is indeed
small. In a way one can think of this equation as a dis-
crete analogue of a Langevin equation. The values of εp are
determined by the imprecision of the measurements of the
phase and of the control, and it is reasonable to assume that
εp with different p are uncorrelated. Then 〈θ2

F ,p〉 increases
with the number of cycles as p 〈ε2

p〉 /g2.
As discussed in Sec. III A, a step change in θF leads to

changes in both φ1 and φ2. Therefore, the phase of mode
1 can also be stabilized by measuring the phase of mode
2 and adjusting θF to compensate for the phase diffusion.
However, since �φ1/δθF = 1 − g 	 1, the required δθF
is much larger than what is needed for stabilization of
mode 2, for comparable phase diffusion. The algorithm for
stabilizing mode 1 is shown in Fig. 5(a). It is similar to
that for stabilizing mode 2, except that mode 2 is measured

(a) (b)

(c) (d)

–1.0 –0.5 0.0 0.5 1.0

FIG. 5. (a) Algorithm for stabilizing φ1 by measuring φ2 and
adjusting θF . (b) φ1 is measured as a function of time when the
stabilization routine is turned off (green) and on (dark green).
The pump-current amplitude is 189 µA and frequency detuning
is 300 Hz. (c) The spectra S1 of the self-sustained vibrations of
mode 1 with and without stabilization. (d) Dependence of the
standard deviation of φ1 on tmeasure at fixed twait of 300 ms.

instead and the factor g in Eqs. (12) and (13) is replaced
with 1 − g:

θF ,p+1 = 1
1 − g

[
φ̃2,p − gθF ,p

]
, (14)

θF ,p+1 − θF ,p = −εp/(1 − g), (15)

where φ̃2,p is the measured value of φ2 at the end of the pth
cycle. In Eq. (14), θF ,p is multiplied by approximately 16.
It is therefore essential to take into account the effect of the
pump phase change on mode 2 for the stabilization scheme
to work properly for mode 1. By comparing Eq. (15) with
Eq. (13), we find that the increment in pump phase required
for stabilizing mode 1 is much larger than that required for
stabilizing mode 2, which is consistent with the fact that
mode 1 only takes up a small fraction (approximately 6%)
of a step change of the pump phase.

B. Implementation

We demonstrate stabilization of the vibration frequen-
cies for a pumping current of 189 µA at detuning fre-
quency �F = 300 Hz. Figure 4(c) shows how the phase of
mode 2 is stabilized by adjusting θF on the basis of mea-
surement of φ1. φ1 and φ2 are measured with two lock-in
amplifiers referenced to ωself,1 and ωself,2, respectively, with
a time constant of 1 ms. Measurements are recorded every
4.4 ms. twait is chosen as 300 ms, which exceeds the settling
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time in response to a step change in θF . tmeasure is chosen as
44 ms. Without stabilization, φ2 undergoes diffusion (yel-
low). The phase fluctuations determine the width of the
spectral peak in the inset in Fig. 4(b). When the stabiliza-
tion is turned on (brown), fluctuations in φ2 on timescales
�1 s are significantly reduced. Spectral components close
to ωself,2 are suppressed to levels given by the noise in the
detection circuit. For example, the single-sideband phase
noise at an offset of 0.1 Hz is reduced by 29 dB with phase
stabilization turned on.

We optimize the stabilization algorithm with respect to
tmeasure. Figure 4(d) shows the standard deviation σφ2 , i.e.,
the root-mean-square value of φ2, measured as a function
of tmeasure for constant twait of 300 ms. As tmeasure increases
from the minimum value of 4.4 ms, σφ2 initially decreases
because a greater tmeasure reduces the uncertainty intro-
duced by the detection noise in measuring φ1 that is used to
determine θF in the subsequent stabilization cycle. How-
ever, with further increase of tmeasure, σφ2 increases. This
rise occurs because the value φ̃1p , which is used to deter-
mine the control signal θF ,p+1 and is obtained by averaging
φ1(t) over time tmeasure, is increasingly different from the
actual value φ1(tp+1) required for efficient control. This
difference is due to the phase diffusion. The optimal tmeasure
depends on the detection noise and both the intensity and
the correlation time of the noise that leads to the phase
diffusion. It should be shorter than this correlation time.
We find that in our experiment, when tmeasure > 200 ms,
phase diffusion becomes the dominant effect and leads to
the rise in σφ2 . The optimal measured σφ2 is approximately
12 mrad, attained at tmeasure ∼ 44 ms.

Figure 5(b) shows the stabilization of the phase of mode
1 by adjusting θF on the basis of measurement of φ2 using
Eq. (14). The spectral width of mode 1 is also reduced
significantly, as shown in Fig. 5(c). In Fig. 5(d), the opti-
mal value of σφ1 is approximately 9.5 mrad, attained at
tmeasure ∼ 88 ms. A larger tmeasure is needed than in the
case of stabilizing mode 2, consistent with the fact that the
uncertainty in detecting φ2 is larger than that of detecting
φ1 in our experiment.

V. DISCUSSION AND OUTLOOK

Efficient stabilization of the phase of one mode relies on
accurate determination of the phase of the other mode. The
effect of the noise introduced by the detection circuits on
the latter can be reduced by increasing the amplitude of the
self-sustained oscillations. One way to achieve high ampli-
tudes for the self-sustained vibrations is to choose large
pump detuning, as shown in Figs. 1(d) and 1(e). For param-
eters chosen in our experiment, we have not encountered
problems with stabilizing mode 2. However, in stabilizing
mode 1, the change in the pump phase required to compen-
sate for the phase diffusion is much larger than the phase
diffusion itself [Eq. (14)]. We find that occasionally pump

phase changes of up to 20◦ are required in our experiment.
Such a large change of the pump phase could perturb the
system such that it switches to the zero-amplitude state if
the pump detuning exceeds ωc. To avoid this problem, it is
necessary to limit the pump detuning frequency to values
smaller than ωc so that the zero-amplitude state does not
become stable.

In the stabilization algorithm, the pump phase is
adjusted once per cycle. As a result, phase diffusion on
timescales shorter than the cycle period are not compen-
sated for. The duration of one stabilization cycle �t is the
sum of twait and tmeasure. In our experiment, twait is chosen
to barely exceed the settling time of the system in response
to a step change in the pump phase. As shown in Figs. 4(d)
and 5(d), the value of tmeasure that gives optimal σφ1 or σφ2
is much shorter than twait. Further improvements to extend
the stabilization to shorter timescales would rely on tuning
of the system parameters (Appendix D) or the design of
new resonators to achieve a shorter settling time.

To summarize, we present an algorithm to stabilize the
frequency of self-sustained oscillations that are induced by
dynamical backaction in a sideband-driven micromechan-
ical resonator. It is based on adjustment of the phase of the
pump to compensate for phase diffusion. When the system
undergoes phase diffusion in the presence of weak noise,
the phases of modes 1 and 2 add up to a constant (within
our detection limit) that can be adjusted by the phase of the
sideband pump. For a step change of the pump phase, the
phases of both modes settle to new values after a transient.
The duration of the transient is determined by the small-
est real part of the eigenvalues of the linearized equations
of motion about the vibrational state. If the pump change
is small, the phase change of each mode is proportional to
the pump phase change. The two proportionality constants
add up to 1. This finding, together with the phase anticor-
relation of the two modes, allow us to stabilize the phase
of one mode by measuring the phase of the other mode
and then compensating for the phase diffusion by adjust-
ing the phase of the pump. We demonstrate that phase
fluctuations of either the high-frequency mode or the low-
frequency mode can be significantly reduced, resulting in
a much-narrower spectral linewidth. The control algorithm
requires knowledge of the phase shifts of the modes in
response to a shift in the pump phase. After the transient,
the proportionality constant between the mode phase shifts
and the pump phase shift is independent of the parameters
of the pump. It is fully determined by the parameters of the
resonators.

The main advantage of our scheme is the significant
reduction of phase diffusion of the self-sustained oscilla-
tions due to low-frequency noise, which plays an important
role in nanomechanics and micromechanics. While other
methods, such as those using nonlinear mode coupling
[16,34] or nonmonotonic amplitude-frequency dependence
[18,33], increase the frequency stability with respect to
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noise with frequencies close to the resonator eigenfre-
quency, they do not protect against low-frequency noise.
Therefore, phase fluctuations, albeit reduced, still accumu-
late in time and lead to phase diffusion. Our scheme, on
the other hand, allows compensation of the slow phase
diffusion of one mode by measuring the other mode and
adjusting the pump phase. Phase diffusion is practically
eliminated over timescales greater than �t, limited only
by the detection uncertainly of the other mode.

Future efforts will explore the possibility of combining
our scheme with other approaches that increase the phase
stability with respect to noise at comparatively high fre-
quencies. For example, by designing one mode to have
nonmonotonic amplitude-frequency dependence [18,33],
one may be able to increase the oscillation amplitude
for more-accurate determination of the phase that is sub-
sequently used for choosing the phase of the pump for
stabilizing the other mode.

The results open new opportunities in generating sta-
ble mechanical vibrations via parametric down-conversion
in nonlinear micromechanical resonators, with controlled
amplitude and phase. We reiterate that our scheme is dis-
tinct from direct feedback, which involves stabilizing a
particular mode by measuring its phase, because a fre-
quency reference near this mode is not required. As long
as a frequency reference is available to determine the phase
diffusion of one of the modes, the phase of the other mode
can be stabilized even if its eigenfrequency is orders of
magnitude different from that of the former. In principle,
one can design resonators with the upper mode reach-
ing microwave frequencies, in which the construction of
signal sources with low phase noise and small long-term
drift requires complex circuitry. The analysis also can be
extended to mechanical resonators coupled to optical or
microwave cavities [46,47].

By choosing the frequency and amplitude of the pump,
the frequency of the self-sustained oscillations of the mode
that is stabilized is readily tunable and therefore can serve
as a frequency reference to characterize the frequency sta-
bility of other oscillators at different frequencies. Apart
from potential applications in timekeeping, the stabiliza-
tion scheme could also be used in sensing. With the oscil-
lation phase of one of the modes stabilized, changes in its
eigenfrequency lead to variations in the oscillation ampli-
tude. Specific applications to sensing is an interesting topic
that warrants further analysis.
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APPENDIX A: DISPERSIVE COUPLING
BETWEEN MODES 1 AND 2

Modes 1 and 2 in the resonator are dispersively cou-
pled, with interaction energy of the form 1

2γ q2
1q2

2. Figure 6
shows that the decrease in the resonant frequency of one
mode is proportional to the square of the vibration ampli-
tude of the other mode. In this measurement, the sideband
pumping is removed. Instead, ac voltages at frequencies
close to ω1 and ω2 are applied to the side gates of modes
1 and 2, respectively, to generate periodic electrostatic
forces to excite forced vibrations at amplitudes A1 and A2.
From the slopes of the linear fits, γ is determined to be
6.41 × 1012 kg rad2 s−2 m−2.

APPENDIX B: EIGENVALUES FOR THE
LINEARIZED EQUATIONS OF MOTION NEAR
THE SUPERCRITICAL HOPF BIFURCATION

POINT

The nonlinearity parameters in the equation for the
phases of self-sustained vibrations [Eq. (5)] have the form

γ
(±)
ij = γij ± 3γjj ωi

2ωj
(i, j = 1, 2; i = j ). (B1)

By setting ṙ1 = ṙ2 = φ̇± = 0 in Eqs. (5), we obtain the
ratio of the stationary amplitudes r(0)

1 , r(0)

2 and the phase
φ

(0)
+ ≡ φ

(0)

1 + φ
(0)

2 (see Ref. [43]):

sin �(0) = 1/�, �(0) = θF − φ
(0)
+ ,

ζ (0) ≡ r(0)

2 /r(0)

1 = (�1F2ω1/�2F1ω2)
1/2,

(B2)

where � is given by Eq. (3).
The vibration frequency in the rotating frame δω and the

squared radius of the vibrations of mode 1 are given by the
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FIG. 6. (a) Scaled shifts of the frequency of mode 1 versus the
square of the amplitude A2 of forced vibrations in mode 2. The
line is a linear fit through the origin. The inset shows spectra of
mode 1 under a periodic electrostatic force. Each resonance peak
corresponds to a data point in the main panel. (b) A similar plot
for mode 2.
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expressions

δω =
(

γ12

ω1
ζ (0)2 + 3γ11

2ω1

)
r(0)

1
2 − �1

(
�2 − 1

) 1
2 ,

r(0)

1
2 = �2ω2F1

γ
(+)

21 �2F1 + γ
(+)

12 �1F2
(�F + ωc) ,

(B3)

where the critical detuning ωc is given by Eq. (3), ωc =
(�1 + �2)(�

2 − 1)1/2.

The linearized equations of motion [Eq. (8)] for the
increments

x1 = δζ , x2 = θF − δφ+−�(0), x3 = δr1/r(0)

1

of the dynamical variables ζ = r2/r1, φ+ = φ1 + φ2, and
r1 follow from Eq. (5). We write them in a vector form
for the vector x with components x1, x2, x3. We empha-
size that the unknown quantity is δφ+. It is a dynamical
variable, whereas θF is the control parameter. Therefore,
ẋ2 ≡ −dδφ+/dt. The equations read

ẋ = ̂x, 11 = − (�1 + �2) , 12 = (�2 − �1) ζ (0)
(
�2 − 1

)1/2
, 13 = 0,

21 = − (�2 − �1)
(
�2 − 1

)1/2
/ζ (0) − (

2γ +
12/ω1

)
r(0)

1
2
ζ (0),

22 = −(�1 + �2), 23 = −2[
(
γ +

12/ω1
)
ζ (0)2 + (γ +

21/ω2)]r
(0)

1
2,

31 = (�1�2F1ω2/F2ω1)
1/2 , 32 = �1

(
�2 − 1

)1/2
, 33 = 0.

(B4)

The analysis of the dynamics is simplified near the super-
critical Hopf bifurcation point �F = −ωc, where the state
of self-sustained vibrations emerges. Here r(0)

1 , r(0)

2 	 1, as
seen from Eq. (B3), whereas the ratio ζ (0) is not small.
Therefore, as a first step, we can set r(0)

1 = 0 in the expres-
sions in Eq. (B4). This leads to a system of two coupled
equations for δζ and δφ+. The corresponding eigenvalues
are

λ1,2 ≈ − (�1 + �2) ± iωc(�2 − �1)/(�2 + �1). (B5)

The real and the imaginary parts of λ1 and λ2 are both finite
at the bifurcation point, as shown in Figs. 3(e) and 3(f).

The third eigenvalue of the matrix ̂ is small, |λ3| 	
�1, �2, near the bifurcation point. It describes the slow
decay of x3 ≡ δr1. The variables x1 and x2 follow this
decay adiabatically. They can be found from Eq. (B4) by
setting ẋ1 = ẋ2 = 0. Then both x1 and x2 are proportional
to 23 ∝ r(0)

1
2x3. The equation for x3 then takes the form

ẋ3 = λ3x3, with λ3 ∝ −r(0)

1
2 ∝ �F + ωc.

APPENDIX C: INCREMENT OF THE PHASE
DIFFERENCE

In this appendix, we find the values of the phases φ1, φ2
after the transient process that follows incremental change
of the driving-field phase θF by δθF . This can be done by
diagonalization of the matrix ̂. We introduce right and
left eigenvectors of this matrix, yν and ȳμ,

̂yν = λνyν , ȳν̂ = λν ȳν , ȳν′ · yν = δνν′ .

We then expand x(t) in y and use Eq. (B4) to obtain

x(t) =
∑

ν

Cν(t)yν , Cν(t) = exp(λν t)Cν(0),

Cν(0) = ȳν · x(0).
(C1)

To fully describe time evolution of the coupled oscilla-
tors in response to a perturbation, and in particular in
response to the increment of the phase of the drive θF , this
equation has to be complemented by the expression for the
increment of the phase δφ−. The equation for δφ− can be
obtained by linearization of Eq. (6), which gives

d
dt

δφ−=� · x, �1 = −(�1 + �2)(�
2 − 1)1/2/ζ (0)

+ 2(γ −
12/ω1)r

(0)

1
2ζ (0), �2 = �1 − �2,

�3 = 2[(γ −
12/ω1)ζ

(0)2 − (γ −
21/ω2)]r

(0)

1
2.

(C2)

The solution of Eqs. (C1) and (C2) was used in Fig. 3 to
illustrate the evolution of the parameters in time.

For t � tr, where tr = max |Re λν |−1 (ν = 1, 2, 3), all
components of the vector x(t) go to zero, and therefore
δφ+(t) → δθF . To find the change of φ−, we integrate
Eq. (C2) over time, which gives in the limit of long time

δφ−(t) → −
∑

ν

(ȳν · x(0)) (� · yν) /λν . (C3)
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For x(0) = (0, δθF , 0) this gives δφ−(t) → CδθF , with

C = −
∑

ν

(ȳν)2 (� · yν) /λν . (C4)

This expression was used in Eq. (9) to find the values
approached by the phases φ1 and φ2 after a change of the
phase of the drive. We note that, even though two of the
three eigenvalues λν are complex, it is clear that C is real.

1. Adiabatic change of the drive frequency

Insight into the value of C can be gained by studying
the dynamics of the system for slowly varying frequency
of the driving field, where �F slowly increases and then
decreases back to its original value, �F → �F + δ�F(t).
We assume that δ�F(t) is small and |dδ�F(t)/dt| 	
|δ�F(t)|/tr. In this case, as seen from Eq. (5), the equation
of motion for the increments x takes the form

ẋi =
∑

j

ij xj − δ�F(t)δi,2, x(0) = 0.

Changing to variables y, as in Eq. (C1), we obtain for the
expansion coefficients Cν

Ċν = λνCν − δ�F(t)(ȳν)2, (C5)

where (ȳν)2 is the second component of the vector ȳν .
Assuming that δ�F(t) varies slowly, we can disregard

Ċν in this equation, which gives

Cν = λ−1
ν (ȳν)2δ�F(t).

After a slow pulse δ�F(t), the coefficients Cν become
equal to zero.

We now consider Eq. (6) for δφ−. It has the form

d
dt

δφ− = δ�F(t)
∑

ν

(ȳν)2
(
� · yν

)
/λν

+ δ�F(t)
[

1 − 2
d

d�F
δω

]
. (C6)

To calculate the derivative of δω in the adiabatic limit, we
use Eq. (B3). As seen from this equation, δω is linear in
�F . Since ζ (0) is independent of �F , we obtain

d
d�F

δω =
(

γ12

ω1
ζ (0)2 + 3γ11

2ω1

)
�2ω2F1

γ
(+)

21 �2F1 + γ
(+)

12 �1F2
.

(C7)

In the adiabatic limit, the value of φ− does not change.
Therefore, the coefficient of δ�F(t) in Eq. (C6) is equal to
zero. Since the first term on the right-hand side of Eq. (C6)

0.1 0.2 0.3 0.4 0.5
Pump-current amplitude (mA)

–1.2

–1.0

–0.8

–0.6

–0.4

–0.2

3 (
H

z)

FIG. 7. Dependence of eigenvalue λ3 of the matrix ̂ in
the equation of motion linearized about a stable self-sustained-
vibration state on the amplitude of the pump current. The
pump-current frequency detuning is 0 Hz.

is −Cδ�F(t), the condition φ̇− = 0 provides a compact
form of the expression for C in terms of dδω/d�F :

C = 1 − 2
dδω

d�F
. (C8)

An important consequence is that C is independent of the
value of �F itself. Moreover, given that F1 ∝ F2, we see
that C is independent of the drive amplitude as well.

APPENDIX D: DEPENDENCE OF THE SETTLING
TIME ON PUMP CURRENT

The time required for the two modes to settle in response
to a step change in θF is determined by relaxation time
|λ−1

3 |. In terms of stabilizing the frequencies of self-
sustained vibrations, it is desirable to have large |λ3| so
that the duration of each cycle in the stabilization algorithm
can be reduced and θF can be updated more frequently to
compensate for phase diffusion. Figure 7 shows the depen-
dence of λ3 on the amplitude of the pump current when
the pump detuning frequency is fixed at 0 Hz. Initially, λ3
becomes more negative rapidly as the pump-current ampli-
tude increases and then levels off. For the data reported in
the main text, the pump-current amplitude is chosen to be
189 µA. Further increase in the pump-current amplitude
only marginally shortens the relaxation time, but signifi-
cantly increases the risk of damaging the thin gold layer
on the suspended beams.
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