
Creation, detection, and decoherence of macroscopic quantum superposition states
in double-well Bose-Einstein condensates

Y. P. Huang and M. G. Moore
Department of Physics & Astronomy, Ohio University, Athens, Ohio 45701, USA

�Received 24 August 2005; published 7 February 2006�

We study the possibility of creating many-particle macroscopic quantum superposition �Schrödinger cat�–
like states by using a Feshbach resonance to reverse the sign of the scattering length of a Bose-Einstein
condensate trapped in a double-well potential. To address the issue of the experimental verification of coher-
ence in the catlike state, we study the revival of the initial condensate state in the presence of environmentally
induced decoherence. As a source of decoherence, we consider the interaction between the atoms and the
electromagnetic vacuum, due to the polarization induced by an incident laser field. We find that the resulting
decoherence is directly related to the rate at which spontaneously scattered photons carry away sufficient
information to distinguish between the two atom distributions which make-up the cat state. We show that for
a “perfect” cat state, a single scattered photon will bring about a collapse of the superposition, while a
less-than-perfect catlike state can survive multiple scatterings before the collapse occurs. In addition, we study
the dephasing effect of atom-atom collisions on the catlike states.
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I. INTRODUCTION

Quantum degenerate gases of bosonic and/or fermionic
atoms have proven very useful tools in the exploration of
low-temperature many-body quantum physics. In this area of
research, the initial Bose-Einstein condensate �BEC� or de-
generate Fermi gas �DFG� serves primarily as a well-defined
starting point for the generation of more exotic highly corre-
lated and/or entangled many-body states. The most profound
recent experimental demonstrations of this approach include
the observations of the superfluid to Mott-insulator transition
in an optical lattice and the cross-over to a “fermionized”
Tonks-Girardeau gas under quasi-one-dimensional confine-
ment �1–5�. In addition, there has been significant progress
towards observing the BEC to BCS cross-over in a two-
component gas of Fermionic atoms �6,7�, and efforts are un-
derway to observe the cross-over from a vortex lattice to a
nontrivial entangled many-body state in the ground state of a
rapidly rotating BEC �8,9�.

In the first of the aforementioned experiments, a revers-
ible change from a superfluid to a Mott-insulator state was
observed when crossing from the tunneling-dominated to the
collision-dominated regime for atoms trapped in a lattice po-
tential with repulsive atom-atom interactions. The analogous
transition for the case of attractive interactions involves the
crossover from a superfluid into a macroscopic quantum su-
perposition state �often described as a Schrödinger “cat”
state�, where the atomic population collapses into a single
lattice site, with the true ground state being a symmetric
superposition over all possible lattice sites as the final occu-
pied site. In addition to providing fundamental insights into
the nature of the transition from the quantum to the classical
descriptions of reality, such states may have important appli-
cations in precision measurement �10� and quantum informa-
tion processing.

In this paper we investigate theoretically the possibility of
using a BEC trapped in a double-well potiential to generate

highly entangled Schrödinger cat-type state, which can be
viewed as a realization �11� of the two-site Bose-Hubbard
model with attractive interactions. We address important is-
sues such as detection of catlike states and the effects of
photon-scattering-induced decoherence which occurs when
far-off-resonant laser light is used for trapping and/or prob-
ing the cat states.

Interest in Schrödinger catlike states, loosely defined as
quantum superpositions of macroscopically distinguishable
many-body states, goes back to the earliest days of quantum
mechanics. In 1935, in oder to demonstrate the limitations
inherent in using quantum mechanics to describe everyday
phenomena, Erwin Schrödinger proposed a experiment in the
macroscopic state of a cat is entangled with that of an un-
stable nuclei, allowing the cat to enter a coherent superposi-
tion of being dead and alive �12�. Such states were thought at
the time to be logically untenable, although today we might
consider only that they would not be observed due to rapid
environmentally induced decoherence �13�. To this day, this
famous gedanken experiment illustrates the fundamental dif-
ficulties inherent postulating a well-defined boundary be-
tween a “classical” level of reality and an underlying level
governed by quantum mechanics, one of the fundamental
open questions in quantum theory.

Many of the early gedanken experiments, whose consid-
eration led to the earliest understanding of quantum mechan-
ics, are now being transformed into laboratory realities. One
such effort has been the ongoing quest for Schrödinger–
catlike states, with the most striking experimental results to
date being the observation of a superposition between clock-
wise and counter-clock-wise currents in a superconducting
quantum interference device �14� and the observation of
double-slit diffraction for massive C60 molecules �15�. Addi-
tional efforts include work in trapped ions at low temepera-
ture �16,17�, nanoscale magnets �18�, and superconductors
�19–21�. This progress is generating a deeper insight into the
meaning of quantum theory, as well as potential applications
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in the fields of precision measurement and quantum informa-
tion processing. Even with the current rapid rate of progress,
the quest to obtain and utilize large catlike states remains a
serious experimental challenge, due primarily to the pre-
sumed scaling of fragility �with respect to environmentally
induced decoherence� with a number of particles. For most
appliciations, the utility of the cat state increases with the
particle number �22,23�, so there is a strong need to find
systems in which such maximally entangled states of large
numbers of particles can be generated without rapid collapse
due to decoherence.

An atomic BEC �24–26� may be such a system, as its
large degree of spatial and temporal coherence is well estab-
lished by experiment �27�. The bimodal BEC, which is con-
structed by isolating a pair of weakly coupled atomic-field
modes, is one of the simplest quantum systems used in the
study of entanglement physics and has, therefore, been the
subject of extensive theoretical study �28,29�. In this system,
N bosons are restricted to occupy one of two modes, and
entanglement is established via two-body interactions be-
tween the bosons. For the case of an atomic BEC, the two
modes can either be two potential wells spatially separated
by a potential barrier �so-called double-well BEC’s� �30,31�
or two spatially overlapping modes in different hyperfine
states �32,33�. In addition, a recent paper proposes an analo-
gous system in which a double-well “potential” in momen-
tum space, formed from the band structure in a lattice poten-
tial, can be used to create cat states involving two
momentum states �34�.

The quantum ground state of the bosonic double-well sys-
tem has been studied for the case of repulsive interactions in
the context of the superfluid to Mott-insulator transition �35�,
as well as for the case of attractive interactions. For the latter,
it has been shown under certain conditions a Schrödinger
catlike macroscopic superposition state can be generated
�36,37�. In this catlike many-body state, a large number of
atoms are collectively either in one mode or in another. The
dynamics of the bimodal system has also been investigated,
both via a mean-field approach and a full many-body treat-
ment within the two-mode approximation. In the mean-field
treatment, the dynamic evolution is treated as a Bose-
Josephson junction, which is complementary to that of a su-
perconductor tunnel junction �38,39�. This treatment predicts
a degenerate ground state, corresponding to all the amplitude
in one well or the other, but is not capable of predicting the
dynamical evolution of catlike states, as these states lie out-
side of the domain of the mean-field theory. In the two-mode
many-body treatment, the many-particle catlike state is pre-
dicted to arise during the dynamical evolution of an initial
minimally entangled condensate state in the presence of re-
pulsive interactions �31,32�, but with the sign of the tunnel-
ing coefficient reversed by imprinting a �-phase shift onto
one well. In this paper, we propose that such cat states can be
realized for the case of an atomic BEC trapped in a double-
well potential by employing a magnetic Feshbach resonance
to tune the atomic interaction from repulsive to attractive
�40,41�. It is found that for suitable parameters, the initial
state will evolve into a catlike state after a certain period of
time, and then it will revive back to the initial state.

Despite these theoretical advances, there remain many
challenges, some of which we address in the present paper.

One challenge is the problem of experimental verification of
the coherence between macroscopically distinguishable
states, which is related to the challenge of understanding the
role played by environmentally induced decoherence in col-
lapsing the cat state onto a statistical mixture of the two
macroscopically distinguishable possibilities. In this paper
we focus in detail on the decoherence which will occur if
laser light is used for trapping and/or probing of the cat
states. In addition the influence of atom-atom interactions on
the proposed detection scheme is studied in some detail. As
suggested in �32�, we show the revival of the initial state can
be used as an unambiguous signal that the supposed cat state
is indeed a coherent macroscopic superposition, as opposed
to an incoherent mixture. We also demonstrate, however, that
collisional dephasing can mask the revival without a true loss
of coherence.

The effects of decoherence on these catlike states have
primarily been discussed for the case of coupling to the ther-
mal cloud of noncondensate atoms �32,42,43�. We note,
however, that these authors treat the noncondensate fraction
as a Markovian reservoir, which implies an infinitely short
memory �relative to condensate evolution times� for correla-
tions between the condensate and noncondensate terms. We
question this assumption, primarily due to the fact that the
noncondensate fraction typically has a very low temperature
and density. In addition, the noncondensate atoms are
trapped inside the condensate volume by the trapping poten-
tial, thus there is no irreversible loss of information due to
propagation of the entangled atoms outside of the system
volume. Hence, we suspect that a non-Markovian treatment
is necessary to accurately evaluate the thermal-cloud-induced
decoherence. However, modeling this is a difficult task that
we do not address at present. Instead, we assume that this
effect is negligible and concentrate primarily on an analysis
of a new source of decoherence: that due to spontaneous
scattering of far-off-resonant photons from laser fields which
we presume are used in either the trapping and/or probing of
the system. In this case, the correlation time of the reservoir
is governed by the irreversible loss of the scattered photons
from the system volume at the extremely fast rate of L /c
where L is the atomic mode size and c is the speed of light.
Hence, the Markov approximation works extremely well for
describing the physics of photon scattering. As is well
known, this approach leads to effective interactions as well
as decoherence, effects which include induced dipole-dipole
interactions and collective spontaneous emission �superradi-
ance� in the atomic ensemble �44–46�.

When analyzing the effects of environmentally induced
decoherence we are interested in answering two basic ques-
tions: �1� What limitations are imposed on the ability to cre-
ate cat states, and revive the initial condensate states by the
presence of decoherence? and �2� how long can one “hold”
the cat state by decreasing the tunnel coupling to zero, with-
out collapse of the cat state onto a mixed state?. The second
question is raised in anticipation of applications in precision
measurement and quantum information processing where the
cat state is operated on and/or held ready for future opera-
tions during a complicated protocol. We therefore need to
determine the lifetime of the cat states in the presence of
decoherence, as well as the effect of decoherence on the
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dynamical evolution from the initial state into the cat state.
The organization of this paper is as follows. In Sec. II the

model of bimodal BEC in double-well systems is introduced
and the cat states in such a system are defined; in Sec. III two
schemes of creating cat states are discussed: adiabatic evo-
lution of the ground state and and dynamical evolution of a
nonstationary state. We demonstrate that the former is ex-
perimental unfeasible due to the fact that the end state is
nearly degenerate with the first-excited state. We then pro-
pose generating a catlike state through dynamic evolution
following a sudden flipping of the sign of the atomic inter-
action, accomplished via Feshbach resonance. In Sec. IV the
method of detecting the cat state via revival of the initial
state is discussed in detail. In Sec. V we investigate the de-
coherence of cat states and a master equation is derived for
the laser-induced decoherence. In addition, the lifetime of cat
states in the presence of laser fields is determined. In Sec. VI
the dephasing effects due to the nonlinear two-body interac-
tion is studied. And finally, we briefly summarize our results
in Sec. VII.

II. THE MODEL

Our proposed scheme involves loading a BEC into a
double-well potential and then employing a Feschbach reso-
nance to vary the atomic scattering length in order to pro-
duce a Schrödinger catlike state. For the present we consider
only the case of a spatial double-well potential. However, an
analogous system can be formed by using a Raman scheme
to couple two hyperfine states in a spinor BEC. The primary
difference between this model and the double-well system
lies in the presence of collisional interactions between the
two modes, due to the spatial overlap of the hyperfine
modes. Our current model neglects these collisions, as they
are negligible for the case of well-separated potential
minima. Most of our results should apply to both systems,
however, the effects of intermode collisions will be consid-
ered in future work.

We begin our analysis from the usual many-body Hami-
tonian describing atomic BEC,

Ĥ =� d3r �̂†�r��−
�2

2m
�2 + Vtrap�r���̂�r�

+
U0

2
� d3r �̂†�r��̂†�r��̂�r��̂�r� , �1�

where m is the atomic mass, Vtrap is the trapping potential,

and �̂ is the annihilate field operator for atoms in the
Heisenberg picture. The two-body interaction strength is
given by U0=4�a�2 /m, with a denoting the s-wave scatter-
ing length. In our model, the BEC is assumed to occupy a
symmetric double-well potential.

The single-atom ground state and first excited state in this
system we denote as �s�r� and �a�r�, respectively, where
�s�r� is symmetric with respect to the double-well symmetry
and �a�r� is antisymmetric. We denote the energy gap be-
tween these states as ��, which is typically much smaller
than the gap between the first and second excited states. Be-

cause of this gap, we assume throughout that the atomic
population is restricted to these two modes alone. It is con-
venient to introduce two localized states �L, �R �47�,

�L�r� =
1
�2

��s�r� + �a�r�� ,

�R�r� =
1
�2

��s�r� − �a�r�� . �2�

Expanding the field operator �̂�r� onto these two modes
gives

�̂�r,t� = ĉL�t��L�r� + ĉR�t��R�r� , �3�

where ĉL and ĉR are bosonic atom-annihilation operators for
the left and right modes, respectively. Inserting this expan-
sion back into the many-body Hamiltonian �1�, one recovers
the two-mode version of the Bose-Hubbard model

Ĥ = − ���ĉL
†ĉR + ĉR

† ĉL� + �g�ĉL
†2ĉL

2 + ĉR
†2ĉR

2� . �4�

In deriving this expression, we have implicitly assumed that
atomic collisions in the overlapping region of the two modes
are negilibile, valid under the assumption that the two modes
are well separated. The intrawell two-body interaction
strength is indicated by g, where g=U0 /2�	d3r
�L�r�
4. The
interwell tunneling rate � is determined by the single-atom
energy gap between the first excited and the ground state.
Note that in the deriving of the bimodal Hamiltonian �4�, the
wave function for each mode is assumed to be independent
of particle number in the trap, and the terms proportional to
the total atom number operator have been dropped, as the
atom number is assumed to be a conserved quantity.

The quantum state of this bimodal system can be ex-
pessed as a superposition of Fock states 
n� �29�


�̂� = �
n=−N/2

N/2

cn
n� , �5�

where


n� =
�cL

†�N/2+n�cR
†�N/2−n

��N/2 + n�!�N/2 − n�!

0� . �6�

Here, N is the total number of atoms in the condensate which
for convenience we take as a even number, and n denotes the
half number difference between the two modes. The two cor-
responding operators are

N̂ = ĉL
†ĉL + ĉR

† ĉR,

n̂ = 1
2 �ĉL

†ĉL − ĉR
† ĉR� . �7�

In this representation, the conventional Schrödinger cat state
is defined as


cat� =
1
�2

�
N/2� + 
− N/2�� , �8�

where the N particles have equal probability to be all in the
left or all in the right mode. This cat state is an ideal maxi-
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mally entangled state, however it will be difficult to create
such a state in this bimodal system. Instead, a more experi-
mental accessible catlike state is one containing two well-
separated wave packets in the distribution of cn. For ex-
ample, a typical catlike state can be of the form

cn � e�n − n0�2/2�2
+ e�n + n0�2/2�2

, �9�

with n0��.
In the present bimodal system the class of catlike states is

more general than the Gaussian form �9�. Instead, a useful
catlike state only needs to satisfy two conditions: �i� the
probability distribution in Fock space should be approxi-
mately symmetric; and �ii� the two wave packets should be
well separated in order to correspond to macroscopically dis-
tinguishable states. In the present model, condition �i� is sat-
isfied provided the initial state is symmetric, due to the sym-
metry of Hamiltonian �4�. As we will see in Sec. V,
decoherence may break this symmetry. Nonetheless, to dis-
tinguish catlike states from non-cat states, it is convenient to

introduce a projection operator P̂cat

P̂cat = �
n=nc

N/2

�
n�n
 + 
− n�− n
� . �10�

This operator acts as a filter which picks up cat states with a
minimum wave-packet separation of 2nc. And the expecta-

tion value P̂cat� can be an efficient way to determine
whether a state is catlike. It is straightforward to see that for

a catlike state we will have P̂cat��1, whereas for a non-cat
state the trace will be noticeably less than unity.

III. GENERATION OF CAT STATES

As shown both theoretically and experimentally, the
s-wave scattering length of cold atoms can be modulated by
applying a varied magnetic field. In the vicinity of a Fesh-
bach resonance, it takes the form

a = a0�1 −
	B

B − B0
� , �11�

where a0 is the background value, B0 is the resonant value of
the magnetic field, and 	B is the width of the resonance. By
tuning the magnetic field B, the scattering length a can be
efficiently tuned in an adequate range based on the Feshbach
resonance, as demonstrated in recent experiments. Thus, the
two-body interaction term g in Hamiltonian �4�, which is
determined by the scattering length a, is implicitly assumed
to be an arbitrary adjustable number.

Before discussing the methods of generating cat states, we
note that attractive BEC’s can collapse due to instability, as
has been demonstrated in experiments �48�. A trapped BEC,
however, can be stable against collapse under the condition
of low atomic density �49�. In terms of the BEC atom num-
ber N, the attractive interaction strength g and the energy gap
between the first excited state and ground state 	
, the sta-
bility condition can be written as

N�
	



g

. �12�

In the present discussion one can increase the energy gap
between the ground and excited state by adjusting the trap-
ping potential, and in this way, we can ensure our system
will not collapse when the sign of the scattering length is
switched from positive to negative.

A. Adiabatic evolution

In this subsection, we begin by briefly discussing the pos-
sibility of creating cat states via adiabatic manipulation of
the many-body ground state �36,37�, achieved by a continu-
ous variation of the interaction strength g from a positive to
a negative value. In order to better understand the adiabatic
evolution of the ground state, we first examine the ground
state under certain parameter values for which it can be de-
termined exactly.

The first case we consider is that of zero tunneling, in
which case the bimodal Hamiltonian �4� can be reduced to

Ĥ = 2�gn̂2. �13�

The ground state of this Hamiltonian is determined solely by
the parameter g. For g�0, corresponding to repulsive inter-
actions, the ground state will be 
0� in our number-difference
representation �6�, i.e., an insulator state. While in the case of
g�0, the ground state is doubly degenerate, corresponding
to any arbitrary superposition of the two extreme states 
N /2�
and 
−N /2�, and its orthogonal counterpart. These states can
be written as

1
��2 + 2

��
N/2� + 
− N/2�� , �14�

with � , being arbitrary complex numbers. Note when �
=, one recovers the Schrödinger cat state �8�.

In the other extreme case, if there is no atomic interaction
but only the tunneling term, the ground state of Hamiltonian
�4� becomes the two-site analog of the superfluid phase �29�


g� = 2−N/2 �
−N/2

N/2 ��N

n
�
n� , �15�

which is a binomial distribution of Fock states, and thus
approximately Gaussian when N is a large number. Hence-
forth, we shall refer to this class of states as a “coherent
state,” meaning that each atom is in a coherent superposition
of both modes and there are no atom-atom correlations or
many-body entanglements.

The more general ground state of our model, with the
presence of both collisions and tunneling, can be understood
as a smooth cross-over between these two extremes. First,
under the condition of a repulsive atomic interaction, the
ground states of this system can be well approximated by a
single Gaussian-like distribution of cn peaked at n=0

cn � e−n2/�2�2�, �16�

where the relative atom number dispersion � is obtained by
minimizing by the mean energy of the Hamiltonian. Second,
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under the condition of the attractive two-body interaction,
the ground state of this system will be split into two sepa-
rated wave packets. Thus instead of �16�, a good approxima-
tion of this state turns out to be a superposition of two
Gaussian distributions �9� �37�, where again the minima cen-
ter n0 and spread width � are obtained by minimizing the
mean energy. For repulsive atomic interactions, the energy
minima is found at n0=0, which indicates that the atom num-
ber distribution does not split. For attractive interactions,
n0�0, and under the condition of n0��, the wave packet of
ground states will split and become a superposition of two
well-separated components, i.e., it becomes a catlike state
�9�. Note for this state, the relative phase for any Fock basis
pair 
n� and 
−n� is zero.

Based on these considerations, it is of theoretical interest
to determine whether or not the Schrödinger cat state in this
bimodal BEC system can be generated by an adiabatic pro-
cess �36,37�. As a basic scheme, the system would be first
prepared in the many-body ground state with positive g, cor-
responding to a coherent state centered at n=0. Then by
slowly tuning g to be negative, the distribution will split and
finally end up with a Schrödinger catlike state under the
condition of n0��.

There is a significant difficulty with this proposal, how-
ever, in that when the two wave packets in Fock space are
well separated, the ground state, which is the desired cat
state, is nearly degenerate with the first excited state, as
shown in Fig. 1. It is observed that when g is positive, there
is a relatively large energy gap between the ground and first
excited states. Then as g decreases, the energy gap decreases
so that at some point the energy gap becomes exponentially
small. In Fig. 2, we show the corresponding wave functions
of the ground and first excited states c�n� with different ra-
tios g /�. It is clear that the ground state does not evolve into
a cat state until the bimodal system enters the degenerate
regime. In the degenerate regime, any small perturbation can
mix the two states. As the first excited state is nearly identi-
cal with the ground state, but with a � phase shift between
the left and right wave packets, an arbitrary superposition of
these two states could easily correspond to a localized state,
which is equivalent to a collapse of the Schrödinger cat wave
function. Strictly speaking, this degeneracy implies that to
adiabatically create the cat state, the process requires an ex-
ponentially long time. Thus experimental realization appears
impractical, particularly when considering the inevitable ex-
posure of the system to noise.

B. Dynamic evolution

An alternate approach to a Schrödinger cat state, based on
dynamical evolution, has been studied for some time �32�. In
this subestion, we show that it is feasible to dynamically
create the cat state from a coherent state by using a Feshbach
resonance to make a sudden change in the scattering length.
Our proposed scheme is as follows. First, our system is pre-
pared in the ground state with repulsive interactions and
strong tunneling between wells. This could be accomplished,
e.g., by preparing a BEC in a single well, and then adiabati-
cally raising a barrier to divide the well into two equal parts.
Note here, the quantum state of this system is coherent in the
sense that each atom in the condensate is independently in a
superposition of the two localized states. The interaction pa-
rameters in this initial stage are chosen to satisfy g=� /0.9N
as this will lead to the optimal catlike state attainable in this
scheme �47�. Once this state is established, the Feshbach
resonance is used to achieve a sudden switch of the sign of
the scattering length, i.e., we go from g=� /0.9N to
g=−� /0.9N. In order to avoid the collapse of the condensate
when scattering length a becomes negative, the amplitude of
atomic interaction g should be small. At this point, with tun-
neling still on, the initial state is no longer an eigenstate, thus
it will start a dynamic evolution under the new Hamilton.

The evolution of the initial coherent state after the change
in the sign of g is shown in Fig. 3. It is seen that catlike states
are formed periodically, and between two consequent cat
states the system approximately revives back to the initial
coherent state. We have determined that the best cat state
appears at time t=14.5/�, which corresponds to the final
state shown in Fig. 3. Once the cat state is formed, one needs
to freeze the dynamic evolution at a time when the system is
in the cat state. This can be accomplished by suddenly rising
the barrier between the two modes to reduce the tunneling
coeffient � to zero.

Since the present proposal is based on a dynamic proce-
dure, predicting the time when the cat state is produced tcat is
of critical importance. Due to the imposed constraint �
=0.9Ng, which is necessary to obtain an optimal cat state, tcat
can be expressed solely in terms of the tunneling rate � as

tcat =
�

�
, �17�

where � is determined from our simulations to be ��14.5.

FIG. 1. The energy gap Egap as a function of ratio g /�. Here,
Egap=E1−E0, with E0 ,E1 being the eigenenergies of the ground and
first excited state, respectively. FIG. 2. �Color online� The wave packet c�n� of the ground state

�solid line� and first excited sate �dashed line� with �a� g /�=0.01,
�b� g /�=−0.01, and �c� g /�=−0.02, respectively.
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In Fig. 4, we show the dynamics evolution of projection
operator Pcat. Again, it is shown that the optimum catlike
state forms at around t= tcat=14.5/� and reappears again at
intervals of t=10/�. It is also noticed that between each cat
state, there are valleys of Pcat, which correspond to revivals
of the initial coherent state.

It is also of interest to study the relative phases between
the Fock states in the catlike state generated in this manner.
The symmetry between left and right modes is automatically
guaranteed in our model since our system Hamiltonian �4�
and our initial state are both symmetric. In Fig. 5, we see that
the phase of created cat state is exactly symmetric around
n=0. In addition, we see that the phase flattens somewhat in
the vicinity of n= ±25, where the peaks in the probability are
located.

We have claimed that imposing the condition �=0.9Ng is
necessary to produce the optimal cat state. It is worth point-
ing out that with other choices, left-right symmetric states
can be created, but these are neither well separated nor
double peaked. This is shown in Fig. 6, where we plot the

expectation value of the projector Pcat versus �g, where we
have taken g=� /0.9N�1+�g�. In this figure, we see that the
catlike state is only created in the vicinity of �g=0 with an
uncertainty of approximately ±5%. That means to create a
cat state in the present system, a precise control of the atomic
interaction g and tunneling rate � is required. It is important
to note that in generating Fig. 6 we have varied the evolution
time tcat for each parameter choice, in order to maximize the
projection Pcat. Thus Fig. 6 can be interpreted as verifying
the conditions g=� /0.9N and tcat=14.5/�.

Up to now we have only considered the ideal situation
where the initial state is exactly prepared in the ground state
and the atomic scattering length can be tuned in a precise
way. This may not necessarily hold true under experimental
conditions, where random fluctuations in system parameters
may affect the formation of the cat state. Here, to test the
susceptability of the present proposal to such fluctuations, we
study the dependence of the final cat state on the precision of
the initial state by adding random noise to the exact ground
state. Thus, the initial state becomes cn+�r. The random
noise �r is a complex with an amplitude drawn from a
Gaussian distribution, and a completely random phase. The
probability distributions for the amplitude and phase are
therefore

P�
�r
� =
1

���r

e−
�r

2/�r

2
,

FIG. 3. �Color online� Evolution of the probability distribution
P�n�= 
cn
2 versus n, with N=100. At t=0, the initial state is taken
as the ground state with g=� / �0.9N�. Then, the two-body interac-
tion is suddenly switched to the negative value g=−� / �0.9N�. The
wave packet then evolves, where it shows a collapse and revival
process. It is seen that, at a time of t=14.5/�, a well peaked cat state
is obtained with two well-separated wave packet centers at around
n=25,75, respectively.

FIG. 4. Time evolution of the expectation value of the projector
Pcat with system parameters chosen as in Fig. 3 and a filtering
window of width nc=15. A well peaked cat state is created at t
=14.5/� ,24/� ,34/�¯. Note the Pcat reaches a minimum at t
�10/� ,20/� ,30/�¯, which corresponds to the revival of the ini-
tial coherent state.

FIG. 5. Phase distribution of the created Schrödinger cat state in
Fock space. The y axis is the phase �n=arg�cn�.

FIG. 6. The measurement Pcat versus interaction strength varia-
tion, with g=� /0.9N�1+�g�. Other system parameters and the pro-
jection operator is identical to Fig. 4. It is shown that in the vicinity
of �g=0, the cat state is created. Note that the projection is mea-
sured at different times for each �g, so that the value of Pcat is
maximized.
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P��� =
1

2�
. �18�

Figure 7 shows the resulting cat state as a function of �r. We
see that a well peaked cat state can be produced up to �r
�0.05, which is about c0�t=0� /6, i.e, about one sixth of the
peak value of the initial wave packet where we make the cat
state from. Thus this method of generating a cat state appears
robust against noise in the initial state, which could be due to
a finite temperature �see Fig. 8�.

Another possible source of error in creating the cat state is
from the inaccuracy in control of the atomic interaction
strength g and/or the tunneling rate �. This effect is simulated
by adding a Gaussian-distributed random number to negative
g. We note that this is not equivalent to time-dependent fluc-
tuations in g and �, but rather represents imprecision in the
control over the values of the parameters. The result is
shown in Fig. 9, where it is seen that the evolution system is
sensitive to the noise of the atomic interaction g, with only
about ±2% deviation being tolerable. However, it does not
necessarily mean that one cannot create a cat state without
the well defined g. Instead, when g is shifted, the time
needed to create cat state tcat is also shifted, and one can still

obtain the cat state in another time. The primary difficulty
here is that if the variation in g is unknown for a given run,
then the precise time to stop the dynamics, tcat is not known
a priori.

IV. DETECTION OF CAT STATE

Presuming a catlike state can be created in the above man-
ner, it remains a challenge to experimentally verify the co-
herence between the macroscopically distinguishable states.
Neverthless, a possible method to detect Schrödinger cat
states in this bimodal BEC’s lies in detecting the revival of
the initial coherent state. In Fig. 10 we show the evolution of
the cat state starting from t= tcat with the system parameters
still satisfying g=� /0.9N. This shows that under the condi-
tion of no decoherence, the system will evolve back to a
coherent state after a certain period of time, which we denote
as trev. The revival time trev again is estimated from our
simulations, yielding trev=7/�.

In the presence of decoherence, however, the system may
not be exhibit a distinct revival of the coherent state. To

FIG. 7. �Color online� The probability distribution P�n� at time
t= tcat is plotted versus the level of random noise in the initial state
�r. We see that even at �r=0.05 the output state is still a good cat
state. This corresponds to random fluctuations in the initial cn’s at
about 5% of their exact ground-state values.

FIG. 8. The phase distribution �n=arg�cn� at t= tcat is plotted for
the case of random noise in the initial state with �r=0.05. We see
that the phase distribution agrees well with Fig. 5 up to a nonphysi-
cal overall phase shift. The disagreement occurs only in the regions
where the amplitude of cn is small.

FIG. 9. �Color online� The effect of imprecise control over the
atomic interaction strencth g. The noise of g is introduced by add-
ing a real random number, where �r is the width of the correspond-
ing Gaussian distribution, to the value of g in Hamiltonian �4�. The
cat state is measured at a time of t=14.5/� and plotted as a function
of �r. It is shown that uncertanties in g up to 3% can be tolerated.

FIG. 10. �Color online� Revival dynamics from the cat state
back to the coherent state. This figure shows the continued dynami-
cal evolution following that shown in Fig. 3 with g=−0.01. At t
=14.5/�, the quantum system is in a cat state, then at a time of t
�21/�, the initial coherent state is revived.
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illustrate this we first consider two states which we define as
the partially incoherent state and the totally incoherent state.
These states are defined by the introduction of a coherence
“length” in Fock space, Icoh, so that coherent superpositions
between Fock states 
n� and 
m� are destroyed for 
n−m

� Icoh, while superpositions satisfying 
n−m
� Icoh are rela-
tively unaffected by decoherence. The partially incoherent
state is then defined in the sense that the coherence length
Icoh is small compared to the distance between the two sepa-
rated peaks of the cat state, but larger than the width of either
wave packet, i.e., Icoh�n0 yet Icoh�� in Eq. �9�. For the
completely incoherent state, on the other hand, the cat state
is taken to have collapsed to a single Fock state, i.e. a mixed
state maintaining the probability distribution of the cat state
but with to coherence between Fock states.

The evolution of those two states in time is shown in Figs.
11 and 12, respectively. Unlike the cat state, the incoherent
states will not exhibit a revival of the initial coherent state at
t= trev. The partially incoherent state evolves instead into a
disinct three-peaked state, whereas the completely incoherent
state exhibits small oscillations with no discernable peaks
after a very short collapse time.

Based on these considerations, one prospective method to
verify the coherence of the cat state would involve: �i� first,

measuring the probability distribution, P�n�, which is accom-
plished by repeated measurements of the atom number in
each mode; �ii� then after forming the cat state, the state
should be held at �=0 for a time t= thold and then with tun-
neling restored, the revival of the initial coherent state should
be observed after a time trev; �iii� a known source of deco-
herence should be added while holding the system at �=0 for
duration thold, after which a lack of revival should be ob-
served. To add decoherence, one could simply add a laser
field to the system. This will introduce decoherence due to
spontaneous photon scattering, as described in Sec. V. If the
revival of the initial state can be observed in the case of no
additional decoherence, but disappears when the decoher-
ence is added in a controlled way, than one should have a
strong claim for the observation of coherence between macr-
scopically distinguishable states.

V. LASER-INDUCED DECOHERENCE AND LOSSES

While trapped ultracold atoms are typically well isolated
from the environment, the presence of lasers for trapping
and/or detection of atoms will polarize the atoms and thus
couple them to the vacuum modes of the electromagnetic
field. This coupling allows for spontaneous Rayleigh scatter-
ing and/or diffraction of laser photons, which can lead to
losses and/or decoherence of the atomic system. If the scat-
tered light field acquires sufficient information to determine
the atom-number difference between the left and right wells,
then this spontaneous scattering will lead to a dynamical
collapse from the cat state into a mixture of Fock states, an
example of environmentally induced decoherence.

In addition, the condensates are in contact with a thermal
cloud on noncondensed atoms. In �42�, it was determined
that such a coupling will lead to a rapid collapse of the cat
state. We note, however, that the treatment in �42� made the
approximation that correlations between the condensate and
the cloud decay much faster than the time scale of the con-
densate dynamics, i.e., the thermal cloud was treated as a
Markovian reservoir. At present we question the validity of
the Markov approximation for such a system. The coherence
time can be quite long because �i� the cloud temperature is
very low and the cloud is very dilute �so that collisions be-
tween cloud atoms are rare�, and �ii� the cloud is confined, so
that information does not propagate away from the conden-
sate region. A non-Markovian treatment of thermal-cloud-
induced decoherence is beyond the scope of this work. At
present, we focus primarily on the decoherence induced by
coupling to the electromagnetic field.

The structure of this section is as follows: in Sec. V A, we
will first investigate the decoherence mechanics of conden-
sates induced by laser scattering, where the general master
equation is derived. Then, in Sec. V B, we discuss the con-
densate losses due to the inelastic collision, and the loss rate
is obtained for one-mode condensate. In Sec. V C, we show
the decoherence of the two-mode cat states in the elastic
scattering regime, defined as the regime where the photon
recoil is not sufficiently strong to remove the atom from its
initial center-of-mass state. The system dynamics under this
loss-less decoherence is studied in Sec. V D. Lastly, the

FIG. 11. �Color online� Dynamical evolution of a partially inco-
herent cat state. The parameters chosen are the same as Fig. 10. At
t=14.5/�, the quantum system is in a mixed state with no coherence
between the two wave packets. Then as it evolves, the system ex-
hibits oscillations, but will not evolve back to the initial state.

FIG. 12. �Color online� Dynamic evolution of the completely
decoherent cat state. At t=14.5/�, we let the system collapse onto a
statistical mixture of Fock states. It is seen that the dynamic is
completely disordered.
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atom-loss and decoherence of cat states in the inelastic re-
gime is studied in Sec. V E, where we find that the cat states
created via dynamic evolution are less susceptible to
decoherence-induced collapse than the extreme cat state, i.e.,
the true ground state of the system, which we have argued is
inaccessible via adiabatic evolution.

A. Master equation

If there is an optical component to the trapping potential,
the atoms in the BEC will have an induced electric dipole
moment which oscillates at the laser frequency. This dipole
moment will couple the atoms to the electromagnetic
vacuum, resulting in spontaneous Rayleigh scattering and/or
diffraction of the laser beam. In addition, there will be laser-
induced many-atom effects, primarily dipole-dipole interac-
tions and collective effects such as superradiance. As we will
see, these effects will lead to decoherence and collapse of the
cat states, even in the absence of recoil-induced losses from
the two cat modes. This decoherence is associated with the
possibility for scattered and/or diffracted photons to carry
away information sufficient to reveal the distribution of at-
oms between the two modes.

In order to model these effects we need to derive the
master equation which governs the density operator of the
atomic field. In the presence of laser coupling to a BEC
system, the total Hamiltonian for the system, which includes
the Hamiltonian for the atoms in condensate Hs, the reservoir
of vacuum electromagnetic field Hs, and the interaction be-
tween them in the dipole approximation Vsr can be written as

H = Hs + Hr + Vsr, �19�

Hs =� d3r	�̂e
†�r��̂e�r� +� d3r ��r��̂e

†�r��̂g�r� ,

�20�

Hr = �
k�


kâk�
† âk�, �21�

Vsr = �
k�
� d3rgk�e

ik·rei
Lt�̂e
†�r��̂g�r�âk� + H.c., �22�

where �̂e�r� and �̂g�r� are the annihilation operators for
atoms in the excited and ground states respectively, and âk�
is the photon annihilation operator for momentum �k and
polarization state �. In addition, 
e, 
L, and 
k denote the
frequency of atomic excited state, laser field, and the reser-
voir photons, respectively, while 	=
e−
L is the detunning
of laser field from the excited state. The atom-laser interac-
tion is governed by the Rabi frequency ��r�, while the atom-
reservoir interaction is governed by gk�

=��
k /2��0Ve�d ·�k�, with d being the atomic dipole mo-
ment in mks units. We note that for the purpose of deriving
the master equation it is not necessary to include terms in Hs
governing the free evolution of the ground state, as this in-

volves very slow time scales relative to the dynamics of the
excited-state and/or electromagnetic �EM�-vacuum system.
These terms can be added to the system Hamiltonian at the
end of the calculation, as any energy shifts they introduce
will be negligible compared to the natural linewidth of the
excited state.

The quantum state of the system plus reservoir is de-
scribed by the density operator �sr. An effective equation of
motion for the reduced system density operator, �s=trr��sr�,
can be derived via second-order perturbation theory by fol-
lowing the standard approach �see, for example, �50��. For
the case of a zero-temperature bath this leads directly to the
master equation �51�

�̇s�t� = − iHs�s�t� −� d3r d3r��L�r

− r���̂e
†�r��̂g�r��̂g

†�r���̂e�r���s�t� − L*�r

− r���̂g
†�r��̂e�r��s�t��̂e

†�r���̂g�r��� + H.c.,

�23�

where

L�r − r�� = �
k�


gk�
2eik·�r−r������
k − 
L� +
iP


k − 
L
� ,

�24�

with P indicating a principal value. In the limit of infinite
quantization volume, the summation becomes an integral,
which can be done analytically �52�, yielding

L�r − r�� =
3�

4
e−i��sin2 �

i

�
+ �1 − 3 cos2 ��� 1

�2 −
i

�2�� ,

�25�

where �=
L
3d2 / �3��0�c3� is the single-atom spontaneous

emission rate, �=kL
r−r�
 and � is the angle between the
dipole moment d and r−r�. The real part of L�r−r�� will
contribute to decoherence in the master equation �23�, while
the imaginary part contributes an energy shift due to photon
exchange between atoms. In the limit 
r−r�
→0 we find

L�0� =
�

2
+ i� , �26�

where the imaginary part � is an infinite quantity, reflecting
the fact that the standard two-level atom-field interaction
model is not properly renomalized. Physically, this term is a
Lamb-type shift in the energy of the excited state due to
interaction with the vacuum modes of the EM field. In our
system we can always choose a rotating frame to absorb this
shift, so that we can take �=0 without loss of generality.

For most optical traps, the laser is detuned very far from
the atomic resonance frequency, so that the excited state oc-
cupation number is �1. In this regime it is useful to perform
an adiabatic elimination of the excited-state operators. The
resulting master equation, involving only ground-state opera-
tors, is
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�̇s�t� = − iHs�s�t� − i� d3r

��r�
2

	
�̂†�r��̂�r� −� d3r d3r���r�

L�r − r��
	2 �*�r���̂†�r��̂�r��̂†�r���̂�r���s�t�

+� d3r d3r��*�r�
L*�r − r��
	2 ��r���̂†�r��̂�r��s�t��̂†�r���̂�r�� + H.c., �27�

where �̂�r���̂g�r�. The details of this derivation are pre-
sented in the Appendix.

B. Condensate losses: elastic and inelastic regimes

We will now employ this master equation to describe de-
coherence and/or atom loss in our two-mode atomic system.
Underlying the dynamics governed by master equation �27�
is the exchange of photons between atoms and between an
atom and the EM vacuum. As such photon exchanges can
involve significant momentum exchanges due to photon re-
coil, it is useful to first define elastic and inelastic regimes
with respect to the initial atomic center-of-mass state. If the
spatial size of the initial atomic mode is small compared to
the laser wavelength, then one would be in the elastic re-
gime, as photon recoil would not be sufficient to carry the
atom outside of the momentum distribution of the initial
state. In the inelastic regime, on the other hand, the initial
mode is large compared to the laser wavelength, which im-
plies that it is narrow in momentum space compared to the
photon momentum, so that the recoil from a single photon is
sufficient to remove an atom from its initial mode and place
it in an orthogonal mode.

In the strongly elastic regime, there will be negligible loss
of atoms from their initial modes. As we shall demonstrate,
the master equation �27� may still lead to decoherence and/or
collapse of the two mode cat states. In the inelastic regime,
on the other hand, the predominant effect of the atom-field
interaction will be scattering of atoms out of the initial
modes and into a quasicontinuum of modes. This loss will be
accompanied by a collapse of state of the remaining atoms
into a mixture of states, which may or may not be catlike in
themselves. The details of this decoherence process are given
in Sec. V E.

To derive the atom decay rate of a single atomic-field
mode, we will need to make use of the commutation relation

�ĉ†ĉ,�̂†�r��̂�r�� = − ��r�ĉ†�̂�r� − �*�r��̂†�r�ĉ , �28�

where ĉ is the annihilation operator for atoms in mode ��r�.
Then, from the master equation �27�, it is straight forward to
obtain the evolution of the mean mode occupation n0
= ĉ†ĉ� as

ṅ0 = −� d3r d3r�
G�r,r��
	2 ��*�r��3�r − r��ĉ†�̂�r���

− ��r��*�r���̂†�r��̂�r��� + �*�r�

�ĉ†�̂†�r���̂�r��̂�r��� − ��r��̂†�r��̂†�r���̂�r��ĉ�� ,

�29�

where G�r ,r��=��r�L�r−r���*�r��. Making a single mode
approximation,

�̂�r� = ��r�ĉ , �30�

one obtains

ṅ0 = −
2

	2 � d3r d3r� Re�G�r,r���
��r�
2

���3�r − r�� − 
��r��
2�n0. �31�

To better understand the physics described by this equation,
we make the simplifying assumption ��r���eikL·�r−r��,
where kL is the laser wave vector, satisfying kL ·d=0. This
leads to

ṅ0 = −

�
2

	2 ��1 − ��n0, �32�

where

� =
2

�
� d3 rd3r� Re�eikL·�r−r��L�r − r���
�g�r�
2
�g�r��
2.

�33�

In the elastic regime we have 
��r�
2���r� relative to L�r
−r��, which leads to �=1 so that there is no atomic loss, as
expected. As the size of the condensate grows, � will de-
crease, as shown in Fig. 13, which plots � versus the conden-
sate size for the case of a spherically symmetric Gaussian
condensate wave fuction

FIG. 13. Dependence of the inelastic loss parameter � on the
spatial size of the condensate, which is indicated by the dimension-
less parameter � as shown in Eq. �34�. It is seen that � is approxi-
mately unity when the size of the condensate is much less than the
laser wavelength, i.e., ��1, which means there is negligible atom
loss. As the condensate size approaches half �L, � decreases to
around 0, corresponding to the maximum loss rate.

Y. P. HUANG AND M. G. MOORE PHYSICAL REVIEW A 73, 023606 �2006�

023606-10



��r� =
1

���L�3/2�3/4e−r2/�2�2�L
2�, �34�

where � is the ratio of the condensate size to the laser wave-
length, �L. From the figure, we see that the decay rate of the
condensate can be neglected under the condition ��1, while
for a mode whose size is comparable to or larger than the
laser wavelength, we have �→0 so that the population will
decay at the expected rate 
�
2� /	2, which is simply the
electronically excited state fraction times the excited state
lifetime.

C. Decoherence of two-mode cat states in elastic regime

In the present scheme, N atoms are trapped in a double-
well potential with a finite spatial separation between the
wells. Coupling of this system to the EM vacuum modes will
result in decoherence only when scattered photons carry
away sufficient information about the number of atoms in
each well. It thus follows that if the separation between the
two condensates, s, is less than the laser wavelength �L, no
decoherence should occur, as the information contained in
the photons is diffraction-limited to a resolution of no better
than a wavelength. On the other hand, if s is larger than �L,
the locations of the atoms can, in principle, be determined
from the phase information contained in the scattered pho-
tons, this irreversible transfer of information to the environ-
ment will be reflected in decoherence of Fock-space super-
positions of different atom-number distributions.

In the deeply elastic regime, the size of the left and right
modes is the smallest length scale in the problem, so that we
can replace the atomic density distributions with �-functions,
or equivalently we take

�̂�r� =���r −
s

2
�ĉL +���r +

s

2
�ĉR, �35�

where ĉL and ĉR are the annihilation operators for the left and
right mode, respectively. Inserting this expansion into the
master equation �27� and assuming again for simplicity
��r�=�eikL·r, gives

�̇s = −

�
2�
2	2 �ĉL

†ĉLĉL
†ĉL�s + ĉR

† ĉRĉR
† ĉR�s

+ 2 cos�kL · s���s�ĉL
†ĉLĉR

† ĉR�s − ĉL
†ĉL�sĉL

†ĉL − ĉR
† ĉR�sĉR

† ĉR

− cos�kL · s���s�ĉL
†ĉL�sĉR

† ĉR

− cos�kL · s���s�ĉR
† ĉR�sĉL

†�ĉL�� + H.c., �36�

where again the imaginary parts are absorbed via a transfor-
mation to the appropriate rotating frame. The resulting deco-
herence is governed by the parameter ��s�, defined as

��s� � 2 Re�L�s��/�

=
3

2
�sin2 �s

sin �

�
+ �1 − 3 cos2 �s�� cos �

�2 −
sin �

�3 �� ,

�37�

where �=2�s /�L and �s is the angle between the induced

polarization direction d and the relative coordinate s.
From this master equation �36�, we derive the equation of

motion for the Fock-space matrix elements �nm= n
�s
m�,
yielding

�̇nm = − �

�
2

	2 �n − m�2�1 − cos�kL · s���s���nm. �38�

This shows that the diagonal matrix elements �m=n� do not
decay, reflecting the absence of condensate losses in the elas-
tic regime. The off-diagonal elements, on the other hand,
decay as at a rate proportional to �1−cos�kL ·s���s���n
−m�2.

The dependence of ��s� on the mode separation is shown
in Fig. 14, which plots ��s� versus s /�L and �s=arg s. We
see that under the condition of s��L we have
cos�k ·s���s��1, and therefore no decoherence. As s in-
creases, ��s� will decrease and the decoherence rate will
increase. In the limit of s��L, we have ��s��0, and the
decoherence converges to the rate �nm= 
�
2 /	2��n−m�2. It
is interesting to note that ��s� is angle dependent, as seen in
Fig. 14.

To understand the reason for this decoherence rate �38�
we will consider the limiting cases s��L and s��L, corre-
sponding to a mode separation much larger than or much
smaller than the laser wavelength, respectively. For the case
where the mode separation is large compared to the laser
wavelength, we have ��s�→0 so that the decoherence rate is
�nm= �
�
2 /	2���n−m�2. Our goal is thus to explain the pe-
culiar �n−m�2 dependence in this expression. We begin by
noting that in this regime the phase information in the scat-
tered photon wave fronts can, in principle, determine
whether the photon scattered from the L or the R mode. Thus
the question becomes: on what time scale T does the radia-
tion field scattered by L or R acquire sufficient information to
distinguish the state 
n� from the state 
m�. This time scale
will then determine the decay rate for the off-diagonal ele-
ments �nm, which give the degree of coherence between the
states 
n� and 
m�. The rate at which photons will scatter from

FIG. 14. �Color online� The decoherence parameter ��s� as a
function of �s and s /�L. From the diagram, ��s� is approximately 1
when the separation of two modes s is much smaller than the laser
wavelength �L. As s increases, ��s� decreases at a speed of 1/s and
eventually approaches zero as s goes much larger than �L. Note that
��s� is also dependent on �s, where at large s, ��s��sin2 �s.
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the left mode is 
�
2 /	2�nL
2, where nL is the number of at-

oms in the left mode. The reason for the nL
2 dependence,

rather than the usual nL, is due to the Bose stimulation, as the
atoms remain in their initial mode after elastic scattering.

The actual scattering of photons is a random process, so
that the number of L scattered photons np over a time inter-
val t is drawn from a distribution function PL�np ,nL , t�. It is
reasonable to assume that PL�np ,nL , t� is at least approxi-
mately Poissonian, with a center at n̄p�nL , t�= �
�
2 /	2��nL

2t,
and a width 	np�nL , t�=�n̄p�nL , t�= �
�
 /	���tnL. Based on
this assumption, the criterion for distinguishing state 
n� from
state 
m� is that the distributions pL�np ,nL , t� and pL�np ,mL , t�
should be distinguishable, so that the scattered photon num-
ber can be attributed to one distribution or the other. In this
expression nL is the number of atoms in mode L for state 
n�
and This requires minimal overlap between the two distribu-
tions, which can be approximately formulated as

n̄p�nL,T� + 	np�nL,T� = n̄p�mL,T� − 	np�mL,T� , �39�

where we have temporarily assumed mL�nL. Solving this
equation for the decoherence rate �nm=1/ td yields

�nm =

�
2

	2 �
�mL

2 − nL
2�2

�mL + nL�2 . �40�

From Eq. �7� it follows that

nL =
N

2
− n

nR =
N

2
+ n , �41�

which also hold for mL and mR with a simple substitution n
→m. Inserting this into �40� yields

�nm =

�
2

	2 ��n − m�2. �42�

We note that the result for mode R instead of L can be found
via n↔−n and m↔−m, while the result for mL�nL can be
found via n↔m, all of which leave the result �42� un-
changed. Thus we have verified our interpretation that the
decay of the �nm coherence is governed by the time scale on
which the information carried by the scattered light becomes
sufficient to distinguish between the states 
n� and 
m�.

If we consider the opposite case s��L we can no longer
assume that scattered photons carry information concerning
which mode they scattered from, due to the standard diffrac-
tion limit. In this case one might be tempted to assume that
the total scattering rate is proportional to nL

2 +nR
2 =N2 /2

+2n2, as photons must still scatter from one mode or the
other and each mode will experience Bose stimulation of the
recoiling atom. This would imply that the total scattering rate
would be different for the states 
n� and 
m�, so that given
sufficient time the environment could learn which state is
scattering the light and thus destroy the coherence. This ef-
fect, however, is compensated for by superradiance �53� so
that the scattering rate is proportional simply to N2, which is
the same for both 
n� and 
m�. Superradiance is a many-body

quantum-interference effect whereby atoms within a distance
less than the optical wavelength experience enhanced decay,
identical to Bose stimulation, even for distinguishable atoms.

To verify this interpretation one can calculate the scat-
tered light intensity and see precisely how it scales with nL
and nR. This can be accomplished by using Eqs. �21� and
�22� to obtain the Heisenberg equation of motion for âk�,

d

dt
âk� = − i
kâk� − i

�

	
gk�

* e−i
Lt� d3r ei�kL−k�·r�̂†�r��̂�r� ,

�43�

where we have substituted the adiabatic solution �̂e�r�
= �� /	��̂�r�. Substituting the mode expansion �35� and not-
ing that n̂L and n̂R are constants of motion in the absence of
tunneling gives upon time integration

âk��t� = âk��0�e−i
kt − i
�

	
gk�

* e−i�
k+
L�t/2

�
sin��
k − 
L�t/2�

�
k − 
L�/2
�ei�k−kL�s/2n̂L + e−i�k−kL�s/2n̂R� .

�44�

From this expression we can compute the mean number of
scattered photons via np�t�=�k�âk�

† âk��, yielding

np�t� =

�
2

	2 ��nL
2 + nR

2 + 2 cos�kL · s���s�nLnR�t , �45�

where we have converted the sum to an integral in the limit
of infinite quantization volume and made the approximation
sin2 �xt� /x2��t��x� when integrating over k. This expres-
sion reveals an additional component to the scattering rate
proportional to cos�kL ·s���s�nLnR. This term is only signifi-
cant when ��s��1, which requires that the mode separation
be comparable to or less than the optical wavelength. In ad-
dition it depends on the exact spacing and orientation of the
modes with respect to the polarization of the lasers, via the
implied dependence of ��s� on s. We interpret this additional
scattering as superradiance, as it arises from the imaginary
part of the two-body dipole-dipole interaction. We see that in
the limit as s /�L→0 we have cos�kL ·s���s�→1 so that the
total scattering rate is proportional to N2. As stated previ-
ously, this means that the radiation field never acquires suf-
ficient information to distinguish the states 
n� and 
m�, there-
fore no decoherence occurs.

D. Dynamics under decoherence in elastic regime

In the previous section, we derived the master equation of
the two-mode system in the presence of laser-induced atomic
polarization. In this section we use numerical simulations to
observe how the decoherence will affect the tunneling dy-
namics of our system and determine what level of decoher-
ence can be tolerated during the dynamical generation of a
cat state. In this section we will only focus on the decoherent
dynamics in this elastic regime where the total atom number
can be treated as a constant of motion. In addition, we will
assume that the mode separation is much larger than the laser
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wavelength, so that the dynamics is determined Eq. �38� but
with �s=0. Under those assumptions, it is straightforward to
guess the coherence time tcoh as

tcoh =
4	2

N2
�
2�
, �46�

by observing that the peaks of the dynamically created cat
state are separated by n0= ±N /4. This is the time scale on
which coherence between states separated by N /4 should
decay based on the decoherence rate �42�. During the gen-
eration of the cat state, it is expected that if the coherence
time tcoh is large compared to tcat, the cat state can still be
produced. Otherwise, the system should evolve into a mixed
state rather than a pure cat state.

The effect of decoherence on the dynamical evolution of
cat states is shown in Figs. 15–17. In Fig. 15 we show the
magnitude of the density-matrix elements for the initial co-
herent state at t=0. Under the condition of no decoherence,
this state evolves into a cat state at t= tcat, which is shown in
Fig. 16. In Figs. 17�a� and 17�b� we show the resulting state
for the cases of weak and strong decoherence, respectively.
In Fig. 17�a� the decoherence strength is chosen such that
tcoh=5tcat, while for the strong decoherence of Fig. 17�b�, we
have tcoh= tcat. It is seen that with tcoh=5tcat we can still cre-
ate catlike states, while as the decoherence strength increases

up to tcoh= tcat, the outcome state is a mixted state with no
coherence between macroscopically distinguishable dis-
tributiions. Therefore, to successfully produce a cat state, the
coherence time tcoh should be much longer than the time
needed to produce cat state tcat.

It is also quite interesting to observe from Fig. 17 that not
only the off diagonal, but also the diagonal of density matrix
of the final states are affected by the decoherence effect. In
Fig. 18, we plot the probability distribution P�n���nn of

FIG. 15. �Color online� Magnitude of the density matrix ele-
ments for the initial coherent state.

FIG. 16. �Color online� Magnitude of the density matrix ele-
ments of the dynamical created cat state at t= tcat with no
decoherence.

FIG. 17. �Color online� Magnitude of density-matrix elements
of the resulting state under weak decoherence �a� and strong deco-
herence �b�. System parameters are chosen the same as in Fig. 3,
and the resulting states �a� and �b� are measured at a time of tcat

=14.5/�.

FIG. 18. �Color online� Probability distribution P�n� of the re-
sulting states corresponding to different coherence times. Param-
eters are chosen as in Fig. 17, while from line �1� to �7�, the coher-
ent time tcoh is chosen as � ,3tcat ,3tcat /2 , tcat ,3tcat /4 ,3tcat /5 , tcat /2,
respectively.
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several resulting states corresponding to different coherence
times. In the figure we see that the probability distribution of
the mixed states formed under strong decoherence is signifi-
cantly different from that of the pure cat state. In other
words, if decoherence dominates the system dynamics, it
will not yield the same P�n�. This can be interpreted as a
quantum-zeno effect, where tunneling is suppressed by deco-
herence, which effectively provides continuous measurement
of the location of the atoms. Thus the probability distribution
alone supplies a direct way to verify the existence of the cat
state at time tcat, without the need to detect revivals. We note
that we have so far only established this result for the elastic
regime. We suspect that the elastic regime will be much more
difficult to achieve experimentally than the inelastic regime,
due to the necessity of subwavelength confinement.

In Fig. 19 we examine the effects of decoherence on the
revival process, under the assumption that tcat� tcoh, but as-
suming that the system is held at �=0 for a time thold, which
may be longer than the coherence time. These figures show
the magnitude of the density-matrix elements at time t= tcat
+ thold+ trev, calculated by direct numerical solution of the
master equation �36�. In Fig. 19�a� we show the magnitude
of the density-matrix elements for the case thold=0 and for
tcoh=�, i.e., no decoherence is present. Note that this figure
corresponds to t=21 in Fig. 10. In Fig. 19�b� we plot the
magnitude of the resulting density matrix for the case thold
= tcoh=10tcat. This choice gives sufficient time to destroy co-
herence between Fock states where n differs by N /2, corre-
sponding to the distance between peaks in the initial cat
state. This shows that the revival is effectively destroyed by
decoherence on the time scale governed by the coherence
time �46�. This figure corresponds to the “partially incoher-
ent state” shown in Fig. 11 at time t=21, in the sense that the
choice thold= tcoh implies the condition �� Icoh�n0. Lastly,
Fig. 19�c� shows the case thold= �N2 /4�tcoh with tcoh=10tcat

which gives sufficient time to destroy coherence between
any Fock states. We see in this case that the system has
collapsed onto an almost pure mixture of Fock states, and it
is clear that no revival occurs. This figure corresponds to the
totally incoherent state of Fig. 12.

E. Loss and decoherence in the inelastic regime

In this subsection we turn to the inelastic regime, which
takes into account the finite size of the atomic modes, so that
the scattering of laser photons is not entirely elastic due to
photon recoil effects. The resulting losses from the two ini-
tially occupied modes should necessarily be accompanied by
decoherence, which may or may not be sufficient to “col-
lapse” the two-mode cat state. We focus solely on the case
where the mode separation is large compared to the wave-
length, so that we can safely ignore the cross terms in Eq.
�36�. The master equation in this situation is found by sub-

stituting the two-mode expansion �̂�r�=�L�r�ĉL+�R�r�ĉR,
yielding

�̇s�t� = −

�
2�
2	2 �N�s�t� + ��nL

2 + nR
2 − N��s�t�

+ ��nL�s�t�nL + nR�s�t�nR�� + H.c., �47�

with � defined in Eq. �33�. Deriving the equation of motion

for the density-matrix elements is then straightforward, giv-
ing

�̇nm�t� = − �

�
2

	2 ��1 − ��N + ��n − m�2��nm�t� . �48�

Under the condition of spatially broad �relative to �L� con-
densates, ��0, as seen if Fig. 13, and this equation is re-
duced to

FIG. 19. �Color online� Effects of decoherence on the revival of
the initial coherent state. Shown is the magnitude of the density-
matrix elements of the system at time t= tcat+ thold+ trev under no
decoherence �a�, the decoherent resulting state with thold= tcoh �b�,
and thold=N2tcoh /4 �c�. System parameters are chosen the same as in
Fig. 3.
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�̇nm�t� = − �

�
2

	2 N�nm�t� , �49�

which shows that the decoherence rate is exactly equal to the
atomic loss rate �32�. The reason for this is that the loss of an
atom takes us from the manifold with N atoms to that with
N−1 atoms. This is equivalent to n→n±1 where the choice
of  depends on whether the atom was lost from the L or R
mode �! for L and " for R�. Thus one might suspect that a
careful treatment of the scattering of the atom into the qua-
sicontinuum of recoil modes would reveal that the loss of
coherence on the matrix element �nm could be accompanied
by a corresponding appearance of coherence on the matrix
element �n±1,m±1 which lies in the N−1 manifold.

A complete quantum description of this inelastic process
should include both the initial cat state modes as well as a
quasicontinuum of recoil modes. We can, therefore, describe
the initial unscattered systems with a density of product �sr

N

=�N � �r, where �sr
m is the full density operator having m

atoms in the initial modes and N−m atoms in the quasicon-
tinuum, and �m and �r

N−m are the corresponding reduced den-
sity matrices for the system and reservoir. After one photon
is scattered, the full density matrix goes from �sr

N to �sr
N−1, due

to the transfer of one atom from the initial modes into the
quasicontinuum. As the modes are well separated, the scat-
tered photon carries sufficient phase information into the en-
vironment to determine whether the atom recoils from the L
or the R mode. Assuming that atoms from L and R modes
scatter into different manifolds of recoil modes, the reduced
density operator of the two-mode system, obtained by tracing
out the quasicontinuum modes, becomes

�N−1 =
1

N
�cL�

NcL
† + cR�

NcR
†� �50�

with N the normalization factor. In other words the system
collapses onto an incoherence mixture of the state with one
atom lost from mode L and the state with one atom lost from
mode R.

As an example, we now consider a N particle cat state of

�N = 
�c��c
 �51�

and to distinguish cat states with different total atom num-
bers, here we use a new notation


�c� =
1
�2

�
N/4,3N/4� + 
3N/4,N/4�� , �52�

where 
nL ,nR� stands for a Fock basis with nL atoms in the
left mode and nR in the right. This cat state is collapsed after
one-photon detection into a statistical mixture of two N−1
particle states,

�N−1 = 1
2 �
�1��1
 + 
�2��2
� �53�

where


�1� =
1
�2

�
N/4 − 1,3N/4� + 
3N/4 − 1,N/4�� , �54�


�2� =
1
�2

�
N/4,3N/4 − 1� + 
3N/4,N/4 − 1�� . �55�

The important point here is that each of these states is still a
good catlike state, so that while we do not know which one
the system has collapsed into, we do know that the system
remains in a good catlike state. The means that the effect of
scattering a photon and losing an atom may not have a sig-
nificant detrimental effect on catlike states. Similarly, after a
second photon is scattered, the system will collapse into a
statistical mixture of four N−2 particle cat states, and so on.
We note, however, that for the “perfect” cat state �
N0�
+ 
0N�� /�2 a single scattering results in a mixture of the
states 
�N−1�0� and 
0�N−1��, neither of which is itself a cat
state. This means that while the ideal cat state is so fragile
that a single scattered photon is sufficient to collapse that cat
onto all-left or all-right states, the catlike states we are con-
sidering should be significantly more robust, giving them a
significant advantage provided they are still suitable for
whatever application is desired.

To show the dynamics under decoherence induced by
these inelastic condensate losses, in Fig. 20, we plot the time
evolution of the expectation value of the projector Pcat, de-
fined in �10�. Three initial states are shown, the extreme cat
state �
N ,0�+ 
0N�� /�2, the less extreme cat state,
�
N /43N /4�+ 
3N /4 ,N /4�� /�2 and the wave-packet cat
states produced via dynamical evolution as in Sec. III B.

Figure 20 is obtained by assuming a single photon is de-
tected in each time interval 	t=	2 / �
�
2�N�t��, where N�t�
is the number of remaining atoms at time t. After each scat-
tering a new density matrix is obtained by applying Eq. �50�.
We note that the use of �50� automatically weighs the prob-
abilities that the scattering occurs from the L or R mode due
to the action of the annihilation operators being proportional
to the square root of the mode occupation. The resulting
density matrix is then diagonalized and written

FIG. 20. �Color online� The evolution of the projector Pcat under
decoherence die to inelastic atom loss. The curves correspond to the
dynamically created cat state �solid line�, the perfect cat state
�dashed line�, and less extreme cat state �52� �dashed-dotted line�.
The figure plots the estimated probability to remain in a catlike state
versus time. Starting from 100 atoms, it is estimated that 63 atoms
are lost by the final time t=	2 / 
�
2�.
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� = �
i

Pi
�i��i
 , �56�

where 
�i� denotes the ith eigenmode, with Pi its statistical
weights over the mixture state. The resulting eigenmodes

�i�’s are then analyzed to determine whether or not they are
sufficiently catlike. This is accomplished by first assigning a
value of zero to any state where �n�0
cn
2��n�0
cn
2, where
cn is again the probability amplitudes for the state 
n�. The
states which survive this test are then assigned a value equal
to the expectation value of the projector Pcat. The assigned
values for each eigenmode of the density matrix at time t are
then averaged together and the results are plotted versus
time.

From the figure, we verify that the perfect cat state is
completely collapsed immediately after one-photon scatter-
ing. In contrast, the less extreme cat states have a high prob-
ability to remain in a catlike state even after many scatter-
ings, and, the dynamically created cat states are similarly
robust against decoherence. We note that in the figure out of
an initial population of N=100 atoms, N=37 remain at the
end time t=	2 / 
�
2�.

In Fig. 21, we plot the magnitude of the density matrix
after a time of thold=0.3	2 / 
�
2� as in Fig. 20 �solid line�. In
this figure, an initial cat state is formed at time tcat via dy-
namic evolution with no decoherence. The state is then held
with g=0 and �=0 for time thold with photon-scattering act-
ing as a gradual source of decoherence. The figure appears to
show a collapse of the reduced density matrix onto a statis-
tical mixture of left-centered and right-centered peaks. How-
ever, diagonalization of this matrix reveals that this is not the
case. Based on numerical diagonalization, we plot the major
eigenmodes 
�i� of this density matrix in Fig. 22. From the
picture, some of these resulting eigenmodes, such as 
�i�’s
with i=1,2 ,4 ,5 are still catlike, in a sense that separation
between two peaks are larger than the width of either peak.
While for some others, like 
�3� and 
�6�, the separation
between peaks are not larger than the width of each peak,
and thus they are not catlike. As more atoms are scattered,
the number of remaining atoms decreases, and hence the
maximum separation of catlike states will become will nec-

essarily decrease. Because we have chosen projector P̂cat to
be fixed-width filter, those catlike states with small separa-

tions between peaks may not be picked by P̂cat. As a result,
Pcat decreases to almost zero before all atoms are lost, as
seen in Fig. 20. Lastly, we note that in this section we did not
show the effect of inelastic decoherence on the tunneling
dynamics during the formation of the cat state. This can be
done by the standard quantum jump method in Monto-Carlo
simulation, which we plan to carry out in future work.

VI. DEPHASING INDUCED BY ATOMIC COLLISIONS

In this section we consider the effects of atom-atom col-
lisions on a cat state which is “frozen” by reducing the tun-
neling strength � to zero. If during this hold time the atomic
interaction strength g is nonzero, the system will undergo a
dephasing process �35,54,55�, whose dynamics is determined
by Hamiltonian �13�. The main effect of this dephasing pro-
cess is that, while it will not collapse the coherence of the cat
state, once the state is dephased, it cannot evolve back to the
initial coherent state. In this way, a detection scheme based
on revivals will incorrectly create the appearance of collapse.
Therefore, in general, the dephasing effect needs to be sup-
pressed by making the atomic interaction strength g, and/or
the hold time small.

In studying the dephasing effect, first, we note that at each
period of � /g, the relative phase of each cn is exactly re-
stored and thus the many-body states is revived. While be-
tween two consequent revivals, nonzero relative phases ap-
pear between Fock states, and the cat state will collapse. In
Fig. 23, we show such a rapid dephasing process, where the
cat state decays with a collapse time around tcol=0.02/ 
g
,
determined from numerical simulations.

To obtain an analytic estimate of the collapse time scale,
we assume that our system is prepared in a Gaussian-like cat
state �9�, which is a good approximation of the realistic cat
state in our system. And then, we associate the collapse and
revival of our bimodal system with the evolution of one-
body two-mode correlation function #,

# = cat
âL
†âR
cat� . �57�

At a short time scale, the correlation function �57� is ob-
tained, under the condition of that the Gaussians are well
peaked around n= ±n0, to a good approximation �54�,

FIG. 21. �Color online� Magnitude of the resulting density-
matrix elements corresponding to Fig. 20 at time t=0.3	2 / 
�
2�.

FIG. 22. Probability distributions P�n� of the six leading eigen-
modes of the density matrix shown in Fig. 21.
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#�t� = #�0�e−�g�t�2
�58�

and therefore, the collapse time tcol can be estimated by

tcol =
1

2g�
. �59�

As discussed above, the collisional dephasing will affect
the revival process. Generally speaking, if the holding time
thold is less than collapse time tcol, the system can still evolve
back to the initial state as shown in Fig. 24�a�. But under the
condition of thold� tcol, the cat state is dephased, and the
coherent state cannot be restored. Rather it will evolve to a
disordered state as shown Fig. 24�b�. Therefore, for the suc-
cess of the detection scheme, one should make sure that the
dephasing collapse time is longer than the hold time and the
revival process is only affected by decoherence.

VII. CONCLUSION

We have considered the double-well BEC system and pro-
posed that catlike states can be formed by switching the sign
of the interaction strength from positive to negative using a
Feshbach resonance. We examined the possibility of either
adiabatic or sudden switching with the following results. In
the adiabatic case, the ground state evolves into a macro-
scopic superposition state with all of the atoms collectively
occupying either the left or right well. However, by examin-
ing the degeneracy of the ground state, we conclude that the
cat state is unstable against small perturbations and may
readily evolve into a localized state. For the case of a sudden
change in the scattering length, we find that an initial con-
densate state evolves dynamically into a double-peaked su-
perposition of number states, with one peak corresponding to
the majority of atoms being in one well, and the other peak
corresponding to the majority being in the opposite well.

We have shown that this process is stable against pertur-
bations in the initial state, as well as in the control param-
eters. For this reason we believe that the dynamical evolution
scheme is more likely to be demonstrated experimentally. In
addition, we have demonstrated that continuing the evolution
after the cat state formation results in a nearly complete re-

vival of the initial state. However, this revival does not occur
if the cat state has collapsed into an incoherent mixed state,
so that this revival can be taken as proof of coherence of the
initial cat state. We note that the states formed via adiabatic
switching are maximum “all or nothing” cat states, while
those formed dynamically are less distinct catlike states cor-
responding to a double-peaked distribution in Fock space.

The effects of decoherence due to spontaneous scattering
of laser photons have also been studied in detail. We have
determined that decoherence is strongest for the case where
the single-photon momentum recoil is not sufficient to re-
move the atom from its initial state, due to Bose stimulation
as the atom remains in an strongly occupied atomic-field
mode. In the opposite regime, where the scattering rate is
smaller by a factor of N, N being the atom number, we find
that the maximally entangled all or nothing cat states are
destroyed by the scattering of a single photon, while the
dynamically formed less-extreme catlike states can survive
multiple scatterings without leaving the subspace of catlike
states, in analogy to the effect of atomic collision losses stud-
ied in �32�. Because of this enhanced survivability, the less-
extreme cat states may be more useful for applications, pro-
viding they are suitable for the desired protocol.

In this context of freezing the cat states for a prolonged
time, we have also considered the de-phasing effects of
atom-atom interactions during this stage, and conclude that
collisions can mimic the effects of decoherence with regard

FIG. 23. Dephasing process of cat states with nonzero atomic
interaction. The collapse is measured by Pcol=tr��c��t��, where �c

and ��t� are the densities of the initial cat state and dephased state
after a hold time thold, respectively. Parameters are given the same
as in Fig. 3, while thold has units of 1 / 
g
.

FIG. 24. �Color online� Dynamic evolution of dephased cat
states after turning on the tunneling. The parameters are chosen as
in Fig. 3 with a collapse time of tcol=1.5/�. In the first picture �a�,
the hold time is set to be thold= tcol, while for �b�, we set thold

=5tcol. It is shown that for �a�, the system still revives to the initial
state, while in �b�, the initial state cannot be restored.
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to a revival-type measurement, however with regard to ap-
plications, they may or may not be detrimental, depending on
the type of interaction and/or measurements involved.

We note that in the present proposal, there are three dif-
ferent time scales which we have established: the time need
to create cat state tcat, the coherence time tcoh, and the colli-
sional dephasing time tcol. First, to generate the cat state, the
coherence time scale tcoh must longer than tcat. While later, in
order to hold the cat state for later use in an application, a
hold time thold shorter than tcoh is required to maintain the
macroscopic superposition state. And finally, another condi-
tion tcol� thold should be satisfied to avoid the dephasing qua-
sicollapse, if such dephasing is detrimental to the desired
application. The coherence time tcoh is tunable by adjusting
the laser intensity and detuning, while the dephasing time
tdephase can be adjusted if the interaction strength g is modi-
fied during the hold stage.

APPENDIX

To eliminate the excited state in the master equation �23�,
we note that for a far-off-resonant laser field, the excitation
rate in BEC is extremely low, which enables us to expand the
density matrix to a good approximation as

�� �00 + �01 + �10 + �11, �A1�

where �00 and �11 stand for the density matrix of no excita-
tion and one excitation state, respectively, while �01 and �10
describe coherence between these two manifolds. In fact, it is

convenient to define a projection operator P̂j, which is a
projection into a subspace with j atomic excitations of the
BEC system, such that

�ij = P̂i�P̂j . �A2�

With this expansion, one obtains

�̇00 = − i� d3r ��r��̂g
†�r��̂e�r��01 +� d3r d3r�L�r − r��

��̂g
†�r��̂e�r��11�̂e

†�r���̂g�r�� + H.c., �A3�

�̇10 = − i� d3r �*�r��̂e
†�r��̂g�r��00

+ i� d3r �*�r��11�̂e
†�r��̂g�r�

−� d3r d3r�L�r − r���̂e
†�r��̂g�r�

��̂g
†�r���̂e�r���10 − i	�10, �A4�

�̇01 = �̇10
† , �A5�

and

�̇10 = − i� d3r �*�r��̂e
†�r��̂g�r��01

−� d3r d3r�L�r − r���̂e
†�r�

��̂g�r��̂g
†�r���̂e�r���11 + H.c. �A6�

In the assumption of low excitation rates, one can adiabati-
cally eliminate �01 and �10 by demanding �̇01�0 and �̇10
�0, respectively, yielding

�10 = −� d3r
�*�r�
	
�̂e

†�r��̂g�r��00

+� d3r
�*�r�
	
�11�̂e

†�r��̂g�r�i� d3r d3r�
L�r − r��
	

��̂e
†�r��̂g�r��̂g

†�r���̂e�r���10 �A7�

Solving this equation perturbatively up to the order 1 /	2,
one obtains

�10 = −� d3r
�*�r�
	
�̂e

†�r��̂g�r��00 +� d3r
�*�r�
	
�11�̂e

†�r��̂g�r�

− i� d3r d3r� d3r�
L�r − r���*�r��

	2 �̂e
†�r��̂g�r��̂g

†�r���̂e�r���̂e
†�r���̂g�r���00

+ i� d3r d3r� d3r�
L�r − r���*�r��

	2 �̂e
†�r��̂g�r��̂g

†�r���̂e�r���11�̂e
†�r���̂g�r�� , �A8�

and �01=�01
† . Inserting this result for �01,�10 back into Eq. �A6�, we find

�̇11 = i� d3r d3r�
�*�r���r��

	
�̂e

†�r��̂g�r��00�̂g
†�r���̂e�r�� − i� d3r d3r�

�*�r���r��
	

�̂e
†�r��̂g�r��̂g

†�r���̂e�r���11

+� d3r d3r� d3r� d3r�
L*�r� − r���*�r���r��

	2 �̂e
†�r��̂g�r��00�̂g

†�r���̂e�r���̂e
†�r���̂g�r���̂e

†�r���̂e�r��

−� d3r d3r� d3r� d3r�
L*�r� − r���*�r���r��

	2 �̂e
†�r��̂g�r��̂g

†�r���̂e�r���11�̂e
†�r���̂g�r���̂g

†�r���̂e�r��
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+ i� d3r d3r� L�r − r���̂e
†�r��̂g�r��̂g

†�r���̂e�r���11 + H.c.. �A9�

Nextt, we apply a similar adiabatic elimination process to eliminate the excited state matrix �11. To do that, first we normal
order the ground-state operators in above equation, and then by setting �̇11�0, obtains

�11 = i� d3r d3r�
�*�r���r��

2	�
�̂e

†�r��̂g�r��00�̂g
†�r���̂e�r�� − i� d3r d3r�

�*�r���r��
2	�

�̂e
†�r��̂g

†�r���̂g�r��̂e�r���11

− i� d3r

��r�
2

2	�
�̂e

†�r��̂e�r��11 −� d3r d3r�
L�r − r��

2�
�̂e

†�r��̂g
†�r���̂g�r��̂e�r���11

+� d3r d3r� d3r�
L*�r� − r���*�r���r��

2	2�
�̂e

†�r��̂g�r��00�̂g
†�r���̂g�r���̂g

†�r���̂e�r��

−� d3r d3r� d3r� d3r�
L*�r� − r���*�r���r��

2	2�
�̂e

†�r��̂g�r��̂g
†�r���̂e�r���11�̂e

†�r���̂g�r���̂g
†�r���̂e�r�� + H.c.,

�A10�

Again, we solve this equation perturbatively up to order 1 /	2, and arrive at

�11 =� d3r d3r� d3r�
L*�r� − r���*�r���r��

2	2�
�̂e

†�r��̂g�r��00�̂g
†�r���̂g�r���̂g

†�r���̂e�r��

−� d3r d3r� d3r� d3r� d3r��
L�r − r��L*�r�� − r���*�r����r��

2	2�2 �̂e
†�r��̂g

†�r���̂g�r��̂e�r���̂e
†�r���̂g

†�r���00

� �̂g
†�r���̂g�r���̂g

†�r����̂e�r��� −� d3r d3r� d3r� d3r� d3r��
L�r − r��L*�r�� − r���*�r����r��

2	2�2

� �̂e
†�r��̂g

†�r���̂g�r��̂e�r���̂e
†�r����̂g

†�r����̂g
†�r���̂g�r���00�̂g

†�r���̂e�r�� + H.c. �A11�

This expression for �11 can be simplified by normal ordering. Finally, we insert the normal ordered �01,�01,�11 back into Eq.
�A3�, and keep only terms up to 1/	2. In addition, since the atomic density in BEC is low, we drop any three-body and above
terms. With these two assumptions, we obtain the resulting master equation �27�,

�̇s�t� = − iHs�s�t� −

�
2

	2 �� d3r �̂g
†�r��̂g�r��s�t� −� d3r d3r�

��r�L�r − r���*�r��
	2 �̂g

†�r��̂g
†�r��̂g�r���̂g�r���s�t�

+� d3r d3r�
�*�r�L�r − r����r��

	2 �̂g
†�r��̂g�r��s�t��̂g

†�r���̂g�r�� + H.c.

where we have written �s��00.
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