Calculating the e + u — e + u scattering cross section using Schoonschip

The Feynman diagram for e + p — e + p is
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Figure 1: The upper solid line represents an electron, the lower solid line represents a muon and the
wiggly line represents a photon.

This diagram can be expressed in terms of a complex amplitude that takes the form

M= e? ﬂ(%)%u(q]igﬂ(pz)%u(pl) 7 (1)

where k = py — p1 = ¢1 — q2. u(p1) and u(qy) are the initial electron and muon wave functions, @(ps3)
and u(gz) are the final electron and muon wave functions and k% = (py —p;)? is the photon propagator.
The repeated p suffix implies a summation over 1,2,3,4. The four vector is p, = (p,ipo). For a free
particle pg = E(p) = /p? +m?, so pup, =p-p = p?> = —m?, where m is the mass of the particle.

To calculate the cross section it is necessary to obtain an expression for the transition rate MM* in
terms of the energy and scattering angle by using explicit forms of p1, p2, ¢1, g2 in a convenient reference
frame. When reducing MM* to a real number, one can usually sums over the final electron and muon
spins and averages over the initial electron and muon spins. As with Compton scattering, Schoonschip
will do this.

In this example, we choose the center of mass frame where

P (0,0,p,iEe) (2)
a1 = (0,0,—p,iEy) (3)
pa = (p'sin(0),0,p cos(0),iE.) (4)
@ = (—p'sin(d),0,—p cos(@),iEL) (5)
k = p2—p (6)

From conservation of energy and momentum, p; +q1 = pa2+ ¢, it follows that E.+ E,, = E/ +E’ = /s,
where s is the square of the center of mass energy, s = —(p1 + ¢q1)%. Then, the Schoonschip code is



A m,M,cos,sin,cos2,sin2,Ee,Em

V pl,p2,91,92,k

I mu,nu,il1,i2

F T=u

Z R=T (mu)*Conjg(T (nu))

Td,T(mu™)=Ubg(il,M,q2)*G (i1, mu)*Ug(i1,M,q1)*
Ubg(i2,m,p2) *G(i2,mu) *Ug(i2,m,pl) *kDk "~ -2

Id,Spin,il1,i2

Id,Trick,Trace,il,i2

B kDk"-4

P out

*yep

C p1=(0,0,p,iEe)

C q1=(0,0,-p,iEm)

C p2=(pp*sin,0,pp*cos,iE’e)

C 92=(-pp*sin,0,-pp*cos,iE’m)

C sin2=sin"2(theta/2) cos2=cos”2(theta/2)

Id,p1Dgql=-p~2-Ee*Em

Id,p1Dg2=-p~2*cos-Ee*Em

Id,qlDg2=-2*%p~2*cos2"2-M"2

Id,plDp2=-2%p~2*sin2”"2-m"2

Id,p2Dql=-p~2*cos-Ee*Em

Id,p2Dq2=-p~2-Ee*Em

C Id,kDk"-4=(p~4*sin274) -1

Id,Addfac,1/16

B kDk"-4

P out

*yep

C Neglect masses

Id,Ee=p

Al,Em=p

Id,m=0

Al,M=0

Id,Multi,cos=2*xcos2"2-1

Id,Addfa,kDk"4*p~-4

P out

*yep

Id,Addfa,al"2*xs"-1*16"-1*sin2"-4

B al,sin2"-4,s"-1

P out

*end

and the output is

Schoonschip, 68000 version of June 27, 1991. Public version.
Date: Thu Jun 7 2001 18:01:29. Memory: start 00020008, length 476860.



Command line: ee2mumu.e ee2mumu.txt

A m,M,cos,sin,cos2,sin2,Ee,Em

V pl,p2,91,92,k

I mu,nu,il1,i2

F T=u

Z R=T (mu)*Conjg(T (nu))

L 2 I4,T(mu™)=Ubg(il,M,q2)*G(il,mu) *Ug(il,M,ql) *
Ubg(i2,m,p2) *G(i2,mu) *Ug(i2,m,pl) *kDk "~ -2

3 Id,Spin,il,i2

4 1d,Trick,Trace,il,i2

kDk"-4

P out

*xyep

vV

R = + kDk™-4
* ( 64*m~2+M"2 + 32*m~2%qlDq2 + 32*M~2*plDp2 + 32%p1Dql*p2Dg2
+ 32%p1Dg2*p2Dgl ) + O.

p1=(0,0,p,iEe)
q1=(0,0,-p,iEm)
p2=(p*sin,0,p*cos,iEe)
g2=(-p*sin,0,-p*cos,iEm)
sin2=sin"2(theta/2) cos2=cos”2(theta/2)
1 Id,plDql=-p~2-Ee*Em
Id,p1Dg2=-p~2*cos-Ee*Em
Id,qlDg2=-2*p~2*cos2"2-M"2
Id,plDp2=-2%p~2%sin2”2-m"2
Id,p2Dql=-p~2*cos-Ee*Em
Id,p2Dg2=-p~2-Ee*Em
Id,kDk"-4=(p~4*sin274) -1

7 Id,Addfac,1/16

kDk"-4

P out

*yep

voOaoaorreeerre Do
o O W N

R =

+ kDk"-4
* (= 4xm”2%c0s272*p~2 - 4*xM"2%sin272%p~2 + 4xcos*EexEm*p~2
+ 2xcos”2%p~4 + 4xEe*Em*p~2 + 4*Ee”2+Em~2 + 2*p~4 ) + 0.

C Neglect masses
L 1 Id,Ee=p
L 1 Al,Em=p
L 2 Id,m=0
L 2 A1,M=0



L 3 Id,Multi,cos=2*cos272-1
L 4 Id,Addfa,kDk"4*xp~-4
> P out

*yep
R= + 8 + 8%xcos274 + 0.

L 1 Id,Addfa,al"2*s"-1%16"-1%sin2"-4
B al,sin2"-4,s"-1

> P out

*end

R = + al™2*sin2"-4
* ( 1/2%cos2”4*xs”-1 + 1/2xs"-1 ) + 0.

End run. Time O sec.

The result after the last *yep, R = 8(1 + cos*(6/2)), comes from squaring the matrix element and
dropping the factor kDk™*, which is included in the last Addfa. Adding the flux factor and phase
space!, the differential cross section do/dSQ is
do _.ffi(l + cos*(0/2)) 7)
dQ  2s  sin?(9/2)

Appendix: do/dS) in the center of mass.

Including the energy-momentum conserving delta function, the standard normalization factors, the
average over initial spins, the incoming flux and the phase space factor, the expression for do is

1 1 64 d3ﬁ2 d3(j’2

G0 o -G AE(p2) Ey(%2)

1
do = 75— >
4 ’Ue - Uu’ 4Ee(p1)Eu q1

(M2, (8)

where E.(p1) = \/p? +m2 and E,(q1) = \/qF + mi When integrating over d3ps d>g, we can use the

constraints of the delta function in |M|?,. From the initial values of p; and ¢, the delta function can
be written as

8D (p1+ a1 — p2 — @2) = 83 (B2 + @)3(V/5 — Ee(p2) — Eu(@)).- 9)

Apart from terms the only depend on p; and ¢i, the d3@ integration then leaves

) — FE.(p2) — E,.(p:
/dgﬁQ s — Belpa) — Bulia)), (10)
Ee(p2) E,(p2)
Since E.(p2) and E,(p2) depend on |ps|, we can write d3p, as
d°py = d|ps| || dQ2, (11)

!see Appendix



where d§) denotes sin(6)df d¢. The d|p| integration has the form

/dppzé(f — Ee(p) — Eu(p))
Ee(p)Ey(p) '

(12)

Since we are integrating over p, the delta function has the form 6(F(p)) and we need to find all those
values of p such that F(p) = 0. If p is one of these points and p is close to p, then §(F(p)) =

S(F'(p)(p—p)) = 6(p — p)/|F'(D)|- In our case, |[F'(p)| is

p3s  p3(Ee(ps) + Em(ps))  p3y/s

P (p3)] = =22

E.(ps)  Enps)  Eelps)Em(ps)  Ee(ps)En(ps)

The point where /s — E.(p) — E,(p) =0 is

Ee(ps) + Eu(ps) = Vs.

Multiplying by E.(p3) — E.(p3) gives

m2 — m2
Ee(p3) — Eu(ps) = e\/g o
Then,
s +m? —m?
Ee(p3) = - L

Using E2(p3) = p3 +m?, ps is

2 4 4 2 2 2 12
\/s +mg +my, — 2smg — 2sm;, — 2mgm;, A(S,mg,mi)

b3 = 25 25

Hence, the phase space integral is

L)
2s
The flux factor is
AT B S | S p1(Ee(p1) + Eu(pi)) p1vV/'s
© T E(p)  Eu(ph) Ee(p1)Eyu(pi) Ee(p1)Eu(pi)

Then,

L . . A(s,mZ,m?)

‘Ue - vu‘Ee(pl)Eu(pl) = pl\/g = %

If one uses s = m2 + mi — 2p1-q1, it is possible to show that

A(s,m2,m?)
% = \/(pl'Q1)2 —m3 mi

(13)

(14)

(17)

(18)

(19)



