
An electron is in an ` = 1 state of a hydrogen atom. It experience a spin orbit interaction

Vso = α~L · ~S

and feels a uniform external magnetic field

Vb = µ~B ·
(
~L+ 2~S

)
Calculate the eigenvalues of the Hamiltonian in the |JM〉 basis.

Calculate the Clebsch-Gordan coefficients.
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We can use these relations to form a matrix that transforms a |m`,ms〉 state into a |JM〉 state.
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|ψ(J)〉 = C |ψ(`s)〉

Any permutation of this matrix also works, as long as the basis vectors are adjusted accordingly. Since the
Clebsch-Gordan coefficients are real (by convention), the transpose of this matrix is its inverse.

CT = C−1

This can be demonstrated by solving for the |m`,ms〉 states in terms of the |JM〉 states. In this case,

C = CT = C−1

but this is not true in general.

Now we write down the Hamiltonian. The spin-orbit component is diagonal in the |JM〉 basis.
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All off-diagonal matrix elements give zero.
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In contrast, the component due to the magnetic field is diagonal in the |m`,ms〉 basis.〈
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We perform a transformation to the |JM〉 basis using the matrix of Clebsch-Gordan coefficients.
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Behold:
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By choosing unit vectors such that the matrix of Clebsch-Gordan coefficients is block-diagonal, the eigenval-
ues are easily calculated:
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