Homework Solutions

PHY 321 - Classical Mechanics I

www.pa.msu.edu/courses/phy321

Instructor: Scott Pratt, prattsc@pa.msu.edu

1 Chapter 1 Solutions

1. All physicists must become comfortable with thinking of oscillatory and wave mechanics in
terms of expressions that include the form e**.

(a) a)

_ 1 2, 1 a1 6
coswt = 1— E(wt) + Z(Wt) + a(wt) .o
1 1
1 P— — — 3 — 5 o o 0
sinwt = (wt) 31 (wt)” + = (wt)
(b) b)
iwt . 1o e Lo 3 1 .. ‘4
e = 1+ iwt+ 2(zwt) + 3(zwt) + 4'(1,wt) .
= 1+ izl(wt)2 + i4i(wt)4 + i6i(wt)6 oo 4 dwt 4 i3i(wt)3 + i5i(wt)5 e
2 4! 6! 3! 5!
(c) ¢) Use fact that i?> = —1 and ¢* = 1 then add expressions above for even and odd terms of
expansions to see €t = cos wt + i sin wt.
(d) d)
'™ = cos(w) + isin(wr) = —1 (1)
In(—1) = im. (2)
2. Find the angle between the vectors b= (1,2,4) and @ = (4,2,1) by evaluating their scalar
product.
b-@ = 1+44+4=12, |b|=v/1+4+16=+21, | =vV16+4+1=VE)
0 b-¢ 12 ”
cos = — =
T Bl 2t
Ope = cos™1(4/7). )
3. Use the chain rule to show that
d dr ds
A TR T
Solution
d dr; ds;
a2 = sty ©
dr _ _ d§
= & (7)
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4. Multiply the rotation matrix in Example 1 by its transpose to show that the matrix is unitary,
i.e. you get the unit matrix.

Solution:
cos¢p sing O cos¢p —sing O
—sing cos¢ O sin¢g cos¢p O
0 0 1 0 0 1
cos? ¢ + sin? ¢ —cos ¢sing + cossing 0
= — cos ¢ sin ¢ + cossin ¢ cos? ¢ + sin? ¢ 0
0 0 1
1 00
= 010
0 01

5. Find the matrix for rotating a coordinate system by 90 degrees about the x axis.

Solution:
& -8 &, & & &
U = é,-é1 é,-éy é,-é3 |, U;; =cosb
e ey é,-ey & -é3
1 0 O
= 0O 0 -1
01 0

The signs of the off-diagonal term would switch depending on whether the coordinate system
changes or the object.

6. Consider a parity transformation which reflects about the x = 0 plane. Find the matrix that
performs the transformation. Find the matrix that performs the inverse transformation.

Solution:
The matrix needs to flip the x components of any vector while leaving the y and z components

unchanged.
-1
0
0

S = O
= o o

7. Show that the scalar product of two vectors is unchan§ed if both undergo the same rotation. Use
the fact that the rotation matrix is unitary, U;; = U,;".
Solution:

e

-y TiYy
-y = UjzjUpyr
= ij;iUik:yk
= fBjUﬁlUikyk

Tj0jkYk = T;Yj.v



8.

9.

10.

Show that the product of two unitary matrices is a unitary matrix.
Solution:

owvtuv =7 1
(UV)Z- =  UjrVii
Ujkainmen :?5in
= ViUgUimVinn
= ViVib = din.v

Show that
Z €ijk€kim = 05105m — 0;im0ji.
k

Solution:

For any k in the sum, because ¢ # j and I # m, and because there are only two indices
available because none can be equal to k, the only terms possible are §;;6jm and §;,,6;;. One
then multiplies the matrices out fori = 1,5 =2,l =1,m =2,¢1 = 2,5 = 3,l = 2,m = 3,
and< = 1,57 = 3,1 = 1,m = 3. There are also solutions with ¢ <— j and I <+ m, but if you
show these four, you know the ones with the indices switched will just switch the overall sign
due to the antisymmetry of €. To show the first case (¢ = 1,5 = 2,l = 1, m = 2),

Zélzkenk =1, 011022 — 612021 = 1.
k

The others are similar.

Consider a cubic volume V = L3 defined by 0 < * < L,0 < y < Land 0 < z < L.
Consider a vector A that depends arbitrarily on x, y, z. Show how Guass’s law,

/dvv.g:/ds?.,z,
\%4 S

is satisfied by direct integration.

Solution:

— La Ly L.
/ dvV-A = / da:/ dy/ dz (0, As + OyAy + 0. L)
A% 0 0 0
L, L.

/O dy/() dz [Aw(L:w y,z) - Aw(o’ y,z)]
Ly L.
+ / dw/ dz [Ay(x, Ly, z) — Ay(x,0, 2)]
0 0
J

dx dy [Az(wa Y, Lz) - Az(wa Y, 0)]



11.

12.

Find min or max of z = 3x2 — 4y? 4 12zy — 6x + 24 Solution:

Ozz = 6x+ 12y —6 =0, (8)
Oyz = —8y+12x=0 9)
—32y+12 = 0, y = 3/8, (10)
x = 1/4. (11)
To find whether max or min,
z(1/4,3/8) = —6.375 (12)
z(0,0) = —6. (13)

Suggests minimum. However, if you look more carefully, you will find this is a saddle point
(Eigenvalues of 9;0;2z matrix are mix of positive and negative. — You won’t be expected to do
this). You can also try a few sample points and see that some values are higher than the xy point
found above and some are lower.

A real n—dimensional symmetric matrix A can always be diagonalized by a unitary transfor-
mation, i.e. there exists some unitary matrix U such that,

X1 O --- 0
B _ 0 Xy -+ O
UiiAjtUn = Aim= | | ] (14)
0 -+ o+ Ann

The values 5\“ are referred to as eigenvalues. The set of n eigenvalues are unique, but their
ordering is not — there exists a unitary transformation that permutes the indices.

Consider a function f(z1, -+ , ) that has the property,
9i f (T)|3=0 = 0, (15)

for all . Show that if this function is a minimum, and not a maximum or an inflection point,
that the n eigenvalues of the matrix

Aij = 0:0;f(%)|z_0 s (16)

must be positive.

Solution:

You can always calculate 6 f in the new coordinate system, and because f is a scalar, you can
write

1 0 .

of = 25r,6r38 8 f('r)
0

= *61"/5 -;8 8 ,f( )

%

4 Because you can adjust the components of §r’ individually, then each component of A, i.e.
each eigenvalue of A, must be positive.



13. (a) For the unitary matrix U that diagonalizes A as shown in the previous problem. Show that
each row of the unitary matrix represents an orthogonal unit vector by using the definition
of a unitary matrix.

(b) Show that the vector
C’fgk) = Uk = (Uk1, U2, -+ , Ugn), (17)
has the property that

These vectors are known as eigenvectors, as they have the property that when multiplied
by A the resulting vector is proportional ( same direction) as the original vector. Because
one can transform to a basis, using U, where A is diagonalized, in the new basis the eigen-
vectors are simply the unit vectors.

Solution:

U;iUik: = ik (19)
wz(j) i = Uij, (20)



2 Chapter 2 Solutions

1. Consider a bicyclist with air resistance proportional to v? and rolling resistance proportional to

v, so that
dv 9
— = —Bv* — Cw.
dt
If the cyclist has initial velocity vg and is coasting on a flat course, a) find her velocity as a

function of time, and b) find her position as a function of time.

Solution:

t = —/v ! !
v Bv’2 4+ Cv’
Bt ! vd’(l ! > B=C/B
= —— v [ — — , =
vo v v+
—1 (v(vo—l—ﬂ))
= (272,
B vo(v + B)
voe—Ct
v =

1+ (Bvg/C)(1 — e—Ct)’

-1
r = /dtv(t):/du Yo y u=e C?
C 1+ Bvo(l —u)/C

= ;111 (1 + Bvo(1 — u)/c)

= éln (14 Bug(1 — e_Ct)/C] .

2. For Eq. (36) show that in the limit where v — 0 one finds t = 2vq,/g.

Solution:
Eq. (36) is
t
0= It POV
Y Y
Expand the exponential to 2nd order in a Taylor expansion,
t 1
0o — 9t vuwta/v <7t_ 729_,,,)
vy vy 2
1 5
0 = 'U()yt —_ §gt )
t = 2vgy/g-

3. The motion of a charged particle in an electromagnetic field can be obtained from the Lorentz
equation. If the electric field vector is E and the magnetic field is B, the force on a particle of
mass m that carries a charge g and has a velocity v

F=qE+qv xB

where we assume v << c(speed of light).



(a) If there is no electric field and if the particle enters the magnetic field in a direction perpen-
dicular to the lines of magnetic flux, show that the trajectory is a circle with radius
muv v
r=-—=—",
gB  w.
where w. = gB/m is the cyclotron frequency.
(b) Choose the z-axis to lie in the direction of B and let the plane containing E and B be the
yz—plane. Thus
B = Bk, E = E,j + E.k.

Show that the z component of the motion is given by

Z(t) = 20 + 20t +

qE. 2,
2
where

z(0) = zp and 2o = 2.

(c) Continue the calculation and obtain expressions for &(t) and ¢(t). Show that the time
averages of these velocity components are

() =", @) =o.

(Show that the motion is periodic and then average over one complete period.)
(d) Integrate the velocity equations found in (c) and show (with the initial conditions (0) =
—A/we, (0) = Ey/B, y(0) =0, y(0) = A that

y A
coswet + —t, y(t) = — sinwct.
We B We

z(t) =

These are the parametric equations of a trochoid. Sketch the projections of the trajectory on
the xy-plane for the cases (i) A > |E,/B|, (ii) A < |Ey/B]|, and (iii) A = |Ey/B]|. (The
last case yields a cycloid.)

Solution:

(a) The solution found in Eq. (43)

rT—xo = cos(wet — @), vy = Asin(w.t — @),
C
A
Yy—¥% = — sin(wet — @), vy = Acos(wet — @),
C
qB
we = —.
m

The velocity is v = A so the radius of the orbitisr = A/w. = mv/¢B.
(b) Since there are no magnetic forces in the z direction, the z motion is determined by

ma, = qFE.,

which is constant acceleration a, = qFE./m, and for initial position zo and initial v, =

V20, 1 aE
z = 2o + vost + —9%z 2
2 m



(c) The equations of motion are

Uy = —WweVg+ qEy/m,
Vp = Wely,
Substituting,
by = _""gvyv
Uy = —wng—l—quwc/m,
2
(ve — gEywe/m) = _"‘%2; (ve — Ey/B)) .

dt?
By inspection, (v;) = 0 and (vy) = E,/B.
(d) From the equations above, one can see that for the initial conditions §(0) = A, ©(0) = 0,
vy(t) = Acoswet,
vy(t) = —Asinw.t+ E,/B.
Integrating over time, and assuming y(0)=0 and (0) = A/w,
E,t
y(t) = Asinwct, x(t) = —Acoswct+ %

4. A particle of mass m has velocity v = a/x, where x is its displacement. Find the force F'(x)
responsible for the motion.

Solution:
L
U(z) + Syt = constant,
o?
U(x) = —constant — DYR
2
mo
F(x) = —0,U(x)=— 3
5. A particle is under the influence of a force F = —kx+kx3/a?, where k and « are constants and

k is positive. Determine U (x) and discuss the motion. What happens when E = (1/4)ka??

Solution:

1 1
U(x) = |[doF(z)= -ka®— —ka'.
(@) / xF(x) gk o T
This potential has a well at # = 0 then rises until x = « before falling off again. The maximum
potential, U (x = +a) = ka?/4. If the energy is higher, the particle cannot be contained in the
well.

6. Using Eq. (??) find the position as a function of a time by numerical integration for the case
where a particle of mass m moves under the potential U (x) = Up+/z/L and for an initial
velocity vg. Use the following values: m = 2.5kg, vo = 75.0, L = 10m, Up=15]. Solve for



time until the particle returns to the origin. Make a graph of « vs t for the entire trajectory from
your computer output. Turn in the graph and a printout of your program.

Solution:

2e+06 |

1.5e+06 |

X (m)

1e+06 |

500000

1 1 1 1 1
0 25000 50000 75000 100000 125000 150000

t(s)

int main(){
double t=0.0,x,U,KE,v,U00=15,L=10.0,v_0=75.0,m=2.5;
double E=0.5*m*v_0*v_0;
double xmax=L*pow(E/U0,2);
printf ("xmax=Y%g\n",xmax) ;
double dx=xmax/50.0;
for (x=0.5%dx;x<xmax ;x+=dx){
U=UO*sqrt (x/L) ;

KE=E-U;

v=sqrt (2.0*KE/m) ;

t+=dx/v;

printf("%8.11f %10.11f %g\n",t,x,v);
}
printf ("tmax=Yg\n",t);
return O;

}



3 Chapter 3 Solutions

1. A floating body of uniform cross-sectional area A and of mass density p and at equilibrium
displaces a volume V. Show that the period of small oscillations about the equilibrium position

is given by
T =2m\/V/gA

Solution:

The buoyant force is pauia Agy, where y is the height of the waterline from the bottom. The
effective spring constant is k = pauia Ag and the mass is pV;pj, where Vgp; is the volume of the
object. The frequency is

T pauidAg
wo = k/m = W.
obj

From Archimedes principle pVob; = pauia V. Thus

|Ag 27 |4
wog=4\/—y, T=—=2m|—.
\ %4 w gA

2. Show that the critically damped solution, Eq. (??), is indeed the solution to the differential
equation.

Solution:
Use the fact that wg = G.

xr = Ae Pt 4+ Bte Pt
i+2082+ P = A{B* 267+ 8%} e + B{(8” —26% + )t + (—26 + 28)}
= 0.
3. Consider an over-damped harmonic oscillator with a mass of m = 2 kg, a damping factor

b = 20 Ns/m, and a spring constant k& = 32 N/m. If the initial position is * = 0.125 m, and
if the initial velocity is —2.0 m/s, find and graph the motion as a function of time. Solve for the
time at which the mass crosses the origin.

Solution:
The general solution is

z=A1e ! + Aze™, B1 =B+ /8% —wi, B =B — /B2 — Wi

Here 81 = 8 and B2 = 2. The I.C. give

0.125 = A; + As,
—(B1AL + B2A42) = -2
A, = 7/24,
Ay = —1/6.

The solution is
x = (7/24)e 8 — (1/6)e 2.



This starts above the axis crosses the axis once, then bottoms out and approaches the axis from
below. The point it crosses the axis is given by

(7/24)e % =1/6, t= éln(7/4).

4. Consider a particle of mass m moving in a one-dimensional potential,

2 934

xr

(a) What is the angular frequency for small vibrations about the minimum of the potential?
What is the effective spring constant?

(b) If you add a small force F' = Fj cos(wt — ¢), and if the particle is initially at the minimum
with zero initial velocity, find its position as a function of time.

(c) If there is a small drag force —bv, repeat (b).

Solution:
The potential looks like:

Solve for the position of the minimum,
9:V(x) = 0
—kx 4+ ax® =0, T, = Vk/a.
The effective spring constant is the curvature at the minimum, i.e. the second derivative.
ke = 02V (z)|,
= —k+ 3aac12nin = 2k.
The angular frequency for small vibrations is then

wo = /2k/m.

This is the same as the solution for a regular particle, but with an offset by & yin. Take solution
from notes with 3 # 0, then set 3 = 0. Note that J will equal zero.

(Fo/m) cos(wt — ¢) .

22

T = Xmin + A1 coswot + Assinwgt +



To solve for A; and A5 consider the initial conditions,

F
0 = a4 (Fo/micoss
|w? — Wil
0 — wods— (Fow/m) sin ¢
|w? — Wi
This coefficients are,
A — _(Fg/m) cos ¢ Ao — (Fow/m) sin ¢
' w2 —wd] T T welw? — ]

If we add a damping force, and define 3 = b/2m, the general solutions are

(Fo/m) cos(wt — ¢ — J)
+ D )

D = \/(wo — w?)2 + 432w2, W = /wi — B2, § = arctan(2Pw/(w2 — w?). (24)

The IC then constrain A; and As,

(23)

T = Xmin + Ale_ﬁlt [cos w't + Agsin w't]

L4 (Fo/m) cos(¢ + 9)

0 = A D
0 = wa, Fw/msnto)
W L (Fy/m)cos(@+9)
i — - D ’
L Fow/m)sin(o + )
2 — .

w'D

5. Consider the periodic force, F'(t + 1) = F(t),

[ A, —7/2<t<0
F(t)_{+A, 0<t><7/2

Find the coefficients f,, and g, defined in Eq. (??).

Solution:
Since F' is an odd function, f;, = 0 and we have only the coefficients g,, from Eq. (??)

2 T/2
gn = / F(t')sin(2nnt’ /7)dt’
T J—1/2
4A [T/2
= — sin(2nnt’/T)dt’
7 Jo
. { %, n = odd

0, n = even

6. A “delta” function is a function that is zero everywhere except where the argument is zero. At
this point the function is infinite so that the area under the curve is unity. The delta function
obeys the relation

/ dt' £()5(¢' — to) = £(to)-



(a) Show that the following function
1 A

mA2 4+ @25 0

= d(x).

i.e. show that it is zero everywhere except the origin and that it integrates to unity.

(b) A step function, ®(t), a.k.a. the “Theta” function or the Heaviside function, is zero for
negative arguments and is unity for positive arguments. Show that

di(—)(a: — x0) = d(x — xo).

(c) Using the definition of Fourier coefficients in Eq.s (??) and (??), show that

1 23
ot —to) = — + - Z cos(wn(t —to)), wn =2nw/T.

n=0

Solution: a) The function is clearly zero for  # ¢ and infinite for © = xo. To check that it
integrates to unity,

1 [o° A B

1 [o° 1 )

= / du——, wu = tan@,du = sec” 6d0,
T J)ooo 14 u?
1 tan—1(oc0)

= — df = 1, because tan~'(c0) = 7/2.
T Jtan—1(—o0)

b) For all a and b
b d
/ dz -2 0(z) = O(b) — O(a),
a dx

b
/dmé(a}) = 0O(b) — O(a),

so integrands must be equal.

<)

2 [T/2 2

fn = / dt’ cos(nwt)§(t' — tg) = — cos(nwtyp),
T J—7/2 T
2 [7/2 2

gn = / dt’ sin(nwt’)§(t' — to) = — sin(nwty),
T J—7/2 T
1 2

o(t—tg) = —+ — Z {cos(nwty) cos(nwt) + sin(nwtg sin(nwt) }
T T
n>0
1 2
= —+— Z cos(nw(t — tg)),

T TS

1 2
= -4 = Z cos(nw(t — tg)).
T T n>0



7. Consider the complex function in the interval —7/2 < t < 7/2,
1 2.3 inw(i—to)
f(t)z—*-F*Zemw o, w=2m/T.
T T

(a) Using the fact that if one integrates over the interval, —7/2 < t < 7/2, that [ dte?™t = 0
for n # 0, show that

/ dif(t) = 1.
(b) Using the fact that ), ™ = 1/(1 — x), show that

2/T
1 — eiw(t—to) "

1
F)=——+
-
(c) From the expression in (b), show that the real part of f(t) obeys
Rf(t) =0, fort # to

This shows that R f is a delta function and validates the result of the previous problem.

Solution:
(a) The integral for all n # 0 is zero, thus

T/2 T/2 -1 2
/ dt £(t) = / dt {+}
—7/1 —7/1 T T

= 1.
(b) Let & = e™(t—to),
f(t) . —1 n 2 1 . —1 2 1
T Trl—2a T 71— eiw(t—to)’
(c)
RE(H) — —1 1 1
) = T + 7 11 — eiw(t—to) + 1 — e—w(t—to)
-1 1 1— e—iw(t—to) 1— eiw(t—to)
= T + 11— eiw(t—to)) (1 — e—iw(t—to)) + (1 — e—iw(t—to)) (1 — eiw(t—to)))
-1 1 2 _ e—iw(t—to) _ eiw(t—to)
= T + T | 2 — e—iw(t—to) _ giw(t—to)
—1 1
= - —|— — =0.
T T

8. A particle of mass m in an undamped harmonic oscillator with angular frequency wy is at rest
in the bottom of the well, when it experiences a force

0, t<O0
Ft)=4q G, 0<t<T
0, t>71



Find x(t) fort > 7.

Solution::
From Eq. (??),

o(t) = — /t dt’ F(t')e=P0) sinlu! (¢ — )]

mw'’

G T ,
= — / dt'e PE) gin[w’ (t — t')]
mw 0

= G /T dt/ |:e(—,3+iw’)(t—t’) _ e(_ﬂ_iwl)(t_t/)i|
0

2imw’
G e(_B+iw,)(t_T) — e(_ﬁ+iw’)t e(_ﬁ_":w,)(t_T) — e(_ﬁ_iw’)t
O 2im’ (—8 + w’) B (—B — i)

’

G et® eﬁreiw’(t—r) _ eiw’t
- _ e Pty ( )
mw

VB + w2
L G el sin(w’'(t — T) — @) — sin(w't — @)
T omw” NCETE

9. Consider a particle of mass m in a harmonic oscillator with angular frequency wg and no damp-
ing. It experiences an external force,

}, ¢ = —arctanw’/(3

F(t) = fo®(t)e .

A “Theta” function is a step function, and is zero for negative arguments and unity for positive
arguments.

(a) Find a particular solution, z,(t), assuming it is proportional to e~7*.

(b) For a particle initially at rest at the origin at £ = 0, find x(¢) by adding in the homogenous
solutions and matching the BC to determine the arbitrary constants.

(c) Use Eq. (??) to find = (t). Check that you get the same result as (b).

Solution:

(a)

z,(t) = De ™,
(v* +wg) De™ = (fo/m)e™,
D 750/"12.
7* + wq
(b)
x = Acoswot+ Bsinwgt + De 7, (25)
0 = A+ D, A:—D:—me (26)
72 + wi

v = —wpAsinwot + woB coswot —yDe™ 27)
0 = wyB—~D, (28)
B = Ibp. (29)

wo



(©

(t)

fo /t dt’ e sinwg(t — t'
mwo Jo 0 - )’ (30)
Jo t e
dt’ e— 7t two(t—t') _ —iwo(t—t
i /0 e (e e~ two( )> (31)
fO e—'yt _ eiwot e—'yt _ e—iwot
2mwot —~ — two B —~ 4+ two 32
—t iw g — !
fo (€77 = etnt)(= + iwo) — (€77 = emi0) (—y — iwo)
2mwoi v2 4+ w? 33)
fo {,yeiwot — ~e—iwot | o —~t iwot | 2 —iwot
2mwoi(v2 + wi) 7 + 2iwoe™" — dwoe™ 4 dwoe }(34)
So

. wg) {‘y sin wot — wo cos wot + woe_'yt} Ve (35)



4 Chapter 4 Solutions

1. Approximate Earth as a solid sphere of uniform density and radius R = 6360 km. Suppose
you drill a tunnel from the north pole directly to another point on the surface described by a
polar angle 6 relative to the north pole. Drop a mass into the hole and let it slide through tunnel
without friction. Find the frequency f with which the mass oscillates back and forth. Ignore
Earth’s rotation. Compare this to the frequency of a low-lying circular orbit.

Solution:
Choose the center of the tunnel as the center of the coordinate system, with x = 0. The force
along the direction of the tunnel is

x
F, = mg(r)—.
r
Because g(r) = g(R)r/R, where R is the Earth’s radius,
x
F, = R)—,
mg(R)

and the angular frequency and period are:

Img(R) >
= =1/9.8 6.37 x 106
R \/ m/s®/ m

T = — = 5063 seconds = 84 minutes.
w

The frequency is then
f =1/T = 0.0119 oscillations/minute.
All tunnels can take you from any point to any other point on the planet in T'/2 = 42 minutes.
2. Consider the gravitational field of the moon acting on the Earth.

(a) Calculate the term k in the expansion

gmoon = go + kz + -+,

where z is measured relative to Earth’s center and is measured along the axis connecting
the Earth and moon. Give your answer in terms of the distance between the moon and the
earth, R,, and the mass of the moon M,,.

(b) Calculate the difference between the height of the oceans between the maximum and min-
imum tides. Express your answer in terms of the quantities above, plus Earth’s radius, R..
Then give you answer in meters.

Solution:
GMm 2GMm
k= 0r R2 == R3 ?
where R is the distance between the Earth and moon. The surface of the ocean should be at
equipotential,

1 1
Ek:zz + mgh = Constant = EkRgarth cos? 0 + mgh(0).



This gives

GMthaarth — 0.70 m

1
h(6@ =0) — h(8 = 7/2) = —kR? =
( ) ( 7‘-/ ) 2 earth/mg gR3

. Consider an ellipse defined by the sum of the distances from the two foci being 2D, which
expressed in a Cartesian coordinates with the middle of the ellipse being at the origin becomes

\/(:c—a)2—|-y2+\/(as+a)2—|—y2:2D.

Here the two foci are at (a, 0) and (—a, 0). Show that this form is can be written as

22 ¥ .
D2 T DE a2 ¢
Solution:
4D? = 2(:62 + y2) + 2a?
+H(@ - a)® + y°1V2[(z + a)® + y*)'/2
[(2D% —a®) — @ + ")) = (@ -0 +¢’)l(@ + )+
(1132 + y2) _ 2(2D2 _ (1,2)(332 + y2) + (2D2 _ a2)2 — (mZ + y2 + a2)2 _ 4$2a2
(z® + y?) (2(2D? — a®) + 2a®) — 42?a® = 4D* — 4D?%a?
x2(4D? — 4a?) + y?(4D?) = 4(D? — a?)D?
2 2
@ v
D2 D2 _ g2
. Consider a particle in an attractive inverse-square potential, U(r) = —a/r, where the point

of closest approach is rmin and the total energy of the particle is E. Find the parameter A
describing the trajectory in Eq. (??). Hint: Use the fact that at r,;, there is no radial kinetic
energy and E = —a/Tmin + L?/2mr2

min*
Solution:
1
r =
(ma/L?) + Acos(6 — 6g)’
1
1" .
min (ma/Lz) + A’
L2
E = 5
2mr; ;.
The bottom expression gives L? = 2mEr2; , which can then be substituted into the expression
for rmin,
1
T'mi .
i (ma/2mEr2, )+ A
Now, one can solve for A
A— 1 mao




5. Consider the effective potential for an attractive inverse-square-law force, F = —a/r?. Con-
sider a particle of mass m with angular momentum L.

(a) Find the radius of a circular orbit by solving for the position of the minimum of the effective
potential.

(b) What is the angular frequency, 6, of the orbit? Solve this by setting F = mo3r.

(c) Find the effective spring constant for the particle at the minimum.

(d) What is the angular frequency for small vibrations about the minimum? How does the
compare with the answer to (b)?

Solution:
a)
d L2 o
2 ) = 0
dr \2mr r
L? o
3 = 2
mrmln rmin
L2
Tmin =
mao
b)
o .
2
2 = m#b Tmin>
rmin
p o m2a4 ma?
mr, . L L
c)
& d? U 3 L2 9 16" o m3a?
eff — —TSUeff — = =
2 4 3 3 6
dr mrmin rmin Tmin L
d)

w = \/keﬁ‘/m:ma .

6. Consider a particle of mass m moving in a potential
U = aln(r/a).
(a) If the particle is moving in a circular orbit of radius R, find the angular frequency 6. Solve
this by setting F = m6?r.

(b) Express the angular momentum L in terms of o, m and R. Also express R in terms of L,
o and m.

(c) Sketch the effective radial potential, Veg (7), for a particle with angular momentum L. (No
longer necessarily moving in a circular orbit.)



(d) Find the position of the minimum of Veg in terms of L, a and m, then compare to the
result of (b).

(e) What is the effective spring constant for a particle at the minimum of Veg? Express your
answer in terms of L, m and a.

(f) What is the angular frequency, w, for small oscillations of r about the Rmin? Express your
answer in terms of 8 from part (a).

Solution:
a)
F = ma
6" .o
—— = —mb°R,
R
_ o
N mR2’
b)
L = mR%0 = VmR2a
2
R = —.
mo
<)
L2
Ve = alnr.
eff 22 +
d)
d = 0
dr T
L? o
- 3 + - 0’
mrin T'min
2
Tmin = —y v
mo
e)
k . a 43 L? _ 2ma2
T rtznin mrﬁ)in N L?
f)
k a .
w=1/"2 =ZV2=6V2
m L
. Consider a particle of mass m in an attractive potential, U (r) = —a/r, with angular momen-

tum L with just the right energy so that

A =ma/L?



where A comes from the expression
. 1
~ (ma/L2) 4+ Acos@’

The trajectory can then be rewritten as

r

27"0 L2
r=——, rg=——.
1+ cos@ 2mao
(a) Show that for this case the total energy E approaches zero.
(b) Write this trajectory in a more recognizable parabolic form,

2

r =g — —-
R

Le., express g and R in terms of 7.
(c) Explain how a particle with zero energy can have its trajectory not go through the origin.
(d) What is the scattering angle for this trajectory?

Solution:
a) Substitute for r¢ in the first term for the energy below,

L? o o o
E p— _ =
2mrg 0 0 70
b)
r(14+cosf@) = 2r,
r+x = 2rg,
r? = (2ro—z)? = 4r2 — aroz + 2 = 2* + ¢,
y2 = 47“3 — 4rox,
2
r = Tg— —

47“0 )

c) The energy E — 0, but the combination p2b® = L? is finite, i.e. b — oco. For a finite b
the particle would indeed go through the origin. One way to put it, is that a particle on this
trajectory never gets to infinity, so the questions is somewhat moot.

d) The angles for which r — oo are 8 = +m,s0 0, = 7.
. Show that if one transforms to a reference frame where the total momentum is zero, p7 = —ps,

that the relative momentum g corresponds to either p; or —pa. This means that in this frame
the magnitude of ¢'is one half the magnitude of p7 — pa.

Solution:
Boost by the center-of-mass velocity.

qg = p(vi—7v2)=p —>
1 m2
IfﬁZZ_ﬁlz
1 1 ad —
q = p|l—+—|pP1=pD1
mq mo



9. Given the center of mass coordinates R and # for particles of mass m; and myg, find the coordi-
nates 771 and 73 in terms of R and # and the masses.

Solution:
r = r1—7r2,
1
R = —(mar1 + mara)
my + mgo
prpmtme _ (Hml) _ it me
ma ma m2
. r + R(mi1 + ma)/ma
1 —
(m1 4+ m2)/me
R+ 2
= —
my + mo
Similarly
mi
ro = R— —— .
mi + mg

10. Consider two particles of identical mass scattering at an angle 8., in the center of mass.

(a) In a frame where one is the target (initially at rest) and one is the projectile, find the scatter-
ing angle in the lab frame, 6, in terms of Ocy,.

(b) Express do /d cos 6 in terms of do/d cos Ocm. Le., find the Jacobian for d cos O¢m /d cos 0
in terms of cos B¢ .

Solution:
In the center-of-mass frame (primed momenta)

p;; = Pr— mVem = Py — |p0|/2,
p, = Py
Here py is the initial momentum in the lab frame which equals 2p’. Solving for p,,

p: = p'(1+cosb’)
Pz

\/P2+p2
p’ (1 + cos 8’)
\/p’z(l + cos 0)2 + p2sin? @’

= /(1 +cosb)/2,
dcos @ 1

dcos 6’ 2«/2(1+cos(9’)’
dcos® 2201 T )
dcos® cosT
11. Assume you are scattering alpha particles (He-4 nuclei Z = 2, A = 4) off of a gold target

(Z = 79, A = 197). If the radius of the nucleus is 7.5 x 10~!® meters, and if the energy of the
beam is 38 keV,

cosf =




(a) What is the total cross section for having a nuclear collision? Give the answer in millibarns,
1 mb= 10—3! m2.

(b) Find the scattering angle (in degrees) at which the Rutherford differential cross section
formula breaks down?

Solution:
a) Use conservation of L to find the angular momentum at R,

L? o
—— = E,
2mR2 R

(8%
L? = 2 R2<E >
m —|—R

The impact parameter can be found using L = pob,

L2 L? E+ £
b2 frd — = = R2 + R,
Ps 2mFE E
E4+ £
c = wb® =nR*"— R,
E

Plugging in numbers o = 1400 barns
b) Use Eq. (4.37)

) a a
sin(05/2) = Nk a= Yok b = from step a. (36)

Plugging in numbers, 8, = 83 degrees.



5 Chapter 5 Solutions

1. Consider a pail of water spinning about a vertical axis at the center of the pail with frequency
w. Find the height of the water (within a constant) as a function the radius r; from the axis of
rotation. Use the concept of a centrifugal potential in the rotating frame.

Solution:
The effective potential for a drop of mass dm depends on its position,

1 2, 2
OPE = —Edmw r“ 4+ dmgy.

This must be constant on the surface, y — h(7r),

1
dmgh(r) = Edmw%’z,
1 2,.2
h(r) = ——"
2 g

2. A high-speed cannon shoots a projectile with an initial velocity of 1000 m/s in the east direction.
The cannon is situated in Minneapolis (latitude of 45 degrees) The projectile velocity is nearly
horizontal and it hits the ground after a distance £ = 3000 m. Find the alteration of the point
of impact in the north-south (y) direction due to the Coriolis force. Assume the effect is small so
that you can approximate the eastward (x) component of the velocity as being constant. Be sure
to indicate whether the deflection is north or south.

Solution:
Let y be the north-south direction,

oy = —2w.Vz + 2wz,
dt
Wy = wearth/\/i, wg = 0,
vy & —2WearthVat/V'2,
0Y = —WearthVal2/V2
. Wearth®?
N s

This comes out to 0.46 meters south. The approximations are because you assume v,, is constant,
whereas it does change ever so slightly due to the Coriolis force.

3. Someone wishes to use a Foucault pendulum as a crude clock. If the person lives in Minneapolis,
how much time will pass between having the pendulum swinging in the east-west direction
until it swings in the north-south direction.

Solution:
From the Foucalt example in the lecture notes
Q. = |9/V2,
2w 2m
T =

Q. - (27 /(24 hours))

The time required is one fourth a period or 6 hours x+/2 ~ 8.5 hours.



6 Chapter 6 Solutions

1. Consider a hill whose height y is given as a function of the horizontal coordinate . Consider
a segment of the hill from = 0 to = L with initial height y(x = 0) = 0 and whose final
height is y(x = L) = —h. Transforming the last equation in Example for a downward vertical
force rather than a horizontal force,

x = —/—2ay — y? + aarccos(1 + y/a).

Consider a wheel of radius a rolling along the bottom of the x axis. Mark a point on the top of
the wheel, which is originally at the origin, £ = y = 0, when the top of the wheel touches the
origin. As the wheel rolls by an angle 6 the marked point moves due to both the translation and
the rotation of the wheel. The y coordinate of the marked point is

y = —a(l — cos0),

whereas the o coordinate is
x = al — asin®.

The first term is due to the horizontal translation of the axis, while the second term arises from
the rotation of the wheel. Re-express these two equations to find x(y).

cosf = 1-— g,
a
60 = arccos(l1—1y/a),

x = aarccos(l—y/a)—a\/1— cos?6

[oY y2
= aarccos (1 — y/a +a 2— — —.
( / ) a a2

2. Consider a chain of length L that hangs from two supports of equal height stretched from = =
—X tox = 4 X. The general solution for a catenary is

y = A+ acosh[(x — xg)/a],

(a) Using symmetry arguments, what is xg.

(b) Express the length L in terms of X and a.

(c) Numerically solve the transcendental equation above to find a in terms of L = 10 m and
X =4m.

Solution:
a) g =0
b)

X
L = 2/ dx \/1 + sinh?(x/a) = 2a sinh(X/a).
0
c) Program based on what was done in class. Note as a — oo that L = 2X as expected.

3. Consider a mass m connected to a spring with spring constant k. Rather than being fixed,
the other end of the spring oscillates with frequency w and amplitude A. For a generalized
coordinate, use the displacement of the mass from its relaxed position and callity = « — £ —
A cos wt.



(a) Write the kinetic energy in terms of the generalized coordinate.
(b) Write down the Lagrangian.

(c) Find the equations of motion for y.

Solution:

1
a) T = 2™ (§ + wA sin wt)?
L . 2 1 5
b) L = 2™ (9 + wAsinwt)® — Eky
d
c) m (¥ + wAsinwt) = —ky,
mij + mw?Acoswt = —ky.

This looks like a driven harmonic oscillator

mi + ky = mw?A cos wt.

. Consider a bead of mass m on a circular wire of radius R. Assume a force kx acts on the
spring, where x is measured from the center of the circle. Using 6 as the generalized coordinate
(measured relative to the x axis),

(a) Write the Lagrangian in terms of 6.

(b) Find the equations of motion.

Solution:

1 .
a) T = EmR202,
1 2 1.2 2
V. = ——k(zx— R)"=1-R*cos”0,
2 2
1 262 1, p2 2
L = EmR 0 +§kR cos“ 0.
b) mR?0 = —kR?sin6cos#,
6 = —wisinfcos, w?=k/m.

. Consider a pendulum of length £ with all the mass m at its end. The pendulum is allowed to
swing freely in both directions. Using ¢ to describe the azimuthal angle about the z axis and 6
to measure the angular deviation of the pendulum from the downward direction, address the
following questions:

(a) If the pendulum is initially moving horizontally with velocity vo and angle 8o = 90°
(horizontal), use energy and angular momentum conservation to find the minimum angles
of Omin subtended by the pendulum. (Note that the angle will oscillate between 90° and
the minimum angle.

(b) Write the Lagrangian using 6 and ¢ as generalized coordinates.

(c) Write the equations of motion for 8 and ¢.



(d) Rewrite the equations of motion for € using angular momentum conservation to eliminate
and reference to ¢.
(e) Find the value of L required for the stable orbit to be at 8 = 45°.

(f) For the steady orbit found in (e) consider small perturbations of the orbit. Find the fre-
quency with which the pendulum oscillates around 8 = 45°.

Solution:
a) The kinetic energy from the 8 motion disappears at the maximum and minimum angles. The
remaining potential energy and kinetic energy due to ¢ must be equal at these two angles.

1 2

Em'v0 = —mg¥cosOnin + Em'vz(Hmin)
L2
= —mg¥cos Opnin + 27 f? sin? amin, L = mugk
Using the fact that
L? 1,
= —muv
2mez 2 ¥
the equation for Oy is then
1 2 2 . 2
—Emvo cos” Opmin = —mg¥lcos Oy, sin® Onin,
1
Evg cosOmin = gl(1 — cos? Oppin)-

One can now solve for Oin,

cosOpin = Va2+1—a,

2

_ Y
T 4gf”
b)
1 . 1 .
L = §m£202 + Emfz sin? 0¢2 4+ mgl cos 6.
c)
me*6 = —mglsin 6 + me? sin 0 cos 0@2,
0 = —%sin@ + qZ)2 sin 6 cos 0,
i <m£2 sin? 0(;5) =0
dt ’
sin? 0(;5 = constant.
d)
s g, L? .
0 = —ZSln0+mSln0COSG,
L? cos6

. g .
6 = —Jsingy — 27
V4 sinb + m2¢4 sin® 0



L? cos@

gSin9 = —
L m204sin® 0’
into
L2 = 22T (m2ged),
cosB

L = 23/2\/ m2gl? for 6 = 45°.

f)
G g o4 L? cos#
= —Zsin _
£ m204sin® 0’
b 9 o060 — 2 < ! +3C°Sz9> 56
= —Z cos — ,
0 m2¢4 \ sin? 0 sin 0
1 L?
w? o= g +8
£\2 m204
1 g 8L?
= + —
V20 m2ed

6. Consider a mass m that is connected to a wall by a spring with spring constant k. A second
identical mass m is connected to the first mass by an identical spring. Motion is confined to the
x direction.
(a) Write the Lagrangian in terms of the positions of the two masses x; and x».
(b) Find the equations of motion.
(c) Find two solutions of the type

x1 = Ae™t, x5 = Be™t,

Solve for A/B and w. Express your answers in terms of w3 = k/m.

Solution:
a)
1 . 1 .
T = Emmf—i—gmwg,
1
V = Ekmf + 5(:131 — x3)?,
L = T-YV.
b)
mdil = —k.’IZl - k:(a:1 — wz)
= —2k.’B1 + k:l:2,
mjz = —k(xz — :Cl).
0)
1 = Aeiwt, To = Beiwt’
—mw?A = —2kA+ kB,

—mw?B = —kB+EkA.



Divide both sides by B

Treat A/B and w? and w? as unknowns. Solve the 2 eq.s. 2 unknowns and get

2
w
w? (1 — 2) = w(z) — 2w?,
wo
wt — 3w(2)w2 + wg = 0,
9 ,3+ V5
w® = on.

The two values A/B are
w? 1 5
w 2 2

. Consider two masses m; and mg interacting according to a potential V' (#; — 72).

(a) Write the Lagrangian in terms of the generalized coordinates R = (m171+mai2)/(m1+
mg) and ¥ = 71 — 73 and their derivatives.

(b) Using the independence of L with respect to Rep,, identify a conserved quantity.
Solution:
a)
1 - 1 .
= 5MR2 + 5,“?2, -V (),

M = mq+ mas,
mimso

=
I

my + mg

b)

R = constant.

The center of mass velocity is constant.
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