2. Consider the one-dimensional potential,

0, r < —a
V()= —VW, —a<zx<a
0, x> a

Here, Vi > 0. For fixed a, find the minimum V;, for the number of bound states to equal
or exceed 1,2,3....
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Consider a particle of mass m under the influence of the potential,
2

V(@) = Vib(—2) — o p(@ —a), Vo o0, B> 0.

(a) Find the transcendental equation for the energy of a bound state?
(b) What is the minimum value of 3 for a ground state?

(c) For increasing 3 can one find more than one bound state?
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4. Consider plane wave moving in the —& direction to be reflected off the potential of the
previous problem. For(z > a) the plane wave will have the form

e—zkz _ eZzéezkz.

(a) Find the phase shift § as a function of ka, and plot for Ba = 0.5.
(b) Repeat for Ba = 2.
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(b) Repeat tor Ba = 2.

e
5. Consider a particle of mass m interacting with a repulsive § function potential, S __u.—
hz
V(x) = —pB6(x).
() = . —Bd(x) e
Consider particles of energy E incident on the potential.
(a) What fraction of particles are reflected by the potential? — 0

(b) Show that the currents at £ = 0T and £ = 0~ are the same.
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6. Consider a three-dimensional harmonic oscillator with quantum numbers n,, n, and n..
How many states are there with a given N = n, + n, + n.? Find a closed expression (no
sum). Test it for alln < 3.
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7. Calculate (O|aaataa’a’|0) and (n|a’a’a’a|m).
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8. Find 1, (), the wave function of the first excited state by applying a', defined in Eq. (1.55),
to the ground state.
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9. Consider a particle of mass m in a harmonic oscillator with spring constant k = mw?.

(a) Write the momentum and position operators for a particle of mass m in a harmonic
oscillator characterized by frequency w in terms of the creation and destruction oper-
ators.

(b) Calculate (n|X?|n) and (n|P?|n). Compare the product of these two matrix ele-
ments to the constraint of the uncertainty relation as a function of n.

(c) Show that the expectation value of the potential energy in an energy eigenstate of the
harmonic oscillator equals the expectation value of the kinetic energy in that state.
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10. (a) What is the representation of the position operator in the momentum basis — how is
(p|X| W) related to (p|¥)?

(b) Suppose that the potential is v(x) = (k/2)x*. What is the Schrédinger equation
written in momentum space; that is, what is the equation of motion of the amplitude

(p|¥(2))?
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11. Consider a potential

0, r < —a
V(z) = u(z), —a<z<a
0, r>a

where u(x) is an arbitrary real function. Consider a wave incident from the left. Suppose
that the transmission amplitude, defined as the ratio of the transmitted wave at x = a
to the incident wave at x = —a, is S(E). Now consider a wave incident from the right.

Show that the transmission amplitude, now defined as the ratio of the transmitted wave at
—a to the incident wave at a, is also S(F). (Hint: the Schrodinger equation in this case is a
real equation.)
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12. (a) Derive and solve the equations of motion for the Heisenberg operators a(t) and a'(t)
for the harmonic oscillator.

(b) Calculate [a(t), a’(¢)].
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13. (a) Calculate the correlation function (0|x(t)x(t")|0) where |0) is the harmonic oscillator
ground state, and x(t) is the position operator in the Heisenberg representation.

(b) Suppose that a time dependent force F'(t) is applied to a particle in the oscillator
potential. Show that z(t) obeys the equation of motion,

<;—; tw > x(t) = F(t)

where w is the oscillator frequency.
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14. What are the matrix elements of the operator 1/|p| in the position representation? That is,
find (r|1/|p||r’). Work the problem in three dimensions.
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15. Calculate the Wigner transform f(p, x) for a particle in the ground state of an infinite
square well potential,
oo, <0
V(w):{ 0, 0<z<a

oo, T >a

Are there any regions with phase space densities either greater than unity or less than zero?
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