Recent advances in analytic computations for one-loop amplitudes
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1.

Introduction

Key insights of recent years have sparked progress in both analytic and numerical techniques for the
computation of multi-particle one-loop amplitudes. Fully analytic computations offer the possibility
of extremely fast and accurate evaluation of NLO cross-sections. Details of the analytic structure of
the amplitudes, universal factorisation and cancellation of unphysical poles play an important role in
the development of fully numerical methods. Further interplay between the two approaches would be
useful to find the most flexible and efficient tools for NLO processes at the LHC. Achievements of new
methods in numerical computation are presented elsewhere in this report. In this section we summarise
recent developments in analytic computations.
Most current techniques involve unitarity cuts and generalised cuts, which are evaluated in regions
of phase space where loop propagators are on shell. The expansion of the amplitude in master integrals
with rational coefficients can then be evaluated algebraically in terms of tree-level quantities. Unlike
in traditional reduction, individual coefficients are derived independently, based on the known analytic
structure of the master integrals. A demonstration of the strength of analytic methods at one-loop was
seen in the full computation of the six-gluon amplitude, whose components have been helpfully consolidated in [1]. A recent achievement, which we describe below, is the completion of all helicity amplitudes
for the production of Higgs plus two jets [2–10].
2.

INTEGRAL COEFFICIENTS FROM DOUBLE CUTS

The familiar “double” unitarity cuts (two propagators on shell) yield complete information about large
classes of amplitudes. This cut-constructibility underlies the unitarity method of [11, 12] for finding
coefficients of the master integrals without reducing Feynman integrals. “Spinor integration” methods,
based on Cauchy’s residue theorem applied to the unitarity cut, have recently been used to generate
closed-form expressions for the coefficients of scalar master integrals [13–16]. The first such formulae
[13, 14] were produced for 4-dimensional master integrals in massless theories, starting from tree-level
input (the cut integrand) manifesting only physical singularities. From the integrand, the coefficients
are obtained through a series of algebraic replacements. The formulae have been generalised to Ddimensional integrals in [17] and to scalar masses in [15].
The cut integrand, written analytically as a product of tree-level amplitudes, may be derived in a
very compact form using “MHV diagrams” [18–26] or on-shell recursion relations, particularly in four
dimensions with at least two massless particles involved in each tree amplitude [27–43]. Extensions
to dimensions other than four have been explored in [44–47]. However, on-shell recursion relations
typically feature unphysical singularities, “spurious poles”, in their individual terms. In [16], the closed
form coefficients of [15] have been generalised to allow any rational functions as cut integrands, in
particular with the possible presence of spurious poles.
Current techniques of evaluating unitarity cuts permit numerous variations. As mentioned above,
the cuts may be evaluated by the residue theorem each time, incorporating simplifications depending on
the specific forms of the integrands; or the available closed forms for coefficients may be used blindly.
Certainly, there are intermediate and related approaches as well, which are being explored for optimal
efficiency, considering also numerical evaluations. A recent study [48] frames the double-cut phase space
integral in terms of Stokes’ theorem, bypassing spinors in favour of a conjugate pair of complex scalar

integration variables. The cut is evaluated by indefinite integration in one variable followed by Cauchy’s
residue theorem applied to the conjugate variable. The cuts of bubble integrals are rational functions,
so their coefficients may be extracted algebraically by Hermite polynomial reduction. It has also been
observed that a unitarity cut, viewed as the imaginary part of the loop amplitude, may be interpreted as
a Berry phase of the effective momentum space experienced by the two on-shell particles going around
the loop [49]. The result of the phase-space integration is thus the flux of a 2-form given by the product
of the two tree amplitudes on either side of the cut.
3.

GENERALISED UNITARITY

Generalised unitarity has become an essential tool in the computation of one-loop amplitudes over the
past two years. Analytic techniques have focused on generalisations to full QCD amplitudes with arbitrary internal and external masses.
Multiple cuts are well established as an efficient method for the computation of one-loop amplitudes [50]. The quadruple cut technique [51] isolates box coefficients in the one-loop basis, reducing
computation to an algebraic procedure. Forde’s Laurent expansion technique [52] has been widely used
in numerical applications and has also been generalised to the massive case [53]. Further understanding
into the analytic structure has led to the interpretation of the triple cut [54] and double cut [48] in terms
of Cauchy’s and Stokes’s Theorem respectively.
D-dimensional cuts with generalised unitarity have also been applied to analytic computations
[55] using the well known interpretation of the D-dimensional loop integral as a massive vector [56,
57]. In contrast to numerical applications [57, 58], this allows for a direct computation of the rational
contributions without the need to compute quintuple cuts.
Although the D-dimensional cutting method is completely general, in some cases it is preferable
to use on-shell recursion relations for the rational terms [59]. As long as a suitable analytic continuation
can be found which avoids non-factorising channels, extremely compact analytic forms can be obtained
[2–4, 60, 61]. Recently combinations of these techniques have been applied in the context of H +
2j productions [2, 5, 6] and in preliminary studies of tt̄ production [62]. Since the methods are all
completely algebraic, they are particularly suitable for automation with compact tree-level input taken
from on-shell recursion.
For massive one-loop amplitudes, the analytic structure is less understood than in the massless
case. In particular, the addition of wave-function and tadpole contributions introduces complications, as
these integrals lack four-dimensional branch cuts in momentum channels. A recent analysis proposes
computing tadpole coefficients from coefficients of higher-point integrals by introducing an auxiliary,
unphysical propagator [63]. The original tadpole integral is then related to an auxiliary integral with two
propagators, which can be treated by a conventional double cut. Relations have been found giving the
tadpole coefficients in terms of the bubble coefficients of both the original and auxiliary integrals, and
the triangle coefficients of the auxiliary integrals. The proof of these relations is accomplished with the
help of the integrand classification of [64].
Single cuts, used in conjunction with generalised cutting principles, can be an effective method
for deriving full QCD amplitudes [65]. A different single-cut method, proposed as an alternative to
generalised unitarity cuts, relies on a “dual” prescription for the imaginary parts of propagators [66].
4.

COMPACT ANALYTIC EXPRESSIONS FOR HIGGS PLUS TWO JETS

The program of completing the computation of all helicity amplitudes for H + 2j production at Hadron
colliders as recently been completed. This allows for a much faster evaluation (about 10 ms for the full
colour/helicity sum) of the cross-section previously available from a semi-numerical computation [7, 8].
A wide variety of the techniques listed above were employed to ensure a compact analytic form.
The calculation was performed in the large top-mass limit where the Higgs couples to the gluons

through an effective dimension five operator. A complex Higgs field was decomposed into self-dual (φ)
and anti-self-dual (φ† ) pieces from which the standard model amplitudes can be constructed from the
sum of φ and parity symmetric φ† amplitudes,
A(H, {pk }) = A(φ, {pk }) + A(φ† , {pk }).

(1)

Helicity amplitudes have been calculated using the standard 2-component Weyl spinor representations
and written in terms of spinor products. Results are presented unrenormalised in the four dimensional
helicity scheme.
4.1

Full analytic results

The full set of amplitudes collects together the work from a number of different groups which we summarise below:
H → gggg
Helicity
φ
− − −− [9]
+ − −− [5]
− − ++ [3]
− + −+ [4]

H → q̄qgg
Helicity
φ
− + +− [2]
− + −+ [2]
− + −− [6]

φ†
[10]
[10]
[3]
[4]

φ†
[2]
[2]
[10]

Table 1: The set of independent φ and φ† helicity amplitudes contributing to H + 2j production together with the references
where they can be obtained.

The analytic form of the four quark squared amplitude was presented in the original semi-numerical
computation [7]. The helicity amplitudes for this process were computed in reference [2]. The results
where obtained using 4-dimensional cutting techniques for the cut-constructible parts. Where applicable
on-shell recursion relations gave a compact representation of the rational terms. For the most complicated
NMHV configuration and the “all-minus” configuration non-factorising channels in the complex plane
were unavoidable and on-shell recursion was not possible. In these cases extremely compact forms were
obtained from Feynman diagrams after all information from unphysical poles in the cut-constructible part
had been accounted for. It was essential to make full use of the universal IR pole structure in addition to
information coming from spurious poles in the logarithmic part.
This calculation relied on some non-trivial relations between terms in the amplitude:
• The rational terms in the φgggg amplitude obey:


R {A4;1 (φ; 1g , 2g , 3g , 4g )} = 1 −


(0)

Nf
Ns
+
RNp (φ; 1g , 2g , 3g , 4g )
Nc
Nc




(0)

+2 A4 (φ, 1g , 2g , 3g , 4g ) − A4 (φ† , 1g , 2g , 3g , 4g )

(2)

• The rational terms in the φq̄qgg amplitude obey:




f
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R AL
4 (φ; 1q̄ , 2q , 3g , 4g ) + A4 (φ; 1q̄ , 2q , 3g , 4g ) + A4 (φ; 1q̄ , 2q , 3g , 4g )



(0)

(0)



= 2 A4 (φ, 1q̄ , 2q , 3g , 4g ) − A4 (φ† , 1q̄ , 2q , 3g , 4g )

(3)

• The sub-leading colour amplitudes in the H q̄qgg amplitude are completely determined from the
leading singularities.
The identities are strongly reminiscent of cancellations seen in SUSY decompositions of pure QCD
amplitudes except that they are broken by a universal factor proportional to the tree-level φ and φ†
amplitudes.

As an example we present the colour ordered amplitude for the most complicated “NMHV” configuration in the Hgggg channel [5]. The Feynman diagram representation of this amplitude consists of
739 diagrams with up to rank 4 tensor pentagon integrals. This leading colour amplitude is sufficient to
give the full colour information when summed over the appropriate permutations, we refer the reader to
[5] for further details.
(1)
A4;1 (H, 1+ , 2− , 3− , 4− )

=
+

!
4
X
1
µ2R
(0)
+ − − −
−A4 (H, 1 , 2 , 3 , 4 )
2 −si,i+1
i=1
F4 (H, 1+ , 2− , 3− , 4− ) + R4 (H, 1+ , 2− , 3− , 4− )

(4)

where
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−
−
,
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+

For convenience we have introduced the following combinations of the finite pieces of one-mass (F1m )
and two-mass hard (F2mh ) box functions,
W (1) = F1m (s23 , s34 ; s234 ) + F2mh (s41 , s234 ; m2H , s23 ) + F2mh (s12 , s234 ; s34 , m2H )
W (2) = F1m (s14 , s34 ; s134 ) + F2mh (s12 , s134 ; m2H , s34 ) + F2mh (s23 , s134 ; s14 , m2H )
W (3) = F1m (s12 , s14 ; s124 ) + F2mh (s23 , s124 ; m2H , s14 ) + F2mh (s34 , s124 ; s12 , m2H ).
The bubble coefficients have been re-arranged into logarithm functions, Lk =
smooth behaviour in the various collinear limits,
1
1 1
L̂3 (s, t) = L3 (s, t) −
+
2(s − t)2 s
t


1
1 1
L̂2 (s, t) = L2 (s, t) −
+
2(s − t) s
t


log(s/t)
,
(s−t)k

which have



,
,

L̂1 (s, t) = L1 (s, t),
L̂0 (s, t) = L0 (s, t).

(7)

Representations for the scalar integrals can be found in the literature [67–70]. The three mass triangle
coefficient was obtained from Forde’s Laurent expansion procedure [52],
X

−m4φ hK1[ 2i3 h34i3

γ=γ± (pH ,p1 +p2 )

2γ(γ + m2φ )hK1[ 1ihK1[ 3ihK1[ 4ih12i

3m
C3;H|12|34
(1+ , 2− , 3− , 4− ) =

,

(8)

where K1 = pH , K2 = p1 + p2 , and
K1[,µ = γ

γK1µ − K12 K2µ
,
γ 2 − K12 K22

γ± (K1 , K2 ) = K1 · K2 ±

q

K2[,µ = γ

γK2µ − K22 K1µ
,
γ 2 − K12 K22

K1 · K22 − K12 K22 .

(9)

(1)

The rational part (which incorporates the rational A4 (φ† , 1+ , 2− , 3− , 4− ) amplitude derived in [10]) is
R4 (H, 1+ , 2− , 3− , 4− ) =

Nf
Ns 1 h23ih34ih4|pH |1][31] h3|pH |1]2
+
−
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Nc 2
3s123 h12i[21][32]
s124 [42]2
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+
−
−
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3h12ih14i[23][34][42]
 

2
h2|pH |1]h4|pH |1] 2[12]h23i[31]
+
−
+ (2 ↔ 4) .
(10)
3s234 [23][34]
3[23]2 [41][34]


 

1−

Further study into the origin of the simplicity in the sub-leading colour amplitudes would be
interesting and may shed light on possible cancellations in other processes [71]. The full results for all
helicity configurations have been made available at http://mcfm.fnal.gov.
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