PHYSICS 831 (Statistical Mechanics)
Final (Subject) Examination

December 15, 2005
Time: 3 hours (3:00-6:00 pm)

Student Number:

There are five problems. Please use different sheets for each part of each
problem. Do not write your name. Write your student number on every page.
Please show your work neatly so that partial credits can be given.
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where I'(n) is the Gamma function and ¢(#n) is the Riemann zeta function, some
of whose values are given below.

c(2) =1.645,¢(3) =1.202, ¢(4) =1.082
¢(5)=1.037,¢(6) =1.017
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For values of the fundamental constants please use the attached sheet.



Problem # 1

(a) The van der Waals gas is described by the equation of state
P=nRT/(V =b)—alV?*.

Justify this formula qualitatively in terms of interactions between molecules, and describe
what the coefficients a and b correspond to (exactly) in terms of molecular properties.
Derive formulae for the isothermal compressibility &, and coefficient of thermal

expansion ¢ in terms of volume V" and temperature 7 and sketch their dependence on V
for a given 7. (12 points)

(b) Derive a formula for the Joule-Thompson coefficient (QU /9¥ ), in terms of T, P and
(OP/dT), . Find the Joule-Thompson coefficient for a van der Waals gas. What happens
to this coefficient for an ideal gas? (8 points)

Problem # 2

(a) Consider a system with two single-particle orbitals (states) with energies +¢&) and

—&p. The system is populated by two non-interacting identical bosons of the same spin S.
Find the partition function and average energy/particle in terms of &, S and temperature
T. (10 points)

(b) Derive an expression for the Bose Einstein condensation temperature for an ideal gas
of non-relativistic *He atoms (mass M) in terms of the density N/V and M. (10 points)

Problem # 3

Consider an ideal ultra-relativistic two-dimensional electron gas of density n=N/4=
3.0x10"" cm™; the energy of each particle is given by € = pc, where p is the electron
momentum and c is the speed of light.

(a) Find the numerical values of Fermi energy and spreading pressure (force/length) at
zero temperature. (10 points)

(b) Show that at low temperature ( k,7 <<&, ) the chemical potential for fixed density is
given by

u(T) =£F@+aT”)

Find the power 7 and the coefficient a in terms of the density » and other fundamental
constants. State what terms you neglect to get the above power law. (10 points)



Problem # 4

Consider a system of N non-interacting localized quantum spins S’I. (I =1, N) in the
presence of an external field of strength B in the z-direction and temperature 7. The
magnetic moment of each spin is given by M =gu BS’ . Show that the zero-field magnetic
susceptibility shows Curie law behaviour

x=C/T
and express the Curie constant C in terms of N, §, gu, (15 points)

Problem # 5

You aspire to make an electron beam that delivers a perfectly constant current. The
electrons are emitted from a cathode and accelerated towards the detector that records the
current. The electrons are filtered to render the beam absolutely monochromatic (no
velocity dispersion). The electrons leave the cathode and travel to the detector
independently of one another. You do everything possible to reduce the noise in the
detector and beam and yet you notice fluctuations in the current. The fluctuation (noise)
increase with increasing mean current but more slowly, so that the relative noise
decreases. Interestingly, the noise does not depend on temperature.

(a) Identify the physical origin of this noise. (4points)

(b) Give a formula for the magnitude of this fluctuation in terms of the mean current I
and the charge of the electron e. (9 points)

(c) Can you measure the charge of the electron using this approach? (2 points)
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