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Physics 321 FINAL - Tuesday, Dec. 9

FYTI: For the differential equation
i+ 2B% 4+ wiz =0,

the solutions are
x = AjePleosw't + Age Plsinw't W = y/wi — 2 (under damped)
x = Ae P 4+ Bte P!, (critically damped)
x = APt g Age Pt B = B4 /B2 —w?, (over damped).

Coriolis and centrifugal forces

*r o e a o
M——= = Fleal — M0 X O X T — 20 X v.
dt?

Lagrange’s equations
doL 0L

dt ¢ dq’
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1. (5 pts) A mass m hangs from a spring of spring constant k& and comes to equilibrium. A
small external force, F, = Fpsinwt is applied to the spring beginning at time ¢ = 0. Find the
vertical displacement y(t).

Solution:
Find the particular solution

Yy = C@iwt,
d2y 2 FO t
Wf%—cuoyp = zmew,
F
W2 C +wiC = —i=2,
m
Fy/m
C = —i— 5
wg —w
F(]/m
Ry, = ———— sinwt
PR — w2
The general solution, then applying the B.C.
F
y(t) = Acoswot+ Bsinwyt + 207/?%2 sin wt,
LL)O — W
yt=0) = 0=A4,
wEy/m
t=0) = 0=Bwy+—7
”y( ) wo wg 2
. w . Fg/m
) = t—— t) 2
y(t) (smw o sin wy > o
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2. (5 pts). A solid sphere of mass m and radius R is released at time ¢t = 0 and falls according
to the forces of gravity and a drag force —yAv?. Solve for the velocity as a function of time.

Solution:
Defining downward as positive

dv

- = g—m®, n=v4/m,

. /” dv’
0 g— (vA/m)v?
1 v/vmax dy
= Gy T v malvA

1 _
t = Wtanh Y /vmax),

U = Umaxtanh ('yAg/m)l/zt),

t
= vmaxtanh< g )

Umax
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3. (5 pts) A particle feels an attractive central potential,

V(r)= Bri/4,

The particle is in a stable circular orbit of angular frequency wg, when it feels a small per-
turbation which causes the the radius r to oscillate about the original orbit’s radius with

frequency w. Find w in terms of wy.

Solution:
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0=~ -
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412 L
o, Wo= —5
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= 190
3

iwo.



your name

K K
m /(D vm
§_>X1 §_>X2

k

4. Consider the two identical masses connected to the three identical springs pictured above. Let
x1 and xo describe the displacement of the two masses relative to the equilibrium position.

(a) (4 pts) Write the Lagrangian in terms of z1 and z2, then find the equations of motion.

(b) (4 pts) Assume there are solutions of the form,
z1 = Ae™t, 19 = Be™!.

Find the frequencies of the two normal modes.

Solution:
1 1 1 1 1
L = im:U% + §ma'62 — ilm% — 51{:(331 — 332)2 - ik‘x%,
mxy = —2kx1+ kxs,
mxy = —2kxo+ kxq,
T = A@iwt, To = Beiwt,
—wlA = —2w2A 4 WiB,
~w?B = —2WlB+wiA
4 = pi-’ ;“’2,
“o
2 2 _ 2
(22 — w?) ("‘)02°J> B = uB,
Wo
wt — 4wdw? + 3wy = 0

w =

) w84i\/16—12
2 9

= wp(2+1),

w = wop, orwox/g.
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5. Consider the swinging pendulum of mass m and length ¢ pictured above.

(a) (4 pts) If the pendulum initially has a horizontal velocity vy and is at angle 6y = 90°,
find the minimum polar angle, 6,,i,, subtended by the trajectory of the pendulum.

(b) (4 pts) Write the Lagrangian in terms of 6 and ¢, then find the equations of motion for
0 using the angular momentum L to eliminate any mention of ¢ or ¢.

Solution: '
a) Use energy conservation plus the fact that 6 = 0 initially and at lowest angle

L? 1 oo
E = m—mgﬁcos@-ﬁ-imﬁ 0 s L:mE’UO,
L? L?
2 = D) - mgg COS emina
2m/t 2mb? sin® Opin
(1-— cos® Omin) L = L — mgl cos Opin (1 — cos? Ormin )
2me2 2me? ’
2
mgl cos? Omin + Sl? coS Opmin — mgl = 0,
m
—L2/(2mf?) £ /L*/(4m20%) + 4m2g2(?
coS Omin =
2mgl
—mv3 /2 + \/m%f)‘/él + 4m?2g20?
coS Omin =
2mgl
—08 + 1/vg + 169202
B 4gf ’
b)
L oo 9,0 1 o5
L = §m£ sin® 0¢” + §m€ 0° + mgl cos 0,
d . .
a(mEQ sin0$) = 0, L =ml*sin®0¢ = constant,
ml%0 = —mglsin® + ml>¢*sinb cos,
.. L? cosf
2 o _ .
mbé“0 = —mglsinf + L
.. L2 cosf
0 = -— g sin§ + cos

14 m2/4sin® 6



