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1.    Translational invariant interaction (periodic potential problem like Kronig-Penny Model) 

Goal: Understand set of problems featuring translational invariance that are likely to be on 
subject exam  

• In class we looked at two classes of problems

• Typically, these problems involve solving for the energy levels of a particle (or many 
particles) in the presence of a periodic potential.

Without getting too crazy, I think the Kronig-Penny model in 1-d has a lot of useful 
physics for the subject exam.

2.    Translationally invariant systems (circular chain of mass in notes)

• I think for the subject exam, we would only need to worry about 1-d problems however, 
a lot of what we cover here can carry over to 2-d and 3-d. For example, it might be 
possible to reduce a 3-d or a 2-d problem to a 1-d problem.



Problem: 1-d lattice with periodic step potentials. Find the allowed energy levels of an electron 
in this lattice.

!"

• The first step in solving any periodic potential problem is to first ignore the lattice 



Problem: 1-d lattice with periodic step potentials. Find the allowed energy levels of an electron 
in this lattice.
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• The first step in solving any periodic potential problem is to first ignore the lattice.  
• This is a much easier problem to solve. First we solve the Schrodinger equation in 

regions 1 and 2
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• For now, we assume the electron’s energy is E > 0
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 00(x) = E (x)
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2 (x) = (E � V ) 2(x)
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• Now that we have our solutions for simple problem, we need to extend it to a periodic 
lattice.

• We require that                                      where n is an integer. This is known as a Born-
Von Karman Boundary condition.

 (x) =  (x+ na)
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• Since our potential is periodic,                                  ,  the translational operator 
commutes with the Hamiltonian. This means our wavefunctions can be eigenfunctions 
of       and      .

V (x) = V (x+ na)

<latexit sha1_base64="cgaV/7ilCgAgnPkGLjax+jNU4+w=">AAACDHicbVBLSgNBEK2Jvxg/GXXppjEICUKYkYhuhKAblxHMB5IQejo9SZOenqG7RxxCruAF3OoN3Ilb7+AFPIedZBYm8UFRj/eqqOJ5EWdKO863lVlb39jcym7ndnb39vP2wWFDhbEktE5CHsqWhxXlTNC6ZprTViQpDjxOm97oduo3H6lULBQPOoloN8ADwXxGsDZSz843ik8ldI1MQ2cCl3p2wSk7M6BV4qakAClqPfun0w9JHFChCcdKtV0n0t0xlpoRTie5TqxohMkID2jbUIEDqrrj2eMTdGqUPvJDaUpoNFP/boxxoFQSeGYywHqolr2p+J/XjrV/1R0zEcWaCjI/5Mcc6RBNU0B9JinRPDEEE8nMr4gMscREm6wWrkTDRDGiJiYYdzmGVdI4L7uV8sV9pVC9SSPKwjGcQBFcuIQq3EEN6kAghhd4hTfr2Xq3PqzP+WjGSneOYAHW1y83RpoG</latexit>

⌧a

<latexit sha1_base64="cmi6ts52Wue3dnTiI9+wxX45aCQ=">AAACA3icbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lJvppB06mYSZiRBCl/6AW/0Dd+LWD/EH/A6TNgvbeuDC4Zx7ufceLxJcG9v+tkpr6xubW+Xtys7u3v5B9fCorcNYUdaioQhV10PNBJesZbgRrBsphoEnWMeb3OV+54kpzUP5aJKIuQGOJPc5RZNJ3b7BeJDidFCt2XV7BrJKnILUoEBzUP3pD0MaB0waKlDrnm NHxk1RGU4Fm1b6sWYR0gmOWC+jEgOm3XR275ScZcqQ+KHKShoyU/9OpBhonQRe1hmgGetlLxf/83qx8W/clMsoNkzS+SI/FsSEJH+eDLli1IgkI0gVz24ldIwKqckiWtgSjRPNqc6DcZZjWCXti7pzWb96uKw1bouIynACp3AODlxDA+6hCS2gIOAFXuHNerberQ/rc95asoqZY1iA9fUL7QGZGA==</latexit>

H

<latexit sha1_base64="k41IG7KD143yBlLsNOLoA3xEgXc=">AAAB/HicbVDLSsNAFL2pr1pfVZdugkVwVRJRdFl002UL9gFtKJPpTTt0MgkzEyGE+gNu9Q/ciVv/xR/wO5y2WdjWAxcO59zLvff4MWdKO863VdjY3NreKe6W9vYPDo/KxydtFSWSYotGPJJdnyjkTGBLM82xG0skoc+x408eZn7nCaVikXjUaYxeSEaCBYwSbaRmfVCuOFVnDnuduDmpQI7GoPzTH0Y0CVFoyolSPdeJtZcRqRnlOC31E4UxoRMywp6hgoSovGx+6NS+MMrQDiJpSmh7rv6dyEioVBr6pjMkeqxWvZn4n9dLdHDnZUzEiUZBF4uChNs6smdf20MmkWqeGkKoZOZWm46JJFSbbJa2xONUMaqmJhh3NYZ10r6qutfVm+Z1pXafR1SEMziHS3DhFmpQhwa0gALCC7zCm/VsvVsf1ueitWDlM6ewBOvrF/M8lbw=</latexit>

• Any time we have these two conditions, we can apply Bloch’s Theorem (no proof here)

 (x) = eikxu(x)
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Where             has the 
same periodicity as the 
lattice

u(x)
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• Now that we know the form of our solution, we now need to consider boundary 
conditions:

1. Continuity on both boundaries: 

2. Smoothness on both boundaries:

 1(0) =  2(0)
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 1(a� b) =  2(�b)
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 0
1(0) =  0

2(0)

<latexit sha1_base64="3gIwlfEtUcaxZDInMi/iDYPxq/U=">AAACGHicbVDLSsNAFJ3UV62vqMtuBotYNyUpFd0IRTcuK9gHtCFMppN26GQSZiZCCVn4G/6AW/0Dd+LWnT/gdzhps7CtBwbOPede7p3jRYxKZVnfRmFtfWNzq7hd2tnd2z8wD486MowFJm0cslD0PCQJo5y0FVWM9CJBUOAx0vUmt5nffSRC0pA/qGlEnACNOPUpRkpLrlkeRJKeuYmdVq1zeA3zsp6VrlmxatYMcJXYOamAHC3X/BkMQxwHhCvMkJR924qUkyChKGYkLQ1iSSKEJ2hE+ppyFBDpJLNPpPBUK0Poh0I/ruBM/TuRoEDKaeDpzgCpsVz2MvE/rx8r/8pJKI9iRTieL/JjBlUIs0TgkAqCFZtqgrCg+laIx0ggrHRuC1ui8VRSLFMdjL0cwyrp1Gt2o3Zx36g0b/KIiqAMTkAV2OASNMEdaIE2wOAJvIBX8GY8G+/Gh/E5by0Y+cwxWIDx9Qs6Vp7X</latexit>

 0
1(�b) =  0

2(a� b)

<latexit sha1_base64="bbPKZpk+4QKvHz8V0b+hTaYZrFE=">AAACHHicbVDLSsNAFJ3UV62vqEsXDhaxLixJqehGKLpxWcE+oA1hMp22QyfJMDMRQsjS3/AH3OofuBO3gj/gdzhps7DVAxfOnHMvd+7xOKNSWdaXUVhaXlldK66XNja3tnfM3b22DCOBSQuHLBRdD0nCaEBaiipGulwQ5HuMdLzJTeZ3HoiQNAzuVcyJ46NRQIcUI6Ul1zzsc0lP3MROK2feKbyC+buWVlAmuGbZqlpTwL/EzkkZ5Gi65nd/EOLIJ4HCDEnZsy2unAQJRTEjaakfScIRnqAR6WkaIJ9IJ5keksJjrQzgMBS6AgWn6u+JBPlSxr6nO32kxnLRy8T/vF6khpdOQgMeKRLg2aJhxKAKYZYKHFBBsGKxJggLqv8K8RgJhJXObm4LH8eSYpnqYOzFGP6Sdq1q16vnd/Vy4zqPqAgOwBGoABtcgAa4BU3QAhg8gmfwAl6NJ+PNeDc+Zq0FI5/ZB3MwPn8A8RSgPg==</latexit>



• Skipping the algebra, we get 4 equations and 4 unknowns.

A+B = C +D

<latexit sha1_base64="ESbP4AkAzM2IhxjOg/mc848d+X4=">AAACCHicbVBLSgNBEK2Jvxh/UZduGoMgCGFGIroRYuLCZQTzgWQIPZ2epElPz9jdIwwhF/ACbvUG7sStt/ACnsNOMguT+KCox3tVVPG8iDOlbfvbyqysrq1vZDdzW9s7u3v5/YOGCmNJaJ2EPJQtDyvKmaB1zTSnrUhSHHicNr1hdeI3n6hULBQPOomoG+C+YD4jWBvJvUFnqIKuUdX0226+YBftKdAycVJSgBS1bv6n0wtJHFChCcdKtR070u4IS80Ip+NcJ1Y0wmSI+7RtqMABVe5o+vQYnRilh/xQmhIaTdW/GyMcKJUEnpkMsB6oRW8i/ue1Y+1fuSMmolhTQWaH/JgjHaJJAqjHJCWaJ4ZgIpn5FZEBlphok9PclWiQKEbU2ATjLMawTBrnRadUvLgvFcqVNKIsHMExnIIDl1CGO6hBHQg8wgu8wpv1bL1bH9bnbDRjpTuHMAfr6xcPTJhJ</latexit>

↵A� ↵B = �C � �D

<latexit sha1_base64="skB2Pl94iegN5MLRk5+HVs/2KgY=">AAACJHicbZC7SgNBFIZnvcZ4W7W0GQyijWFXItoIMbGwjGAukF3C2ckkGTJ7YWZWWJY8gq/hC9jqG9iJhY2lz+Ek2cIk/jDw8Z9zOGd+L+JMKsv6MpaWV1bX1nMb+c2t7Z1dc2+/IcNYEFonIQ9FywNJOQtoXTHFaSsSFHyP06Y3rI7rzUcqJAuDB5VE1PWhH7AeI6C01TFPHODRAPANPsMZVvA1djyqAFfH5oRuO2bBKloT4UWwMyigTLWO+eN0QxL7NFCEg5Rt24qUm4JQjHA6yjuxpBGQIfRpW2MAPpVuOvnQCB9rp4t7odAvUHji/p1IwZcy8T3d6YMayPna2Pyv1o5V78pNWRDFigZkuqgXc6xCPE4Hd5mgRPFEAxDB9K2YDEAAUTrDmS3RIJGMyJEOxp6PYREa50W7VLy4LxXKlSyiHDpER+gU2egSldEdqqE6IugJvaBX9GY8G+/Gh/E5bV0yspkDNCPj+xfZEKK2</latexit>

Aei(↵�k)(a�b) +Be�i(↵+k)(a�b) = Ce�i(��k)b +Dei(�+k)b

<latexit sha1_base64="xRXb9jVP+2CHuQ3e8nJF8rXU0ew="></latexit>

A(↵� k)ei(↵�k)(a�b) �B(↵+ k)e�i(↵+k)(a�b) = �(� � k)C(e�i(��k)b +D(� + k)ei(�+k)b

<latexit sha1_base64="fnwccpHNEiTHYpiHd5M6rgoghoM="></latexit>

0

BB@

1 1 �1 �1
↵ �↵ �� �

ei(↵�k)(a�b) ei(↵+k)(a�b) �e�i(��k)b �ei(�+k)b

(↵� k)ei(↵�k)(a�b) �(↵+ k)e�i(↵+k)(a�b) �(� � k)e�i(��k)b (� + k)ei(�+k)b

1

CCA

0

BB@

A
B
C
D

1

CCA = 0

<latexit sha1_base64="suD184wpcGzEYxDGjfuL96z6gg8="></latexit>

�! <latexit sha1_base64="I3+kw+0/INKCyXrV/DYqWCoAqCo=">AAACDHicbVDLSsNAFJ3UV62PRl26CRbBVUlE0WXRjcsK9gFtKJPpJB06mQkzN0oI/QV/wK3+gTtx6z/4A36H0zYL23rgwuGcezmXEyScaXDdb6u0tr6xuVXeruzs7u1X7YPDtpapIrRFJJeqG2BNORO0BQw47SaK4jjgtBOMb6d+55EqzaR4gCyhfowjwUJGMBhpYFf7XIpIsWgEWCn5NLBrbt2dwVklXkFqqEBzYP/0h5KkMRVAONa657kJ+DlWwAink0o/1TTBZIwj2jNU4JhqP589PnFOjTJ0QqnMCHBm6t+LHMdaZ3FgNmMMI73sTcX/vF4K4bWfM5GkQAWZB4Upd0A60xacIVOUAM8MwUQx86tDRlhhAqarhZRklGlG9MQU4y3XsEra53Xvon55f1Fr3BQVldExOkFnyENXqIHuUBO1EEEpekGv6M16tt6tD+tzvlqyipsjtADr6xdEkpyG</latexit>

• This is of the form               and since we want a non-trivial solution, A needs to be 
singular. We guarantee this by solving det(A) = 0.

A~x = 0

<latexit sha1_base64="G/HfhD1fc4R5Ns9YDTTO0O0SRts=">AAACCHicbVDLSsNAFJ3UV62vqks3g0VwVRKp6EaounFZwT6gDWUyvW2HTiZxZlIMIT/gD7jVP3Anbv0Lf8DvcNpmYVsPXDiccy/ncryQM6Vt+9vKrayurW/kNwtb2zu7e8X9g4YKIkmhTgMeyJZHFHAmoK6Z5tAKJRDf49D0RrcTvzkGqVggHnQcguuTgWB9Rok2knuNO2OgyVOKr7DdLZbssj0FXiZORkooQ61b/On0Ahr5IDTlRKm2Y4faTYjUjHJIC51IQUjoiAygbaggPig3mT6d4hOj9HA/kGaExlP170VCfKVi3zObPtFDtehNxP+8dqT7l27CRBhpEHQW1I841gGeNIB7TALVPDaEUMnMr5gOiSRUm57mUsJhrBhVqSnGWaxhmTTOyk6lfH5fKVVvsory6Agdo1PkoAtURXeohuqIokf0gl7Rm/VsvVsf1udsNWdlN4doDtbXL92HmgQ=</latexit>



Result for E > 0:

What does it mean?
• This gives us the relationship between the electron’s wave vector k (related to it’s 

momentum) and the energy inside and outside the potential barriers.

• Since                                 , this places a restriction on        and     (hence E) .cos(ka) 2 [�1, 1]

<latexit sha1_base64="hXXMnJ9ymaeLYhbolil7cSgCPk0=">AAACEHicbVDLSsNAFJ3UV62vaJduBotQQUsiFV0W3bisYB+QhDKZTtuhk5kwMxFC6E/4A271D9yJW//AH/A7nLZZ2NYDFw7n3Mu5nDBmVGnH+bYKa+sbm1vF7dLO7t7+gX141FYikZi0sGBCdkOkCKOctDTVjHRjSVAUMtIJx3dTv/NEpKKCP+o0JkGEhpwOKEbaSD277GOhqmN0Bn3KoXfhnrtBz644NWcGuErcnFRAjmbP/vH7AicR4RozpJTnOrEOMiQ1xYxMSn6iSIzwGA2JZyhHEVFBNnt+Ak+N0ocDIc1wDWfq34sMRUqlUWg2I6RHatmbiv95XqIHN0FGeZxowvE8aJAwqAWcNgH7VBKsWWoIwpKaXyEeIYmwNn0tpMSjVFGsJqYYd7mGVdK+rLn12tVDvdK4zSsqgmNwAqrABdegAe5BE7QABil4Aa/gzXq23q0P63O+WrDymzJYgPX1C8uSm/0=</latexit>

↵

<latexit sha1_base64="xrO8HtCDBUBiagl3YGxaGGwH4JU=">AAACAXicbVDLSgNBEJyNrxhfUY9eBoPgKexKRI9BLx4jmAckS+idzGbHzM4OM7PCEnLyB7zqH3gTr36JP+B3OEn2YBILGoqqbrq7AsmZNq777RTW1jc2t4rbpZ3dvf2D8uFRSyepIrRJEp6oTgCaciZo0zDDaUcqCnHAaTsY3U799hNVmiXiwWSS+jEMBQsZAWOlVg+4jKBfrrhVdwa8SrycVFCORr/80xskJI2pMISD1l3PlcYfgzKMcDop9VJNJZARDGnXUgEx1f54du0En1llgMNE2RIGz9S/E2OItc7iwHbGYCK97E3F/7xuasJrf8yETA0VZL4oTDk2CZ6+jgdMUWJ4ZgkQxeytmESggBgb0MIWGWWaET2xwXjLMayS1kXVq1Uv72uV+k0eURGdoFN0jjx0heroDjVQExH0iF7QK3pznp1358P5nLcWnHzmGC3A+foFC7+YCA==</latexit>

�

<latexit sha1_base64="AZyRvsGLHioH04Q3QUNBkjuVymI=">AAACAHicbVBNS8NAEJ3Ur1q/qh69BIvgqSSi6LHoxWMF0xbaUDbbTbt0swm7EyGEXvwDXvUfeBOv/hP/gL/DbZuDbX0w8Hhvhpl5QSK4Rsf5tkpr6xubW+Xtys7u3v5B9fCopeNUUebRWMSqExDNBJfMQ46CdRLFSBQI1g7Gd1O//cSU5rF8xCxhfkSGkoecEjSS1wsYkn615tSdGexV4hakBgWa/epPbxDTNGISqSBad10nQT8nCjkVbFLppZolhI7JkHUNlSRi2s9nx07sM6MM7DBWpiTaM/XvRE4irbMoMJ0RwZFe9qbif143xfDGz7lMUmSSzheFqbAxtqef2wOuGEWRGUKo4uZWm46IIhRNPgtbklGmOdUTE4y7HMMqaV3U3cv61cNlrXFbRFSGEziFc3DhGhpwD03wgAKHF3iFN+vZerc+rM95a8kqZo5hAdbXLzu4l5Q=</latexit>

• There will exist some region of E that will not satisfy this equation. These regions 
where there are no solutions in the k-E plane are called “band gaps”. 

cos(ka) = cos(�b) cos(↵(a� b)) +
↵2 + �2

2↵�
sin(�b) sin(↵(a� b))

<latexit sha1_base64="DCR7HLOZVJTTLYvzcnfAnwLo5TA="></latexit>

Result for E < 0 : ↵ ! i↵

<latexit sha1_base64="vg9zh0Atpyee1RImhlDwEpyX5pY=">AAACGHicbVDLSsNAFJ3UV62vqMtuBovgqiRS0WXRjcsK9gFNKDfTSTN08mBmooTQhb/hD7jVP3Anbt35A36H0zYL23rgwuGce7n3Hi/hTCrL+jZKa+sbm1vl7crO7t7+gXl41JFxKghtk5jHoueBpJxFtK2Y4rSXCAqhx2nXG99M/e4DFZLF0b3KEuqGMIqYzwgoLQ3MqgM8CQA7go0CBULEj5jhuTgwa1bdmgGvErsgNVSgNTB/nGFM0pBGinCQsm9biXJzEIoRTicVJ5U0ATKGEe1rGkFIpZvPnpjgU60MsR8LXZHCM/XvRA6hlFno6c4QVCCXvan4n9dPlX/l5ixKUkUjMl/kpxyrGE8TwUMmKFE80wSIYPpWTAIQQJTObWFLEmSSETnRwdjLMaySznndbtQv7hq15nURURlV0Qk6Qza6RE10i1qojQh6Qi/oFb0Zz8a78WF8zltLRjFzjBZgfP0Chfig2w==</latexit>

cos(ka) = cos(�b) cosh(↵(a� b))� ↵2 + �2

2↵�
sin(�b) sinh(↵(a� b))

<latexit sha1_base64="S0IbrqDYv7v006XoaNVCBFNZosg="></latexit>



Recover Dirac Delta model solution:

cos(�b) ⇠ 1 as b ! 0

<latexit sha1_base64="TAUyxizu0P5jny33TyVyl+2fGTs="></latexit>

sin(�b) ⇠ �b as b ! 0

<latexit sha1_base64="jmpeCuXHiSQyPQvWdZXn7KXqdTo="></latexit>

cos(ka) = cos(�b) cos(↵(a� b)) +
↵2 + �2

2↵�
sin(�b) sin(↵(a� b))

<latexit sha1_base64="DCR7HLOZVJTTLYvzcnfAnwLo5TA="></latexit>

• To get the Dirac delta solution, we take b �! 0

<latexit sha1_base64="Qy+fzmPE751VarRS5aSk6dtkino=">AAACEHicbVBLSgNBFHwTfzH+RrN00xgEV2FGFF0G3biMYD6QDKGn00ma9HQP3T3KMOQSXsCt3sCduPUGXsBz2ElmYRILHhRV71GPCmPOtPG8b6ewtr6xuVXcLu3s7u0fuIdHTS0TRWiDSC5VO8SaciZowzDDaTtWFEchp61wfDv1W49UaSbFg0ljGkR4KNiAEWys1HPLIepyKYaKDUcGKyWfkNdzK17VmwGtEj8nFchR77k/3b4kSUSFIRxr3fG92AQZVoYRTielbqJpjMkYD2nHUoEjqoNs9vwEnVqljwZS2REGzdS/FxmOtE6j0G5G2Iz0sjcV//M6iRlcBxkTcWKoIPOgQcKRkWjaBOozRYnhqSWYKGZ/RWSEFSbG9rWQEo9SzYie2GL85RpWSfO86l9UL+8vKrWbvKIiHMMJnIEPV1CDO6hDAwik8AKv8OY8O+/Oh/M5Xy04+U0ZFuB8/QI+Bp2A</latexit>

V0 �! 1

<latexit sha1_base64="tz8EZAfRZYzCEwpg/2Tjqv9nJkY=">AAACGXicbVDLSgNBEJyNrxhfqx71MBgET2FXInoMevEYwTwgCWF2MpsMmZ1ZZnqVZcnF3/AHvOofeBOvnvwBv8PJ42ASCxqKqm66u4JYcAOe9+3kVlbX1jfym4Wt7Z3dPXf/oG5UoimrUSWUbgbEMMElqwEHwZqxZiQKBGsEw5ux33hg2nAl7yGNWScifclDTglYqese17uZN8JtoWRf8/4AiNbqEbe5DCHtukWv5E2Al4k/I0U0Q7Xr/rR7iiYRk0AFMablezF0MqKBU8FGhXZiWEzokPRZy1JJImY62eSLET61Sg+HStuSgCfq34mMRMakUWA7IwIDs+iNxf+8VgLhVSfjMk6ASTpdFCYCg8LjSHCPa0ZBpJYQqrm9FdMB0YSCDW5uSzxIDadmZIPxF2NYJvXzkl8uXdyVi5XrWUR5dIRO0Bny0SWqoFtURTVE0RN6Qa/ozXl23p0P53PamnNmM4doDs7XL/FXoas=</latexit>

p =
mV0b

~2

<latexit sha1_base64="V0JiDEc/3FkHXBcriNZ/sJe9L7A=">AAACHHicbZDLSsNAFIYn9VbrLerShYNFcFWSUtGNUHTjsoK9QBPDZDpphk4uzEyEELL0NXwBt/oG7sSt4Av4HE7aLGzrDwM//zmHc+ZzY0aFNIxvrbKyura+Ud2sbW3v7O7p+wc9ESUcky6OWMQHLhKE0ZB0JZWMDGJOUOAy0ncnN0W9/0i4oFF4L9OY2AEah9SjGEkVOfpxDK+g5XGEswD2nMzIoZtnlu8i/pA189zR60bDmAouG7M0dVCq4+g/1ijCSUBCiRkSYmgasbQzxCXFjOQ1KxEkRniCxmSobIgCIuxs+pEcnqpkBL2IqxdKOE3/TmQoECINXNUZIOmLxVoR/lcbJtK7tDMaxokkIZ4t8hIGZQQLKnBEOcGSpcogzKm6FWIfKSpSsZvbEvupoFgUYMxFDMum12yYrcb5Xavevi4RVcEROAFnwAQXoA1uQQd0AQZP4AW8gjftWXvXPrTPWWtFK2cOwZy0r1/mFKIT</latexit>

cos(ka) ⇠ cos(↵a) + p
sin(↵a)

↵
as b ! 0, V0 ! 1

<latexit sha1_base64="yw2jaVlKTsLHgetPKJjbovE2l3c="></latexit>


