1. Using the WKB approximation, estimate the lifetime of a particle of mass m initially
trapped in the ground state of a one-dimensional rectangular well,

oo, <0
Viz)y=4¢ 0, 0<z<a (6.60)
& a<z

z?
Assume the barrier is sufficiently high that the wave function in the well can be approx-
imated as that of an infinite well and that the frequency of tunneling attempts can be
thought of as the rate at which a classical particle would impact the barrier at that energy.
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2. Aparticle of mass m is initally in the ground state of a one-dimensional harmonic oscillator
of frequency w centered at * = 0. Suddenly, at time ¢ = 0, the center of the well is moved
tox = a.

(a) What is the probability of finding the particle in the ground state of the new well?
(b) What is the expectation of the energy (H) after the well is shifted?

(c) If the well were shifted slowly instead of suddenly to its new position, what would
be the probability of finding the particle in the ground state of the new well?




3. Estimate the ground state energy of the hydrogen atom using a three-dimensional har-
monic oscillator ground state wave function as a trial function.
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4. Estimate the ground state energy of the three-dimensional harmonic oscillator using the
hydrogen atom wave function as the trial wave function.
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5. Consider a particle in an infinitely deep square well of width a.
00, x< —a/2
Vo(x) =¢ 0, —a/2<zxz<a/2
00, x> a/2
A particle feels a perturbative potential, V4
Vi(z) = Bsin(mx/a)

(a) Whatis the change in the ground state energy in lowest (non-zero) order perturbation
theory?
(b) What is the correction to the energy of the first excited state to the same order?

(c) What is the correction to the wave function of the ground state to lowest order?
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6. Consider the Hamiltonian:
Hy = oo,
and the perturbation
V = Bo,

(a) What is the correction to the ground state energy to second order in perturbation
theory?

(b) What is the correction to the excited state’s energy to the same order?

(c) Write down the exact expression for the energy of the first state, and show that it gives
the same answer as part a when expanded in powers of 3.
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7. An electron initially in the ground state of a harmonic oscillator potential is placed in a
region with uniform electric field.

(a) By finding corrections to the ground state wave function in first order perturbation
theory, write down an expression for the electric dipole moment induced in the atom.

(b) An alternative method for calculating the dipole moment is to differentiate the energy
with respect to the electric field. Show that this method yields the same expression

found in (a) when one uses second order perturbation theory to find the correction to
the energy.
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8. Two electrons whose positions are defined by r; and r, relative to the centers of their

confining potentials. The confining potentials are then separated by a distance R.
1 272 2
Vo(ri,ra) = P (ry + 73)-

Positive charges +e are fixed at the centers of the potentials. The electromagnetic energy
between the two wells is:
e? e? e? e?
V= e
R |R+’I‘1—’I‘2| |R+7‘1| |R—’I"2|

Here, the repulsive interaction between the two positive ions is described by the first term,
and the repulsive interaction between the electrons is described by the second term. The
last two terms describe the attractive interaction between the electron and the ion in the
other well. The electromagnetic energy between each electron and its confining ion is
assumed to be part of the confining potential, and not part of the perturbation.

Assume that the separation R is much larger than either r; or r». In terms of the separation
between the wells, R, the mass of the electrons m, the charge e and w,

(a) Show that for large R, the interaction may be approximated as a dipole-dipole inter-

action,
2
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(b) Use second-order perturbation theory to find the electromagnetic attraction of the two
wells, V(R).

O \ X o
a 2 g
RN A S

&
<

\/: @z/)< r %ﬁ'ﬁﬁ\ —lm B \}ZD_A?»\

[ E rg JQ_‘ (K-%"L 5’“3: (Qa+£9§4@s

N—

Jrg}}1

f 2
- S —_— 2
- 2 R L [Z B (2%3
— K (l T+ R <2 R 7_@){ (,_> E>1
\ R ( T r a°| & (2 g -
——— — _ =P . -+ —’q—
[fu—fj T gl T 2K R
T
- ¢ 3(% ©)

h - A e
V - — * 2 -2 R




= ENMERNEE y
Z:K B _ L}M"w} ]26 — —/’i\ e g
g - =
By NN 61"’\ o JQ.

_ JRQ*

2 =

Z v W Kb

A a2 &

L A %
AEQ) i_"’zj;\é

R




9. Consider the function
1 Ui
g(w) =Im — =
w —1in w? + n?

where 7 is a positive real constant that approaches zero.

(a) Whatis g(w = 0)?
(b) Whatis g(w # 0)?

(c) Using trigonometric substitutions, evaluate

/_0; dw g(w).

(d) Express g(w) in terms of a delta function.
a ) o=
\) > % 0

C} 5(w)041f? /VLD,{M

z T
1o 'F/\/L

X = w/m o v o=
Q f Ton & = X

/+>( S/ +Z§\V\§’ 0(’6
T/~ M 1(; /J«—G?/\

a: LO i
’TV’Z/

V]



10. A bob particle is in the ground state of a 3-dimensional harmonic oscillator characterized
by a frequency w,

Vo = —mw?r?

2

A perturbation is added that allows a bob particle to undergo a transformation into a
mary particle. The mary particle does not feel the effects of the oscillator potential. The
bob and mary particles have the same mass m. The perturbation is of the form,

‘/bm = ggs ‘ /d3T¢;ob(r)V¢mary(r)9

where €, is the unit polarization vector of the mary particle with polarization s, which
refers to any of three directions.

(a) Calculate the lifetime of the bob particle.
(b) What is the angular distribution of mary particles whose polarization is along the z
axis?

(c) The mary particle’s three polarizations can be expressed in terms of three eigenstates
of spin angular momentum s = 1. Sketch the angular distributions for mary parti-
cles that have angular momentum quantum numbers, m, =-1,0, or 1.
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