PHYS852 Quantum Mechanics II, Spring 2010
HOMEWORK ASSIGNMENT 9: Solutions

Topics covered: hydrogen hyper-fine structure, Wigner-Ekert theorem, Zeeman effect

1. Relations between V and J: For a rotation by ¢ about the z-axis, we have UTV,U = V,, UV, U =
cos ¢V, — sin ¢V}, and UTV;JU = sin ¢V, + cos ¢V, where U = e~ (t/MdJ:

(a) Consider an infinitesimal rotation by d¢, and use these expressions to show:

[J2, V2] = 0, (1)
[Jm Vx] = ih%, (2)
., V)] = —ihVs. (3)

Write out the six additional commutators generated by cyclic permutation of the indices.

For an infinitesimal rotation, we can expand U as U ~ 1 — %d)JZ, so that keeping terms up
to first-order in ¢ gives

Vot 20l Val = Ve—oV, (4)
Vy + %[JZ, Vy} = oVp+ Vy (5)
from which we can read off:
[J., Vil = kY, (7)
[J., V] = —ihV, (8)
[J2, V2] = 0 9)

Cyclic permutation of indices then gives:

[Ja, V,] = iRV, [y, Va] = ihV, (10)

Jp, V2] = —ihV, Jy, Vo] = —ihV, 11
Yy Yy

[Ja, Va] =0 [Jy,V,] =0 (12)

b.) Use the results from (a) to show:

[J2, V] = £hVy (13)
[Jx, V] =0 (14)
[Ji, V] = £2RV, (15)



where V3 =V, £1iV,.

[JZv Vﬂ:]

[Jj:, V:t]

0

[Ji’ V¥]

+24V,

2. Derivation of Wigner-Ekert theorem: Verify Egs.

notes.
Eq. (108):
[J2, V2]
[Tz, Vel |kjm)
Jo(Velkjm))
Jo(Vzlkjm))
Eq. (109):
[JZ,V:‘:}
[Jz, V] lkjm)
J.(Vi|kjmy)
J.(Vi|kjm)
Eqs. (110-114):
[J:l:vvﬂ:]

(kj(m=2)[[Jx, Vi]|kjm)
(kj(m=£2)[JL Vi |kjm)
Vi(i+1) = (m£2) (m£1) (ki (m=£1) Ve |kjm)
(kj(m=£2)|Jx|kj(m=£1))(kj(m=EL)[Vilkjm)
kj(m=+1)|[Vy|kjm)
kj(m=E1)|JL|kjm)
a+(k,j,m)

o~ o~

m

o~ |~

3

[un Va:] + Z[Jm V;;] + i[Jy? V$] -
FhV, £ AV,

[, Vo] F il S, V] £ iy, Va] +
+£hV, £ KV,

[, Va] [ J2, V)
ihV, £ hV,
+h(V, £iV,)
LAV (16)

[Ty, Vi

[Ty, Vi

(108)-(127) in the Atomic Physics lecture

0
0
V..J. ejm)
hmV,|kjm)

LAV,
LAV |kjm)
Vi (J, + h)|kjm)

hi(m £ 1)V |kjm) (20)

0
0
(kj(mE2)|Vedy|kjm)

Vi (+1)—m(m=E1)(kj(m|pm2)|Va|kj(m=£1))
(kj(mE1)|[Jx|kjm) (ki (m|pm2)|Va |kj(mE1))
(kj(m=2)|Vilkj(m+£1))
(kj(m=2)|Jx|kj(m*1))

ax(k,j,m+1)




Eqgs. (115-117): We can start from the conclusion, and check that it is equivalent to the starting
equation:
LipVilyy = ax(k, j) i eIy (22)

This is an operator-valued equation, so it must be true element-by-element, which means:

(kjm|LjViIp;lkgm'y = ax(k, ) (kim| I, J+ I kjm')
(kjm|Vilkjm') = ax(k,j)(kjm|Jx|kjm’)
(kjm|Vilkj(mF1))omrt1,m =  ax(k,j)(kim|Jelkj(mTF1))0m +1,m
(kjm|Vi|kj(mF¥1)) = ax(k,j)(kjm|J|kj(mTF1)) (23)
Egs. (118-123):

Vil
(kgm|[Jx, Va]|kjm') = 3F2h<kJmIVz|kjm’>
(kjm| T Vi kjm') — (kjm| Vi [kjm') =F2h(kjm|V|kjm')
Vi G+1) =m(mE1) (kg (ma1) Ve [kgm') =/ (G+1=m/ (m/F1) (kjm| Ve | kj (m/ F1)) =F2(kjm| Vz | kjm')
(24)

with (117), the r.h.s. becomes:

ax(k, j) (¢j<j+1>—m<mi1)<kj<mi1>|Ji\kjm’>—¢j<j+1—m'<m'¢1><kjmui\kj(m’qcl»)

= ax (k) (VIGHD=mmED VGG D =nd () /GG 1=m ' F)V/GG+1) = (0 F ) ) S

at(k, j)R(j(7+1) — m(m=El) — j(j+1) + m(mF1)) G,
ay(k,j)h (—m2 Tm+m?TF m) -
F2hm ai(kvj)(sm,m’ (25)

so we end up with

(kim|V.|kjm') = as(k,j) hmby, ms
= ax(k,j) (kjm|J:|kjm’) (26)

as the Lh.s. is the same for both ‘4+’ and ‘-’, we can take ay(k,j) — a(k,7). With this equation,
together with (117), it follows that
Viij = a(k, j)J;- (27)

Eqs. (124-127): with [¢y;) being an arbitrary state in the I;, subspace, we have

Wi - Vi) = alk,§)(Wr;] T [ry)

= alk, HR%j(j +1) (28)
so that o
a(k,j) = m (29)



3. Applying the Wigner-Ekert theorem: Let L = Ly + Ly. Use the Wigner-Eckert theorem to

show that
(€1€2£m4|le|€1€2€mg> = gmy (30)

and calculate the g-factor, g = g(¢1, 2, ¢).
With respect to the subspace of fixed ¢1, 2, and ¢, we can use the Wigner-Ekert theorem to replace

L1 with gllj, where
(L1 L),y
_ 31
= 20+ 1) (31)
Using L = Ly + Ly and Ly - L2 = %(L2 — L? — L3), this becomes

- (L3 + 5(L* — L7 — L3))
R20(0+ 1)
A2+ 12 -L3)
2R20(0 + 1)
1 G +1) =66 +1)

- 3" 0(f+1) (32)

Do the same for (¢1020my|La,|¢102¢my), and then show that you get the correct result for

<€1£2€mg’([;1z + LQZ)wlfzgmﬁ (33)
For Eg, we can swap indices to get
1 b+ 1) - 4G +1)
2= 3 0+ 1)
= 1- g1 (34)
This gives us
(Crlalmy| (L1, + Loz)|[l1l2bme) = (g1 + g2)(L2)
= hmy (35)

which agrees with the results obtained more directly as

(Crlolmy|(L1s + Loz)|lilalme) = (L)



4. Strong-field Zeeman Effect: for the case hwy > ]E§0)|a2, give the energies and Zeeman sub-levels

of the n = 3 level in terms of the Larmor frequency, wg =

le|B

2Ms°

Verify for n = 3 that there are d,, = 2n + 1 — J,,1 Zeeman sublevels, each separated by Awy, and

that the degeneracy of the m*" sublevel (m € {—n, —n+1,.

dn,m = 2(n — |m|) =+ (5|m|,n — 25m,0-

In this regime, we can neglect the fine-structure, so that

V = WQ(LZ + QSZ)

For n = 3, we have £ =0,1,2, and s = 1/2.

For the ¢ = 0 level, we have

For the ¢ = 1 level, we have

Lastly, for £ = 2, we have

my | ms | AE
0| 5 | hw
0 —% —h(,u'o
my | mg AFE
1| 3 | 2¢w
1 |-3] o
0| 5 | hwo
0 | =3 | —hwo
1] 2 0
—1 [ =35 | —2hwo
my | myg AFE
2 | 2 | 3hwo
2 —% th
1| 2 | 2hw
1 |-3] 0
0| 5 | hwo
0 | =3 | —hwo
—-1] 3 0
—1] -1 | —2hw
—2| 3 | —hwo
—2 | =3 | =3hwo

The number of sub-levels is 7, which agrees with d3 =2-3 +1 —d31 = 7, with degeneracies:

AE ‘Tn‘ dcounted dformula
3hwo 3 1 1
2hwy 2 2 2

huwg 1 4 4

0 0 4 4
—hwo 1 4 4
—2hwo | 2 2 2
—3th 3 1 1

..,n}, with m = 0 excluded for n = 1) is



5. Weak-field Zeeman Effect: for the case hwy < |E§0) |a2%, compute the energies and degeneracies
of the Zeeman sub-levels for both the n =3, j = 3/2 and n =3, j = 5/2 levels.

In this regime, we consider Zeeman as a perturbation on the hyperfine structure. The the good
quantum numbers are j, f, and my;. We can therefore use the Wigner-Ekert theorem to convert

L+ 25 into F in a two stage process, first we have L+25 = ng, where

(L +28) - .J)
h2j(j +1)
(J248-J)
h2j(j + 1)
(J2+ 82+ S-I)
h2j(j +1)
(2J% +25% + J? - L? — §?)
2025(j + 1)
(3J2 4+ 5% — L?)
2/25(j +1)
12§(j 4+ 1) +3 —40(0 + 1)
8j(j+1)

gr(l,s) =

We can then use J = gpﬁ, where
(J - F)

Rf(f+1)

(J2+J- 1)

Rf(f+1)

(F?2+J% - I?)
R2f(f+1)

4f(f+1)+44(+1) -3

8f(f+1)

gr =

so that
<€sijfmf]VZ\£sijfmf> = ngFHwo mf (40)



The g-factors are given by

Cl g | gs
1]3/214/3
2 3/2 [ 4/5
215/216/5
315/216/7
J | f | gr
321 [5/4
322 [3/4
5/212|7/6
5/2 |3 |5/6
so that the net g-factors are
Cl g | f]g9F
1]13/2]1] 5/3
1{3/2]2 1
213/2]1 1
213/2|121 3/5
2 5/2 2] 7/5
2523 1
3(5/212] 1
315/2 3| 5/7

The sublevels and degeneracies for the j = 5/2, f = 3 level are
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For the j = 5/2 and f = 2 level, they are

AEy7 [hwo]

14/5

10/5

7/5

WIN| W N

5/5
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-10/5

L I N R =T

M[\DHHOD—‘D—‘[\D[\DE

DN WD

“14/5

For the j = 3/2, j = 2 level, the sublevels and degeneracies are

AEy7 [hwo]

10/5

6/5

5/5
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3/5
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Lastly, for the j = 3/2, f =1 level, we have

AEz [hwo)
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