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6 Chapter 6

6.1 Consider the example for which the surface energy was calculated, where

∆Ψ ≡ P0 − P + (µ− µ0)ρ =
A

2
[(ρ− ρc)

2 − α2]2.

Using E. (6.17), solve for the density profile ρ(x) between the two phases.

d

d(∂xρ)

[
A[(ρ− ρc)

2 − α2]2

2(∂xρ)
− κ

2
∂xρ

]
= 0

let ρ− ρc = ξ, such that ∂xξ = ∂xρ = ξ′ and the previous equation can be re-written

d

dξ′

[
A[ξ2 − α2]2

2ξ′
− κ

2
ξ′
]
= 0

t [
A[ξ2 − α2]

ξ′
(2ξ)

dξ

dξ′
− A[ξ2 − α2]2

2ξ′2
− κ

2

]
= 0

dξ′

dξ
=

2ξA

κ

[
ξ2 − α2

]
(ξ′)−1

Then,

ξ
′2 =

A[ξ2 − α2]2

κ

ξ′ =

√
A

κ
[ξ2 − α2]

ξ =
tanh−1(x/α)

α

ρ =
tanh−1(x/α)

α
+ ρc (1)

6.2 Consider the one-dimensional Ising model, with the total energy in the mean field approximate
being,

E = −
∑
i

1

2
qJ⟨σ⟩σi.

(a) Let p = probability of σ = +1 and q = 1 - p = probability of σ = −1.
Then ⟨σ⟩ = p(+1) + q(−1) = 2p− 1 and

S/N = −p ln p− q ln q

= −
[
1 + ⟨σ⟩

2
ln

(
1 + ⟨σ⟩

2

)]
−
[
1− ⟨σ⟩

2
ln

(
1− ⟨σ⟩

2

)]
(2)
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(b)

d(F/N)

d⟨σ⟩
= −qJ⟨σ⟩+ T

2
ln

(
1 + ⟨σ⟩

2

)
− T

2
ln

(
1− ⟨σ⟩

2

)
= −qJ⟨σ⟩+ T

2
ln

(
1 + ⟨σ⟩
1− ⟨σ⟩

)
= 0

2βqJ⟨σ⟩ = ln

(
1 + ⟨σ⟩
1− ⟨σ⟩

)
(3)

(c) This expression is equivalent to the previous expression:

(1− ⟨σ⟩) = (1− ⟨σ⟩)e2βqJ⟨σ⟩

⟨σ⟩ = e2βqJ⟨σ⟩ − 1

e2βqJ⟨σ⟩ + 1

=
eβqJ⟨σ⟩ − e−βqJ⟨σ⟩

eβqJ⟨σ⟩ + e−βqJ⟨σ⟩

= tanh(βqJ⟨σ⟩) (4)

(d)

F/A =

∫
ρ0

[
ν(σ, T ) +

κ

2
(∇σ)2

]
dx−

∫
ρ0

[
ν(σx=±∞, T ) +

κ

2
(∇σ)2x=±∞

]
dx

The last term in this is 0 (see figure 6.1), and we limit our region of interest to σ = ±σeq so

F/A =

∫ σeq

−σeq

ρ0

[
ν(σ, T )− ν(σeq, T )

∂xσ
+

κ

2
(∂xσ)

]
dσ

=

∫ σeq

−σeq

ρ0

[
R
∂xσ

+
κ

2
(∂xσ)

]
dσ (5)

(e) We have to minimise the integrand in (5) to find the surface energy. Using 6.17,

∂xσ =

√
2R
κ

(5) becomes

F/A =

√
κ

2
ρ0

∫ σeq

−σeq

2
√
Rdσ

(6)

At T = 0, ν = −1
2Tcσ

2 and ν(σ = ±σeq) = −1
2qJ(±1)2 = −1

2Tc Then (6):

F/A =
√
2κρ0

∫ 1

−1

[√
(Tc/2)(1− σ2

eq)
]
dσ

=
√
κρ0 sin

−1(1)

=

√
κρ0π

2
(7)
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6.3 Again we assume a quadratic potential

V (x) =
A |ϕ (x)|2

2
. (8)

The one-dimensional Fourier transform and inverse transform are defined as follows:

ϕ̃k ≡ 1√
L

∞∫
−∞

dx eikxϕ (x) (9)

ϕ (x) =
1√
L

∑
k

e−ikxϕ̃k. (10)

The free energy can then be expressed as

F =
1

2

∞∫
−∞

dx

[
A |ϕ(x)|2 + κ

∣∣∣∣∂ϕ∂x
∣∣∣∣2
]

(11)

=
1

2

∑
k

(
A+ κk2

) ∣∣∣ϕ̃k

∣∣∣2 (12)

=
1

2

∑
k

(
A+ κk2

) [(
ℜe ϕ̃k

)2
+

(
ℑm ϕ̃k

)2
]
. (13)

The equipartition theorem then tells us that

⟨(
A+ κk2

) (
ℜe ϕ̃k

)2

2

⟩
=

⟨(
A+ κk2

) (
ℑm ϕ̃k

)2

2

⟩
=

T

2
, (14)

and so ⟨∣∣∣ϕ̃k

∣∣∣2⟩ =
2T

A+ κk2
. (15)

Since distinct Fourier components are uncorrelated, we find the correlation of two Fourier
components to be ⟨

ϕ̃∗
kϕ̃k′

⟩
= δkk′

⟨
ϕ̃∗
kϕ̃k

⟩
(16)

= δkk′

⟨∣∣∣ϕ̃k

∣∣∣2⟩ (17)

=
2Tδkk′

A+ κk2
. (18)
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Invoking (10) and (18) and replacing a sum with an integral, we have⟨
ϕ (x)∗ ϕ

(
x′
)⟩

=
1

L

∑
k

∑
k′

ei(kx−k′x′)
⟨
ϕ̃∗
kϕ̃k′

⟩
(19)

=
1

L

∑
k

∑
k′

ei(kx−k′x′) 2Tδkk′

A+ κk2
(20)

=
2T

L

∑
k

eik(x−x′)

A+ κk2
(21)

=
2T

L

∞∫
−∞

Ldk

2π

eik(x−x′)

A+ κk2
. (22)

Without loss of generality, we set x′ = 0:

⟨ϕ (x)∗ ϕ (0)⟩ = T

π

∞∫
−∞

dk eikx

A+ κk2
. (23)

We can replace this integral with a contour integral in which k traverses counterclockwise a
semicircle in the upper half of the complex plane, taking the radius of the semicircle to ∞ and
noting that the extra piece of the contour we are adding does not contribute to the integral
because the integrand vanishes as k approaches ∞ in any direction.

⟨ϕ (x)∗ ϕ (0)⟩ = T

πκ

∮
Γ

dk eikx(
k + i

√
A
κ

)(
k − i

√
A
κ

) (24)

where Γ is the contour of integration. Γ encloses a single singularity at k = i
√

A
κ . Thus by

the residue theorem, we have

⟨ϕ (x)∗ ϕ (0)⟩ = T

πκ

2πi exp

(
−
√

A
κ x

)
i
√

A
κ + i

√
A
κ

(25)

=
T√
κA

exp

(
−x

ξ

)
(26)

where ξ ≡
√

κ
A is the correlation length.

6.4 We are given the definition of the average density:

⟨ρ⟩ =
Tr

[
e−βHeβµ

∫
d3r ρ(r)ρ (0)

]
Tr

[
e−βHeβµ

∫
d3r ρ(r)

] . (27)
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The derivative of ⟨ρ⟩ with respect to µ can be evaluated via the derivative quotient rule:

d ⟨ρ⟩
dµ

=

{
d

dµ
Tr

[
e−βHeβµ

∫
d3r ρ(r)ρ (0)

]
Tr

[
e−βHeβµ

∫
d3r ρ(r)

]
−Tr

[
e−βHeβµ

∫
d3r ρ(r)ρ (0)

] d

dµ
Tr

[
e−βHeβµ

∫
d3r ρ(r)

]}
·
{
Tr

[
e−βHeβµ

∫
d3r ρ(r)

]}−2

(28)

=

{
Tr

d

dµ

[
e−βHeβµ

∫
d3r ρ(r)ρ (0)

]
Tr

[
e−βHeβµ

∫
d3r ρ(r)

]
−Tr

[
e−βHeβµ

∫
d3r ρ(r)ρ (0)

]
Tr

d

dµ

[
e−βHeβµ

∫
d3r ρ(r)

]}
·
{
Tr

[
e−βHeβµ

∫
d3r ρ(r)

]}−2
.

(29)

(The trace and derivative commute.)

d ⟨ρ⟩
dµ

=

(
Tr

{
e−βHβ

[∫
d3r ρ (r)

]
eβµ

∫
d3r ρ(r)ρ (0)

}
·Tr

[
e−βHeβµ

∫
d3r ρ(r)

]
− Tr

[
e−βHeβµ

∫
d3r ρ(r)ρ (0)

]
·Tr

{
e−βHβ

[∫
d3r ρ (r)

]
eβµ

∫
d3r ρ(r)

})
·
{
Tr

[
e−βHeβµ

∫
d3r ρ(r)

]}−2

(30)

=

(
Tr

{
e−βHβ

[∫
d3r ρ (r)

]
eβµ

∫
d3r ρ(r)ρ (0)

}
·Tr

[
e−βHeβµ

∫
d3r ρ(r)

]
− Tr

[
e−βHeβµ

∫
d3r ρ(r)ρ (0)

]
·Tr

{
e−βHβ

[∫
d3r ρ (r)

]
eβµ

∫
d3r ρ(r)

})
·
{
Tr

[
e−βHeβµ

∫
d3r ρ(r)

]}−2

(31)

=
β Tr

[
e−βHeβµ

∫
d3r ρ(r)

∫
d3r ρ (r) ρ (0)

]
Tr

[
e−βHeβµ

∫
d3r ρ(r)

]
−

β Tr
[
e−βHeβµ

∫
d3r ρ(r)ρ (0)

]
Tr

[
e−βHeβµ

∫
d3r ρ(r)

∫
d3r ρ (r)

]
{
Tr

[
e−βHeβµ

∫
d3r ρ(r)

]}2

(32)

= β ⟨ρ (r) ρ (0)⟩ − β ⟨ρ (r)⟩ ⟨ρ (r)⟩ . (33)

In this last step, I am assuming that the expected value of ρ (r) is the same for all points and
thus equals the expected value of ρ (0). Next, multiplying both sides by T = β−1, we arrive
at

T
d ⟨ρ⟩
dµ

= ⟨ρ (r) ρ (0)⟩ − ⟨ρ (r)⟩2 . (34)
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