Chapter 1

1. Suppose you are doing a fixed-target experiment at the LHC. The protons have a beam energy
of 7 TeV. (The proton mass is 938.28 MeV /c?). If the experiment were redone with a collider built
with an equivalent center-of-mass energy, what would that energy be.

The problem states that we perform a fixed target experiment where the incident beam has an
energy of 7 TeV. Then it asks what the beam energy would be if we boost to the CM frame. In
what follows, we will refer to the fixed target frame as the lab frame.

In the Lab frame we define two four vectors: one for the beam and one for the fixed target, each of
mass m.

P’ = (E,p,0,0) (0.1)

Pl = (m,0,0,0) (0.2)

Next, we calculate the Lorentz Invariant quantity, s, the square of the center of mass energy.

s = (P{'+ Py)? (0.3)
s=(P{) +2PPy , + (P})° (0.4)
s =m?+2(Em) +m? (0.5)

where we have used the fact that E? — |p]?> = m? in the previous step; therefore, s is given by

s =2m(E 4+ m) (0.6)

With s known in the lab frame, we now want to calculate it in the CM frame. Again we define two
four vectors: one for each beam, mass m.

P = (E',p,0,0) (0.7)

P} = (E',—p',0,0) (0.8)

In the CM frame, recall the momenta are equal and opposite and the energy of each beam is the
same, then, again forming s,

s=(P"+ P (0.9)

s =4E" (0.10)



Since s is invariant, we can equate its expression in the lab frame to the CM frame, in order to
solve for the beam energy in the CM frame.

2m(E +m) = 4E" (0.11)

Finally, with a little algebra we get E’ in terms of

m(m + E)
2
After plugging in the numbers we find £ = 0.057 TeV.

2. This is very similar to problem 1. We start in the CM frame and want to boost to the fixed target
frame. In problem 1 we already defined the relevant four vectors and calculated the invariant, s, in
each frame. Here we want to solve for the energy in the lab frame in terms of the CM energy.

E = (0.12)

s =2m(E +m) = 4E" (0.13)

Rearranging and solving for E

4E/2_2 2 2E/2_ 2
o mo_ m (0.14)

2m m

Plugging in the relevant values results in £ = 1.04 - 10° TeV.
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3. Consider a 1+ 1 dimension vector, (E, p), where m? = E? —p?. Consider the transformed vector,

pl, = Las PP, show that m” = E” — p? = m?.

We are given the vector, (E, p), where m? = E? —p?, and are told to show that m? = E’2—p? = m?.

First, we will use the given definition of p’a to construct that four vector.

P = Lagp” (0.15)
, _( coshn sinhnp E \ ([ Ecoshn+psinhn (0.16)
Pa = sinhn coshn p )\ Esinhn+ pcoshn '
Since m/2 — El2 _ pl2 — p/ap/a’
pLp'® = (E coshn + psinhn)® — (Esinhn + pcoshn)? (0.17)

After some algebra and utilizing the fact that coshn? — sinhn? = 1, you are left with

E? +p*=m? (0.18)



4. Consider two particle with four-momenta p, and p,. Particle a is recorded at the space time
point 7, = (0,0,0,0) and particle b is recorded at r, = r. For an observer moving with particle a
find the time at which particle b passes at the point of closest approach. Express your answer in
terms of Lorentz invariants, i.e., dot products involving p, , py and r.

So, for this problem, we have two particles with four momenta P, and P, and positions r, = (0,0,0,0)
and r, = r. We are moving with particle a, so we need to set up projectors in this frame.

o ey Paa(Pfl'T)

r'* =r —T (Olg)
o o Pt?(Pa'Pb)

P = pp - et (0.20)

These projectors remove the o = 0 component of the position and momentum in the center of mass
frame because they are written in terms of invariants. The energy is defined by:

_P,-R
=

a

E, : (0.21)

since the energy is the first component of the momentum four vector. In terms of these invariant
quantities, the time of closest approach is defined as:

Eb(’f’/ . Pl;)

== pn

(0.22)
After plugging in the appropriate values and performing some simplifying algebra, the time of
closest approach comes out to be

(Po- B)((r- ) — Rl

VIR = )

5. We're given Py and F;* in some frame. We want to determine the relative velocity of the two

particles in the CM frame. The magnitude of v, is

t=—

(0.23)

|Vret| = |Ta — T (0.24)
where ¥ in the CM frame is v = %
The total four momentum is
P =P+ B} (0.25)
The CM energy is
s= (P =m2+mi+P, P (0.26)



Using Projectors we can define the CM four vectors

(P-F)

Pl = P —
S

Pe (0.27)

P-P)

Pl =p* — ( P (0.28)

S

Then, we have for the CM energies

_P,-P _m2+P,-P

B = NG 7 (0.29)
Pb - P m2 + P, Pb
/o _ b a
R v (0.30)
Finally, after a little algebra,
P,-P 2 _ 0n2,,211/2
S[( b) mamb] (()31)

Urel| =
[vreil (m2 + P, - B,)(mZ+ P, - P,)

6. The Lorentz transformation is a tensor, £*?, which transforms some four vector p® observed by
an observer moving with four velocity u® to a vector p'® as determined by an observermoving with
four-velocity u'® .

Lgp® =p*°

Since L is a tensor it must be of the form,

L% = Auu'® + Bu'*v® + Cuu® + Du'*u'® + Eg*®

(a) The first part of the problem asks us to determine the coefficients A through E of the lorentz
transformation tensor. By comparing the two

matrix forms of the lorentz transformation, you can set up five equations relating A, B, C, D, E, v,
and . They are as follows:

Ay+By+C+ Dy +E=x (0.32)
—Ayv — Dy*v = —yw (0.33)

Byv + Dy = —qv (0.34)
—DyVv*+E=1 (0.35)

E=1 (0.36)

(0.37)



This system of equations has five equations and 5 unknowns, so it is possible to solve for A, B, C,

D, and E in terms of v and v. To help simplify these expressions, the equality 7? —

v¥y? =1 was

used. The constants were found to be:

2 +1
_ (0.38)

v+1

1
BeC—D<— (0.39)

v+1
E=1 (0.40)

(b) Next we are asked to show that L uy = u®

By plugging in the given Lorentz transformation matrix and four vector representation and using

again that ~?

v -

—w
0 0
0 0

— 0292 = 1, we see that:

0 0 ol v? — 22 1
0 0 v —72v + % 0 N
10 % - 7o7 o | 7" (0-41)
0 1 0 0 0
¢) Lastly, we are asked to show that L**Ls, = ¢%, which is the identity matrix.
By vy
v —yv 0 0 vy v 0 O 1 00 0
—yv v 00 yw v 00 | 0100 3
0 0 10 0 010] [oo0o10]|"%h (042)
0 0 01 0 0 01 0 001



Chapter 2

1. Consider the case for the complex scalar field interacting with a vector field, see Eq. (2.5).
Find an expression for the current, j¢, in terms of ¢, derivatives, and eA, such that one
satisfies the equation of continuity, d,j* = 0.

Consider the current density

e

j [¢ (Zda €Aa)¢+¢(—ida o €Aa)¢*j|.

[\.')lH

This equation is obtained by taking the real part of the current density ¢*id*¢ while account-
ing for the potentials eA*. To ensure that the continuity equation is satisfied, we take the
derivative of j*:

daj” %[ a(971d0) — do (¢ e A%) — du(did*¢*) — do(PeA%¢")] (0.43)
%[( @) (d*) + ¢*dad®d + Pie A" + ¢*idn(eA%9)
— (d°¢")(da®) — ¢dad®d" + ¢ ieA%da¢ + Gida(e A7) (0.44)
[( ) (dY¢) + ¢*(d*¢ + ida(eA%P) + icAdug)
— (da¢")(da®) + ¢(—d*¢" + ido(eA¢") + ieA%dnd")] (0.45)
:5 (0% () + ida(eA%P) + i€ Ady )
+ O(—d*¢" + ido (e A%") + i A%dad™)]. (0.46)

The Klein-Gordon equation allows to to rewrite Eq. (?7) as

QY Z k * *
daj® = 56" (PA% = m*9) + olm?e" — 2A%")],
which is simply

dnj® = 0. O



2. Consider the case of a particle of momentum p, > 0 incident on a step function potential
as was done in the example above, only with the potential being the zeroth component of a

vector potential,
0, <0
6140 = { %’ >0

Let the mass, m, be constant and let A;(z) = 0 everywhere.

(a) Calculate the transmission and reflection
coefficients.

(b) Show that current is conserved across the boundary.
(c) What range(s) of V; allow for propagating solutions (not exponentially damped) for z > 07
(d) Calculate and plot both the charge density jo and current density j, as functions of

x for one example in each separate range in (c). Be sure to plot for both positive and negative
x.

(a)
We assume a solution of the form

ePet 1 Be~ et < ()
V() = { CePa® x>0

The boundary conditions require the wave function and its first derivative to be continuous
at x = 0, giving

1+B=C (0.47)
ipy — ip.B = ip;cca <O48>

which can be solved algebraically to give B and C' as

/

B= % (0.49)
C = pfﬁ “’pg. (0.50)
The reflection coefficient is then
Rt = (B2,
Pz + Pl
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while the transmission coefficient is given as

(b)

Current density is given by

j* = (A7) — ¥ (d*)].

For ¢(x) as given in Eq. (??7), we consider first the region # < 0. Then, we have

S TP o
Jz<0 25[(—%6 Pe +iB*p.e?*)(e'pyx + Be %)
:% [ = ipe — ipe Be™ P + iBp,e*™** + ip, | BJ?

_ ipz + Z'sze—Qipxm o ip$B*62ipmz + ip$|B|2}
:5( — 2ipy + 2@pz|B|2)
=Pz (1 - |B|2)
Apip;,
(= +15)%

Similarly, for the region = > 0, we have

o 1 . .
oo 25( —ipL|C)? — ipl|C?)
=p,|C|?

Ap2p,

(pe +1,)%

Thus, current is conserved across the boundary at x = 0 since

j:?<0 = j§>0~ O

(c)



We know from energy conservation that

E=+/p2+m?=+/p2+m?+1,.

To avoid exponentially damped solutions when z > 0, we choose p/, to be real so that the
exponent in 1(x > 0) = ¢®:* is complex. The limiting values of V; that correspond to pl,
being real are found by setting p/, equal to zero and solving for Vj, that is,

vy =V/(E —=Vo)2—m? =0 (0.59)
E-Vi=+m (0.60)
Vo =E £ m. (0.61)

Thus, the ranges of V} for which solutions propagate are Vo > E +m and Vy < E —m.

(d)
Charge density jg is given by

i :{ Lrdp — Y], T <0
T St Gide — Vo) + w(—idy — Vo)y], @ >0

while current density j, is represented as
for

i(Et—pa) —i(Et—pex)
e + Be , <0
¢($at) = { Cei(Et—p;x)’ r>0"

Note that for this solution p, and p/, are the three-dimensional momenta for the two regions
x < 0 and x > 0, respectively. Solving for j, and j; for both regions yields

jo(z <0)=—E(1+4|B]*) = —=2y/p2 + mQ% (0.62)
Jo(z > 0) =(E = W)|C|* = ﬂ) (0.63)
o < 0) =pa(BF — 1) = — L (0.64)
jile > 0) = — pL|CP? = —@ﬁ%. (0.65)



-4 -2 0 2 4
Figure 0.1: Plot showing jg and j; for Vo > E +m.

We see that j, is conserved across the boundary x = 0, whereas jy is not conserved. Plots
were made of the charge and current densities. For all plots, we let p, = 1, p/, =2, and m = 2,
while we set Vy = 1.2(E'+m) in Fig. (??) and Vj, = 1.2(E —m) in Fig. (??). While not shown
explicitly in the plots, note that when Vi = E + m that j, = j, and when V) = ' — m that
Jo = —Jz-
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4 -2 0 2 4

Figure 0.2: Plot showing jy and j, for Vo < E4+m
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3. Consider the Langrangian density for the electromagnetic field, A#(x), coupled to an external
current j(z):

1
L= —2F"Futej- A Fu=dA, —dA,

(a) Solve for the equations of motion for A* and show that this is equivalent to four of
Maxwell’s equations. Derive and express the four equations in terms of E and B.

(b) The other four equations come from the identity do"*® = 0, where F°% = 2[5,
Since €7 is anti-symmetric in the indices, and since d,, appears twice in d, F*°,

doF*P = *Pd,(d, As — dsA,) = 0.

Express these equations in terms of E and B.

12



Chapter 3

1.

(a) First, let’s calculate 82, {a, 8} and {a’, o’}
5 = (0 —I[) (O —]I) _ (]I 0)
-I 0 -1 0 0 I
= (5 o) (G 9) (596 5)=
6= 6 -6 D6 D5 )
Now, we expand write the square as two different terms.
(p'a’ +mpB)* = (p'a’ +mB)(p’o’ +mp)
Then by multiplying the terms out we get:
=pa'p o +p'admpB +mpBp o’ +m? 3
Remembering that 3? = 1 and that {3,a'} = 0 we obtain:
= pipaial + pimalf — pmadf + m?
We can rewrite the first term as:
praial = 1/2pp (a'ed + aa’) = 1/2pp {al, o7} = pipl 07

We can rewrite it in the above form since we are summing over ¢ and 5. We now obtain
the desired result:
(p'a’ +mp)* = | +m?

(b) u(p) and v(p) are solutions to the free Dirac equation. Guess solution of the form:

u(p) = (¢(p>) emire

x(p)

where ¢ and x are two component spinors. Since p is only along the positive z-axis,
p - x = pz. Plugging into the Dirac Equation in the chiral representation, we get:

Eu(p) = (p - @)u(p) + mpu(p)

Plugging in the v and 8 matrices in the chiral representation, and remembering only o

contributes, we get:
o)\ _ . (0° O 0 —I
E (x(p) =Pl —o=)T™ 1 o

Multiplying the matrices out, we obtain:

E¢ = po*dp —my (0.66)
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and
Ex = po*x —m¢

We want ¢(p) to be an eigenfunction of p - o so:

potor = Epdr = ¢y = ((1)) O = ((1))

Plugging ¢ into (??), we obtain an equation for u(p). These solutions are:

1
X+ = —(EFp)os
m
1 0
0 1
= ur(p) = | B-p u-p) =1
0 Etp

The same process can be used to find the equation vy (p) with £ — —FE| this results in:

1 0

0 1
vi(p) = _ Etp v_(p) = 0

Om —E+p

Normalizing the solutions, such that uu = 2FE, one obtains the solutions:

1 0
p+m 0 p+m 1
Up = —F— u_(p) = ———
P AErm |1 (p) 2(E+m) [0
0 1
And doing the same for vv:
1 0
—p+m 0 —p+m 1
v = v_ e
+(P) 2(E+m) |1 (®) 2(E+m) | 0

—1

First, let us look at the limit p — 0. This implies that £ — m, giving the solutions for
u:

1 0

0 1

up(p) =vm | | u-(p) =vm |,

0 1

And the solutions for v:

1 0

0 1

vi(p) =vm | v-(p)=Vm|
0 -1



In the limit that p — oo, we obtain the solutions for w:

0 0
uy(p) = V2E (1) u_(p) = V2E (1)
0 0
And the solutions for v:
1 0
vi(p) = V2E 8 v-(p) = V2E 8
0 -1

In the massless limit, the Dirac Equation simplifies to:
Eu(p) = (a - p)u(p)
Also, in the massless limit, £ = |p|
= [plor = (p-0o)pr ., E[plxa=—-(pP-o)xx
Also, we want (p - X)u = +|p|u, applying the two conditions leads to the forms for the

solutions being:
uwia= () o e ()

Solving for ¢4, one obtains:

Pz Pz — ipy -+
(pax + ipy —D: ) ¢i |p|¢i

This leads to the solutions. The solution for positive helicity and positive |p| is given by:

p- + |p|

Dy + 1P
u(p) = [ 77"

0

The solution for negative helicity and positive |p| is given by:

P — |p|

Pe + ip
u(p) = 0

0
The solution for positive helicity and negative |p| is given by:

0

0
p- + P
Dz + 1Py

v(p) =

15



The solution for positive helicity and negative |p| is given by:

0

0
Pz — |p|
Dz + 1Py

v(p) =

(e) If one only used two-by-two matrices, then the matrices in the Dirac Equation would
be the Pauli Matrices. In this situation, the solutions would be spinors instead of bi-
spinors. Also, this would result in having the positive energy solutions always having
positive helicity, and negative energy solutions always having negative helicity.

2. Show that p* = p°.

Note that p is a 4 x 4 matrix and so the p? on the right hand side is multiplied by an implied
4 x 4 identity.

o= (") (0.67)
= YD’ (0.68)
1 v
= 5{%“7 }pupu <O69>
Now, using {7*, 7%} = 2¢9*°1.
2 1 VTl

# = 520 I, (0.70)

= p'pu (0.71)

= p° (0.72)

—

3. Show that v(—p) = (@ - p)u(p) . Le., show that if u is a positive energy solution, (& - p)u(p)
will be a negative energy solution.

u and v are the positive and negative plane wave solutions to the Dirac equation. Let’s choose
the solutions to be oriented along the z-axis in the chiral representation as we found in problem
1.

1 1
0 0

U(p) = E—p ) U<p) - —FE—p (O73)
0 0

Then

16



1
o g 0\ .| o
(@-plu(p) = (0 _5) Ps | Bop (0.74)
0
1
o, O 0
_ (0 _UZ> 2 (0.75)
0
1 0 0 0 1
0 -1 0 0]] 0
= 1o o —10f]|E (0.76)
00 0 1 0
1
0
= | =B (0.77)
0
— u(—p) (0.78)

4. Show that (p+m) /2m is a projection operator that projects out either the positive or negative
energy solutions for momentum p depending on whether p, is +£, or —E,,.

A projection operator acting on itself, should yield itself.Using our result from Problem 2,
P° = p* = m® get see that

(0.79)

p+m\> (P +2mp+m?)  2mP+2mp  p+m
2m B 4dm? C 4m? - 2m

So (p +m)/2m is a projection operator.
The most general solution to the Dirac equation is a linear combination of the positive energy

solution and the negative energy solution ¢ = Au(p)+ Bv(p). The projection operator should
project ¢ onto u(p) if po = +E, and ¢ onto v(p) if py = —E, where explicitly

(Poyo — 7+ 7 — m)u(po,p) = 0 (0.80a)
(=povo + 57 —m)v(po, p) =0 (0.80b)
or
(p070 - ﬁ ’7)”(})0,[7) = mu(p()?ﬁ) (0818“)
(=povo + - ¥)v(po, ) = mu(po, P) (0.81b)
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If py = £, then,

PEMY g = 2 ro— T+ m)ut - (oo — 75 + m)
om = 2mpo% p-yTrm)u 2mpo’Yo p-yvy+—m)v

A B
= %(m +m)u + %(—m +m)v = Au

Conversely if py = —E), then,

+m A L. B Lo
<%EJ¢:=égmm—pw+mm+5#mw—pv+mv
A B
= %(—mij)u—l—%(m%—m)v:Bv

5. Beginning with calculating u = Suy:

S =e"’3
S = cosh(g) — sinh(g)fyofy?’
cosh(3) 0 —sinh(%) 0

0 cosh(3) 0 sinh(
—sinh(3) 0 cosh(7) 0
0 sinh(%) 0 cosh(

NS

)
)

S:

IS

Acting S on wug, where uy = (1,0,0,0) gives:

cosh(3)
0
S0 = | ginh(2)
0
Now calculating u(p) = ﬁ(lb + m)ug:
Z(p)u(p) = (p +m)uo
Po +m 0 —|p| 0
_ 1 0 pot+m 0 p|
é%ﬁ—zm) p| 0 —po+m 0
0 —|p| 0 —Po+m
po+m
= u(p) 1 0
up) = =—
YTz | el
0

Setting each term in (??) and (?77) equal to each other, one obtains:

Z(p)cosh(2) =py+m . —Z(p)sin(2) = |p|

18
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Squaring both equations and subtracting the second one from the first, one obtains:

(Z(p))Q(CoshQ(g) — sinhg(g)) = (po +m)* — |p|* = p3 + 2pom + m* — |p|* = 2m(py + m)

Solving for Z(p) one obtains:
Z(p) = v/2m(po +m)
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Chapter 4

1. The Dirac Equation in free space is
H= pra+ Bm
In the presence of a magnetic field the momentum becomes
p — p — eA where p = Zpiéi and p; = —id;
This implies that the hamiltonian takes the form
H=(p—ecA)

The conditions that A, = A, = Ay =0, A, = Bz, and o = & make the equation

~

H =p,0, +p.0. + (py — eBzx) o,
= —i0,0, — 10,0, + (—id, — eBx) g,
(B) Now we'll try a solution of the form

2
b= e—iEt+ikyy+ikzze—% ((1))

To do this, apply the hamiltonian to 1) and equate it with E1. First, the hamiltonian will be
written in a more convenient form.

A 01 1 0 0 —2
H—pm(1 O)+pz<0 _1)—|—(py—eBx)(i O)

— ( ‘ Pz px_i(py_eBx))
px+z(py _€B$) —D:z

o P px — i (py — eBz) L\ iBtvikyytib.. - 29"
Hw_(px—f—i(py—eBm) . NE Y e 2R

3 D= Btttk s — @29
Hy = . e yYTIzZ 0T ToR2
¥ <pz +1(p, — eBx))

¥
—l5; (@=z0)*

Hy = i 4+ i(—id — eBx e iBtikyyFikaz o~ op
ox oy

k-

Hy = |
= Hy (—Z(mgfo) + i (k, — eBx)

i Ettik ik _(acfxo)z
e Wtk ytIR2 o T IRRYT — B

From the form of ¢, we know that:

k,=F
r — 2o
027—}-]{@—63{1)

20



r — X
RQ

However, k, should not depend on x so we should choose R and x, such that any x dependence
disappears.
1 Zo
]{fy: (GB—E):U‘FE

1 k
= R’= — and 1y = —%
eB " eB
So the eigen-energy is zero for a particle with no motion in the z-direction and the case of
motion in the z-direction, the energy is the momentum in the z-direction.

= k, = eBx —
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Chapter 5

5.1

Consider the non-relativistic case presented in Sec. 5.1. Consider a state at ¢t = 0 whose

state is a wave packet of the form

k o 1 d3k d_(k_k0)2/4m2 t k 0
| 07’i> - (27_‘_)3/2 (27”{2)3/4 CL( >| >

(a) Calculate (ki, k)ks, k.

(b) Calculate (ko, x|H)k, x, where H is given in
Eq. (5.12).

Starting from the given expression for |kg, k), we have

1 d3k d3k! —(k—k 2 4&2

x e~ K =k2)*/45% 0] o (k)al (K'))0

1 dgk dgk, 7(k7k1)2/41{2
“2n)? ) 2nr2)A ) (2rw2)ac

% 6—(k/—k2)2/4f€263(k . k/)
1 31, —(k—k1)?/4k%—(k—k2) /4K
:—(27T>3(27TH>3/2 /d k e 1 2
o~ (ki +k3+(k1+k2)?] /47
(27)3(2mk)3/2
e~ [k +k3+ (k1 +k2)?] 4k

P

/ dSk e—[k—(k1+k2)2]/252

resulting in

o~ [ki+k3+(k1+k2)?) /42

(27)?

(K1, k)ko, k =

(b)

The Hamiltonian given in Eq. 5.12 is

_ [ R
H_/( (k)a(k).

21)3 2m

From this definition, we have

22
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— K2
<k0,l€|H>k0,/€—2 27.(. 271-/{2 3/2 /d3 /dsk,/dgk,/k/IQ (k—ko)?/4

X e (k:/ ko) /4% O’a ) (k”> k” k/)>0
1 2
_ dgk dSkJ d3k//k//2 —(k—ko)? /4K
2m(27r)6(27m?)3/2/ / / c
% ef(kz’szo)z/zl/«c2 (271')3(53(’{:/ . k:”)53(k: . k//)

1 2 /942
_ Bk k2 —(k—ko)?/2k
m(27r)3(27m2)3/2/ ‘

1 2 j0n2 ]
— dk k2 —(k—ko)? /2K )
2m(2m)3(2mk2)3/2 [/ ‘

If we let x = k — ko, we can rewrite the integral as

r 3
(o, £l H) ko, 2mR2)32 | / dx (x + ko)QGXQ/%Q]

Od(i —x?/2k2 ’
2} | (¢ + 2k + o)

3
dx x’e —x*/2n —l—kg/dx exz/%z]

:2m(27r)3

2m(2m)3

2mk2)3/2 |

[1
21k2)3/2 | 2

1
(
1
(
1
( 3
t [7(2x7) }1/2 + k:g(27m2)1/2}
1

2
m(@n)? WW/{: + K?)

resulting in

k‘g + K2 3
or )

1
<k0, I€|H>k§0, R = % <

23

(0.93)

(0.94)
(0.95)

(0.96)
(0.97)

(0.98)
(0.99)
(0.100)

(0.101)

(0.102)



Consider a transformation to a frame moving with rapidity n along the z-axis. For
such a boost the Lorentz transformation matrix is

coshn —sinhnp 0 0

“ —sinh cosh 0 0
Litphas = 0 ! 0 " 0
0 0 01

Calculate the Jacobian for the Lorentz transform from d*z to d*z’.

The Jacobian is simply the determinant of the L*Iphag, giving us

J =det L (0.103)
coshn —sinhnp 0 0
| —sinhnp coshn 0 0

= 0 0 10 (0.104)
0 0 01

— cosh? 1) — sinh® ), (0.105)

which is simply
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Express an eigenstate of the number operator, |m), in terms of coherent states, i.e.,
find g,,(n) in the expression below:

jm) = / A g () 1),

By the completeness relation, we can write

dnrdni
m) = [ S )y (0.106)
d ’I‘d 7 _ 2 *
Z/M|n>e In] /2<O|e" Ym (0.107)
m
_ [dedn g 5 (1°0)"
—/T|77>€ ! <O|§T>m (0.108)

*\1MmM
m)!

_ / dﬁ;d’?i e/ o )y (0.109)

_ / iyl (%e—“/ﬂm, (0.110)

s
giving

)" e

gm(n) = /!
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Consider the Hamiltonian derived at the end of 5.6

H o= /d3r[7r<r)q5(r>—L} (0.111)

- / %[dto;(r,t)ab(r,twwr)-¢<r>+m2¢<r>2}-

Using the expressions for the field operators in terms of a(p) and a'(p), derive an expression for H
as an integral over momentum with the creation and destruction operators in the integrand.

Let us first write ¢, V¢, and 7 in terms of a and af. We have

o= [do[emrap) + e Pal(p) (0.112)
Vo =i [dpplevatp) - Pl (p) (0.113)
T=— z/zlvp E, [eip""a(p) - e_ip"’af(p)], (0.114)

where we define the shorthand

d3p

dp=—"t .
V=98, (219

The Hamiltonian can then be expressed as

= [ [y [
X {EpEki2 [eip'ra(p) - e_ip'raT(p)} [eik'ra(kz) — e_ik'TaT(k:)]
+ (=) (p - k) [e*7a(p) — 7l (p)| | alk)

+m? [e”""a(p) +e Pl (p)} [eik""a(k) + e kgt

(0.115)
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o
x {( EyEy—p- k)[ P+ (pla(k) — PP a(p)at (k)

— ei(’“‘p)”’aT(p)a(k) + e‘“”k)"”a*(p)aT(k)]

+ m? [ a(p)a(k) + P a(p)al (k)
+ PRI (pYa(k) + ei(erk)"’a(p)a(k)} } (0.116)

1 —
:§/d3r/dp

X { ( —E,Er—p-k+ mQ) [e“”*k)"'a(p)a(k) + eii(”Jrk)'TaT(p)aT(k)]
+ (E,,Ek +pok+ m2) [ei@*@*a(p)awk) + eilkp)T ot (p)a(kz)] } (0.117)

Since we know the identity

/d37” e:ti(k:—k/)-'r _ (271')353(’{‘, . ki/),

we can simply assume the Hamiltonian to be

0
H ;7/@{(—ﬁ Fm?) |a(p)a(-p) + a (p)a (-p)]

E2
+ (B2 + Jplm*Yalp)al (p) + ol (p)a(p)] } (0.118)
:% /E;S Ep|a(p)al(p) + a(p)a’ (p) + 2E,(27)*6%(p — p)} (0.119)
~ [ By [atp)

The last term in the expression for the Hamiltonian can be dropped due to consideration of the
vacuum energy, leaving us with a final expression for the Hamiltonian, given as

1 = [ Eyalp)a! ().

27

(
a'(p) + E,(27)%5 (p — p)] . (0.120)



Chapter 6

6.1

We are given

us (p) = (p+m) us (p = 0) /y/2m(E, +m)
and

vs (P) = (=p +m)uvs(p = 0)/1/2m(E;, +m)
We will use these to show the following four identities.

It will be useful to define the adjoints of the above expressions for use later.

ul(p) = ul(p = 0)(p' +m))/\/2m(E, + m)
vl(p) = vi(p = 0)(—p" + m)/\/2m(E, + m)

Also it will be useful to recall the expressions for u (0), u; (0), and v} (0), v; (0)

la: Show u(p)uy(p) = dss

us(p)uy(p) = ul(p)y us(p)
1

S, 7o) (O + ) (p 4 ) (0))

o (ul(0)(p'+° + my°) (p + m)uy (0))

1
2m(E, +m) (
1
2m(E, + m) (
1 _ 2
= (B, T (1s(0)(2mp + 2m*)uy (0))
1 _ 2
= om(E, 7o) (L0 By (0) + 2muy (0))
1 _
= m (2m(Ep + m))(us(O)us/(O))

= 555’

ul(0)(7%p + 7m) (P + m)uy (0))

us(0)(p 4+ m)(p + m)uy(0))
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(0.122)

(0.123)

(0.124)



1b: Show u,(p)vy(p) =0

us(p)vy(p) = ul(p)?’vy(p)

1

2m(E, +m) (
1

2m(E, +m) (
1 0 0

- Zﬂﬁﬂzamﬂmxvp+vnm—p+mwam>

1 _ 2 2

_ %wzrﬁﬁgmep+mWA®)
1

2m(E, +m) (

=0

ul(0)(p" + m)y"(—p + m)vy (0))

ul(0)(p'° + ma°) (—p + m)vy (0))

14(0)(—m?> + m?)vy (0))

lc: Show ul(p)uy(p) = %588,

ul(p)us(p) = m () (p" + m)(p + m)us (0))
_ %mijaﬂ@mmWHm@+mmA®)
s O 2 0)
= St (O EP + 200, + ) (0)
1
%m@+mﬂ
1
2m(E, +m) (
::%E%EW@+%&WWMWD

- (3)-
m

u!(0) (E; +2(v - p) + p* + 2mYE, + m*) uy(0))

ul(0) (2B2 +2(y - p) + 2m0 ) s (0))
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P = (wE,+vp)(WwE,— 7 p)

= E;+2(y-p)+(v-p)

= E2+2(y-p)+ (vp')?

= E§+2(v-p)+’mjp’pj

= Ey+2(yv-p)+ (%% +77:) 'Y’

= Ey+2(y-p)+ 5{%,%}29’197
= E;+2(y-p)+p°

1d: Show ul(p)vy(—p) =0

ul(p)os(—p) = m (ul(0)(p" + m)(—p" + m)vy(0))
= m (ul(0)(—p'p' + p'm — mp' + m*)uy(0))
= St o (O )+ mu(0)
= S (O 0)
— 0
6.2
Recall a couple of things
Ha-p+yom)y = ¢Tidyy
L =iy — mip
b= Z / md p)us(p)e” P + df (p)vs(p)e??)

=3 | e R (o)) + 1] (P (p)e )
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(0.126)
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(0.128)



oL
(%)) BIGIDh
(¥i70) (80b) — goo L
= (9i7d"Y) — (Yingd*Y — iy 0" — mapy))
(iry - Vib) + mapip
= (Q(iy-V+m)y
= YMy(iy- V+m)y
= Yi(a-p+yom)
= Yliogy

- (Z / ;dsﬁpws(p)e-mus(p) ‘ di<p>e"p%s<p>>>
_ oy (Z | G -Wus<p>—d1<p>eip%s<p>>>

m2d3 d3 / ; . T T ' ,
N Z/ / (27)0 E, uls (p")BL (9)bs (P)us(p)e' PP % — 0, (p)dy ()L, (p')vs (p)e' PPV + cts)

Too = ao¢) gooL

ss’

H = / dSTTDO

- / & Z/ / mQZ 62 (681, (65 ()1t (D)™ ® P — o1, (p7) (0, (B}, (B)e® P + cts)

= Z / / m;f?g,/ L ()L (p')bs (P)us(p)(27m)26(p" — p) — v, (p)ds(p)dl, (p')vs(p) (27)%5(p — D))

- Z/ 27rciE P)bs(p) — ds(p)dL, (p))
= 3 [ G (o) — (el o)

6.3

Consider the quantity @ (p) vy (—p). Terms like this arise in the case where a scalar field ¢ might
couple to particle-antiparticle production. Assuming p lies along the z axis, calculate the overlap.
Express your answer in terms of F,, m and p,.
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Using the identities given in problem 1 we can write

UT f m ()—]L m) Vg
%@Wﬂﬂﬂzs@W%é&agij oo 0 (0.129)

Then, realizing that plyg = yop,

. _ul(0) % (—pp" — mp" +mp + m?) v (0)

s o (— 0.130
_ub(0) 0 ((=E5 — P2 — 2p:Epy07s) +m?) vw (0) (0.131)
2m (E, +m) '
t —2vop? — 2p. FE o
2m (E, +m)

To get to 7?7 we've used that p = p.2z, then that E> = p2 +m? to get to ?7. You can show that

Yvs (0) = —vy (0), and since uy (0) and vy (0) are orthogonal, and we can further simplify the
expression.

_ _ ul(0) (=p-Eyy3) ve (0)

Usg vy (—p) = 0.133
(p) vy (—P) (B, +m) (0.133)
Finally we can write out the matrices in the Dirac representation to show that
0 0 1 O 0
s s (—p) = ————— ((1,0) (0,1) 0 O 0.134
m (p>U ( p) m(Ep—I—m) (( ) ( ) ) 1 0 0 0 (170) ( )
0 -1 0 O (0,1)
where the parenthetical values are determined by whether spin is up or down. Therefore
_ p=Lp
us (P) vy (—P) = F————— 0.135
(p) vs (—P) T (B, + ) (0.135)

For both spins up or down respectively, or 0 if the spins are different.

6.4

Consider the quantity @ (p) vy (—p). Terms like this arise in the case where a vector field A*
might couple to particle-antiparticle production. Assuming p lies along the z axis, calculate the
overlap for all four values of i, and for all combinations of s and s’, where the spin labels refer to
various eigenstates of X,. Scott if you read this, I'll buy you a drink next time you come to happy
hour -Matt. Express your answer in terms of E,, m and p..

If v* = ~%, then using the identity proved in problem 1 part d.

is (p) vy (—p) = ul(p)y"7 vy (p) = 0 (0.136)
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If v* = ~;, then

ul(0)(p" + m)7° v (—pt + m)vy (0)

s (p) Yy (—p) = 0.137
(B) 700 (-p) e (0.137)
s (0)(pp' — mp + mp" + m?)yivy
_ as(O)(pp' — mp+ mp )ik (0.138)
2m(E, + m)
B ﬂs(O)(Eg + 2993 P,E, + p? + 2m7E, + m*)y'vg (0) 0.139
B 2m(E, + m) (0.139)

u(0)(2E2y' + 2E,p.v3y" + 2mE,y")vy (0)

tis (p) Y'vy (—p) = (B, ) (0.140)

Note that any 4*9/ term cannot contribute since the product will be a block diagonal matrix which
won’t allow the lower components in the v(0) to dot into the upper components of u(0). So

_ 2EP(EP + m)

om(E, + m) ul(0)y'vy(0) (0.141)

s (p) v*vs (—P)

If you're hardcore you can choose your favorite representation and calculate uf(0)yvy(0) by hand
for each gamma and spin combination, or you can run it through the computer like we did.

E
s (P) Vv (—P) = — A (0.142)
m
and
00 0 0
01 1 0
Am=|o0 2 & o (0.143)
1 0 0 -1

where m = p of the v* and n runs over u v, , u,v_ ,u_v,, u_v_ respectively.
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Chapter 7

7.1
G(z) = —iT < 0|®(x)®T(0)[0 >,

5(w) = [ Srelae V()6 k). al (9] = 25,255V — o

G(z) = —i / 5 Ef(fw)g 5 Ej(gﬂ)ST < 0lfa(k)e™™ " + bl (k)e™]a’ (q) + b(¢)]|0 >

- _i/ 255(57)3 QEj(;]W)?’T < 0la(k)a'(q)e ™ *+b' (k)b(q)e™ " +b(k)a' (q)e™ *+a(k)b(g)e |0 >

A3k d3q ‘
=~ T k T —ik-x
Z/ QEk(QTf)?’ 2Eq(27T)3 < 0|a( )a (q)e |() >

_ _'/ﬂT«Jy (k)at (k)e*)0 >
= —i 2F, (27)° a(k)a'(k)e

. d3k —ik-x
= —Z/—QEk(27T)3[e k @(330)

Preforming contour integration in the typically manor, one obtains:

4
~ 1
G(z) = / (d h e ke e—0

27)* k? —m? + i€’

+ eik'x@(—xo) ]
k0=E, kO=FE,

Taking the Fourier Transform of this one obtains:

1
)= — —
G(k) k2 —m? +ie
72 oL 1
" = - _ al/OuFaV

D(BW,)  4°

1 av a
= _ZE O“GQVUpa we

= FOu

Now calculate the commutation relation, [[1#(y), W*(z)], Notice that since F° = 0 only the
spatial components will contribute to the commutation relation:

[T (y), W ()] = [W(y), W (2)] + [0'W°(y), W ()]

)W @) = i3 [ [ e e (@ o, k). ol )
el (e (@)e™ 1 al (), ()]}
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dkl

(), W K)el (e )+ e ()el (ke )

k'kJ

2

Zé®$®=W+

Combining these results and preforming a ton of algebra, one obtains:

m

[T (y), W (z)] = —z'/ (gﬂ?g%((gij){eik-(x—y) +€—ik~(:r:—y))}

= —i0768) (2 — y)
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