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1 Review of Classical Relativity

1.1 ~ Factors and Such

The first part of the course will cover the Dirac equation, and later the material will shift to
the basics and foundations of relativistic field theory. All such material will seem intimidating
without a firm grasp of the principles and formalism of the special theory of relativity in the
context of classical physics, especially the use of projections. First, we will review the standard
arguments for Lorentz length contraction and for time dilation, i.e., we will demonstrate how a
meter stick moving with velocity v appears shorter by a factor 1/+, wherey = 1/4/1 — (v/c)?,
and will also discuss how a moving clock has ticks separated by extended times, ~.

Both these results stem from the basic postulate of special relativity, that the speed of light is the
same in all reference frames. First, we consider time dilation. Consider two mirrors separated
by distance L. To an observer in the frame of the mirror, the time for light to bounce back and
forth from the mirrors is £ty = 2Lo/c. Now let the mirror move perpendicular to the path of the
light with speed v. An observer in the laboratory sees the same light pulse move with speed ¢,
but that the path is longer than 2L, because the return point will have moved a distance vtap,
making the entire distance equal to

L =2,/L3 + (vtp/2)2. (1.1)
The time for the return in the lab frame is thus

2 /L2 F (vtan/2)2
by = 2V °+i"’“°/ . 12)

Replacing Lo with cto/2, one can solve for ta1, in terms of ¢,

1
tiap = Yt =,
lab Ylos, Y 1_(0/0)2

Thus, all moving clocks run slow. The most basic manifestation of this considers the lifetime of
radioactive decays, which are extended by the factor v. Note that for the future, we will often
work in units where ¢ = 1 to save ink and eyestrain.

Secondly, we consider the same set of mirrors, but instead let the apparatus move parallel to the
path of the light (perpendicular to the plane of the mirrors). Again, the observer moving with
the stick sees the time between pulses as 2Lg/c. The laboratory observer measures,

(1.3)

Lyap Lyap 2cLiap 22 Liap
tiap = + = =

1.4
c+v c—v c? — p2 c (14

where here we have allowed the length of the meter stick to change from the value observed in
the frame of the stick. Using the fact that tj., = vto = 2vLo/c,

LO Llab
2v— = 2v"—, (1.5)
C C
L
Liay = —.
¥
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Thus moving meter sticks appear shorter.

One has to be careful to note that the two simple expressions apply for very specific circum-
stances. The expression for time dilation, ti., = 7to, only applies when the time separates
two events which occur at the same location in the frame of the moving observer measuring t,.
Also, the expression for length contraction, Lia, = Lo/7, is applicable only when the distance
between the moving ends are measured simultaneously in time according to the observer mea-
suring Lg. These subtleties are illustrated by the ladder paradox. Imagine a runner moving at
60% of the speed of light carrying a 10 foot ladder and moving through a 10 foot garage that has
doors at both ends. The gamma factor is 1.25. Thus, an observer in the frame of the garage sees
an 8-foot ladder moving through the garage, and could in principle close the garage at both ends
trapping the ladder completely inside. The runner sees an 8-foot garage, and believes there was
a moment when the front of the ladder had gone completely through the garage while the back
of the ladder had not penetrated the front door. The paradoxical question is “Did the ladder
fit?”. The answer has to do with the simultaneity of two events. In this case it could be lights
flashing at the front and back of the ladder. If the runner thinks the lights flash simultaneously,
indeed both lights flash outside the garage and on opposite sides. The observer in the garage
frame agrees with the assessment that the lights flashed outside the garage, but instead thinks
that the light at the back of the ladder blinked first and that the light at the front of the ladder
blinked later. Conversely, if the lights blinked such that the observer in the garage frame thought
they were simultaneous, the two lights could have both flashed inside the garage. However, the
runner would have recorded the light at the front of the ladder blinking first.

The ladder paradox underscores the importance of thinking of times and distances as describing
the difference between two events, i.e., times and displacements are always relative to some-
thing. There are other famous paradoxes in relativity that also lead to a better understanding
of the essence of the theory, such as the twin paradox or whether the radius of a rotating wheel
contracts. However, the latter two involve acceleration and are thus related to the general theory
of relativity, which is not considered here, but would be considered in a course on gravity.

1.2 Lorentz Transformations

Space and time are even mixed together in non-relativistic (Newtonian) transformations. For
instance, consider an event that occurs at time ¢ and position x in the laboratory frame (Here we
consider only one spatial dimension). In a moving frame, the event occurs at:

Tiab = To + Vi, tiap = to, (1.6)

in a Newtonian transformation. For a relativistic transformation, we assume a more general
linear form,

Tiab = Az + Buty, (1.7)
tian = Cto + Dvxy, (1.8)

where A, B, C and D are functions of v2. The powers of v are required by parity considerations.
The inverse transformation should look the same, but with v — —wv,

Ty = AZijap — Bvtiap, (1.9)
to = Ctiap — DvTiap-

2
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First, we consider the decay of a relativistic particle which passes by the point (x = ¢t = 0) in
both frames. Since the particle does not move in the particle frame (xo = 0). The transforma-
tions becomes

tlan = Cto, (1.10)

T, = DButg.
The expression for time dilation in the previous section then yields,
C =~. (1.11)
The decay occurs at the position Zjap, = vtiab, and since tia, = o, one finds
B =~. (1.12)

To solve for the other two coefficients, consider the ladder paradox. Assume a light at the back
end of the latter blinks at a time z = ¢ = 0, and at the front end of the ladder a light blinks
simultaneously (in the frame of the ladder) at the space-time point, €y = Lg,t9o = 0. In the
laboratory frame the lights blink at times different by an amount DvL,. The position at which
the light blinks is

Tlab = Liap + Vtiap, (1.13)

where Ly, is the length of the ladder. Since the apparent length of the ladder is shrunk by a
factor 4, L jap = @0 /7, and
Tlab = @0/ + Viiab, (1.14)

Rearranged,
Ty = YTiab — YVtiap. (1.15)

This gives A = ~. To solve for D take the expressions, Eq.s (1.7,1.9,1.10) in the Lorentz transfor-
mations, and solve for D. One finds D = ~.

The expressions for the coefficients defined in Eq.s (1.7-1.10)) can be summed up as a matrix
equation,

x™ = L%a'°, (1.16)
(v
Yoo v )’
Here, the indices « are either 0 or 1, with “0” referring to time component and “1” referring to
the 'x” component. If we included y and z, there would be four components representing the
coordinate of an event, ¢, x, y, z. These four components make up a “four-vector”. The Lorentz

matrix L performs a boost along the x axis and leaves the other two dimensions unchanged.
Thus, for a boost along the x-axis, the 4 X 4 matrix becomes

~ ~vv 0 O
v 00

L= 70 g 1o (1.17)
0 0 01
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For rotations of a coordinate system, all three vectors are transformed according to the same
rotation matrix U, r; = Uj;;r;, regardless of whether the vector 7 refers to a spatial coordinate
or a velocity or momentum. Similarly, for boosts all four-vectors are transformed the same,

r* = LgrP, (1.18)

regardless of whether the quantity r represents the space-time coordinate of an event or a mo-
menta (in which case the zero-th component is the energy). For our notes we will stick to the
convention that greek indices label the components of four-vectors, while roman indices denote
the components of three-vectors, i.e.,, a« = 0,1,2,3 and ¢ = 1, 2, 3.. The choice of making the
indices upper vs. lower will be explained later.

Due to the identity, v* — v?v? = 1, one can express v and v as cosh n and sinh 7 respectively.
The Lorentz matrix then becomes

coshn sinhn

0

| sinhp coshn 0

L = 0 0 1 , (1.19)
0

0 0

= o oo

which illustrates the similarity of the Lorentz transformations to rotations by an imaginary angle.
Whereas for a rotation, one finds that 1y, +x2y2 +x3ys = -y is invariant to rotations, Lorentz
transformations leave the quantity,

Y = ToYo — T1Y1 — T2Y2 — T3Y3 (1.20)

unchanged. The “dot-product” of four vectors is known as a Lorentz invariant. The dot-product
is also invariant to rotations in 3—space, and the combinations of rotations and boosts is known
as the Lorentz group. For a group, any combinations of transformations can be expressed as
a single transformation. If one adds parity and time-reversal, it is known as the full Lorentz
group, and if one adds translational symmetry, it becomes the Poincaré group. Rotations and
boosts are not in separable groups, i.e., if one performs two boosts, the result is a boost plus
a rotation. If the boosts had formed a group by themselves, any two boosts would have been
equivalent to a single boost.

EXAMPLE:

Consider two successive boosts along the « direction. The first defined by yv = sinh n;, and
the second one with yv = sinh n,. Show that the combination is equivalent to one boost with
~yv = sinh(n; + 712).

Writing down the product of the two Lorentz matrices (2-dimensions is sufficient),

coshny sinhn, coshn; sinhn
sinhn; coshn, sinhn; coshn,

[ coshmnycoshmn; + sinhn, sinh 7, cosh 7, sinh 7; + sinh 13 cosh 7,
~ \ coshnysinhn; 4 sinh 7, cosh7;  cosh 7, cosh 1y + sinh 75 sinh 7,

_ ( cosh(n; + n2) sinh(ny + n2) )
sinh(n; 4+ 7n2) cosh(ny +n2) )’

4

)
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where double-angle formulas were applied for the last step. For high-energy phe-
nomenology the the quantities 7 are referred to as “rapidities” when the boosts are
along the beam axis. The simplicity of rapidities comes from the fact that they add
like Newtonian velocities. However, this simple addition only works when the ra-
pidities are defined along a single axis, i.e., if one defines sinh 1, = yv,, - -, for all
three dimensions, the addition formulas break down due to the non-commutation of
boosts along different directions.

1.3 Invariants and the metric tensor g®?

As shown previously, the dot product of two vectors,

A%g.sBP, (1.21)
1 0 0 0
o =1 0 o
96 = o o -1 o (1.22)
0 0 0 -1

is invariant to both rotations and boosts. As a notional trick, one can define four-vectors A,
(subscript rather than superscript) as

A, = gapAP, (1.23)

which means that A* A,, is an invariant (summation of repeated indices inferred). In all calcula-
tions the summed indices always appear with one superscript (covariant) and one subscripted
(contravariant). The fact that multiplying by g.s simply lowers the index also applies to tensors,
ie.,

gasCP" = C). (1.24)

Note that this property means that g% is simply the unit matrix. Furthermore, this property also
applies to g*#,
g°PCpy = C2. (1.25)

Derivatives might at first seem a little backwards. Consider a scalar function ¢(x), where x is a
four vector. For small changes in x,

)
5 = a—iam“. (1.26)

Since d¢ is also a scalar, the vector 8/9x* must transform as a contravariant vector. This moti-

vates the notation,

0, = 0 (1.27)

e '
Note that for this convention, the equation of continuity is especially compact. For a four vector
J, where 39 refers to the charge density and j° signals the current density, 8 - j = 0 — 8:Jo +

5
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V - j = 0. Maxwell equations also take on particularly beautiful forms, 8,F*? = j#, and
o F*? = 0. Additionally, we point out that we will employ the convention throughout this
course that greek indices refer to all four components, while roman indices suggest only spatial
components. Bold face will refer to the vector components of a three-vector, while four-vectors
will not be put into bold face, i.e,, p - € = poxo — p - .

1.4 Four-Velocities and Momenta

For a particle that moves between two points by a small displacement Ax®, one can define the

quantity,
AT =/ Az, Az, (1.28)

which is an invariant. In the frame of the particle it is easy to see what this quantity represents,
since in that frame the spatial components Ax; are all zero. Thus A7 is the amount a clock,
moving with the particle, has progressed during the differential displacement. Further, one can
define a vector,

Ax®
AT’
which is also a four-vector since Ax® is a four-vector and AT is a Lorentz scalar (or invariant).
The four-vector u® is often referred to as the relativistic velocity, and given that Az® = vAT,
one can see that

u® =

(1.29)

0 L (130)
u = u = = ~v°. .
Y ’Y di 'Y
It is easy to see that
u®u, = 1. (1.31)

The momentum is defined by multiplying u® by the particle’s mass m, which is also a scalar.
This then gives,
pPpa = m>. (1.32)

The zeroth component of the momentum is identified as the energy. This gives the relation that
for a particle at rest,
E=p"=m. (1.33)

Of course, the more famous relation, E = mc?, requires keeping track of all the factors of c.

EXAMPLE:
A beam of particles of mass m4 is aimed a target with particles of mass mpg. What kinetic
energy, K, is required so that one can make a resonance of mass mc.

The solution is based on energy-momentum conservation. One way to move forward
is to calculate the invariant mass in terms of the total momentum and set it to mc.

my, = (pa+pB)’ = (K +ma+mp)?—p)
(K o mg)? = [(K + ma)? = )
— mi+m23+2mB(K+mA) :m2c’
m%‘ B (mA+mB)2

2mB
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EXAMPLE:

Consider two particles recorded with momenta p4 and pp at space times separated by r* =
x{ — x5. In terms of relativistic invariants using p4, pp and r, solve for the impact parameter,
i.e., the distance of closest approach as measured by an observer in the center-of-mass frame.

First, we consider two four vectors which will be used as projectors to eliminate the
components of r that, in the center-of-mass frame, are either time-like or along the
direction of the relative momentum. First, the time-like vector is the total momentum,

P = pj + pg»
which in the c.o.m. frame becomes (E4 + Ep, 0,0, 0). One can define a vector,

0LP-r

r’*=r*—P .
P2

In the center-of-mass frame, r’ looks exactly like 7, except the &« = 0 component
vanishes. Next, one defines a vector which in the c.o.m. frame is parallel to the
relative momentum, and is zero for the a = 0 piece. This would be:

=Pa — Pp-

Again, one can consider the c.o.m. frame, where it is clear that ¢° = 0 and ¢’ i —
(pYy — pP%). One can then project away the part of r’ parallel to g, and make a new

vector b,
/ 4

d T
q/2
Finally, the impact parameter squared is, after some surprisingly painful algebra,

z_+_(q'7ﬁ21’2-F(1"702q2'—'2(Q°7ﬁ(1"77(f"Q)
P2g? — (P - q)? '

b* =r'*—gq

B? = —b* = —r

1.5 Examples of Invariants

Here I discuss several invariants you will encounter at various times throughout this course or
in the literature. First, one can see that d*z is invariant to boosts by considering the Jacobian of
a Lorentz transformation along the = axis. In that case,

coshn sinhn
sinhn coshn

00
0 0

L= 0 o 10 (1.34)
0 0 01
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The Jacobian is simply the determinant of the matrix, J = cosh? —sinh? = 1. Thus, d*z is
invariant. For a boost in an arbitrary direction, one can first to a rotation (d*z is invariant to
rotation) combined with a boost.

Then d*p is also invariant as is,

3

d
/d4p 3(p? — m?)s(p) = /dp0d3p 5(p2 — EZ)s(p) = / 2Ep $(P)|po=p, - (1.35)

Here s(p) is some arbitrary scalar function. Since s could be anything, then one can state that
d®*p/E, is also invariant. This is why spectra in particle physics are expressed as one of the two
identical forms below

E,dN dN

d*p dopdp.dy

The expression on the right-hand side can be found by seeing that dp./E = dy, where y is the
rapidity. Since dIN is the number of counts in a bin, and since a number of counts is invariant,
you needn’t worry about how dN transforms.
Often, when calculating the number of particles in a box, one writes

[ dPzd®p
N= | s T (1.37)

(1.36)

where f is the phase space density, or occupation probability. This must be an invariant. For in-
stance, if you had fermions as zero temperature, f would be zero or unity depending on whether
it was inside or outside the Fermi sea. This would not change if viewed from a different reference
frame. Since f is invariant, and dN is invariant, it stands that d3x d3p is also invariant. To see
that this is true, one must remember that for this expression one assumes that dx measures the
distance between the boundaries of a cell where both the positions of the boundaries are mea-
sured simultaneously, like measuring the length of a meter stick. If one compares the volume
measured by an observer moving with the velocity of the particle, p/E, and compares to the
length in the lab frame one finds that d3z shorter by the Lorentz factor, E/m. If one considers
d?p in the two frames, one sees that d3p in the lab frame must be larger by a factor of E/m so
that d®p/ E is invariant. Thus, the product d®pd3z is invariant.

Another example that comes up often is a collision rate per volume and per time, dN../d*x,
which is manifestly invariant. One can also consider the collision rate of particles from specific
regions of momentum space, d*p,/ E, and d*p/ Ej,. The quantity would normally written as

dN,
b d*x d3p, d3py

E.E = fa(Pa) fo(pv) Something, (1.38)

where f, and f, are the phase space densities, or occupancies, of the two particles. Occupancies
are also invariant, i.e. if the Fermi sea is full, f = 1 regardless of what frame is considered.
Here, Something has to be an invariant. Since it is invariant one can consider a frame where
the momenta are back to back, p, = —ps. In that frame one knows from kinematics that

E.E,
(2m)°

Something = o (V//8)Vpel, (1.39)
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where o is the cross section and the relative velocity is vye1 = |p|/Ea + |p|/Ep. One must then
simply write E, Epv.q as a Lorentz invariant. To do this,

EaEbUrel = |paEb - pral' (140)

One can now write E, = p, - P/+4/s and replace p, with the spatial components of p/ =
Pa — P(pa - P)/s to project out the zero™® components of p,. Doing the same for p, one then
finds

(EaEb'Urel)2 = —[(po- P)(Pa — P(pa-P)/s) — (pa - P)(Po — P(pb - P)/S)]2 /s
— [(ps + P)pa — (Pa * P)ps]* /s (1.41)

= (Pa- pb)2 - mimi

Here, numerous steps are omitted from the last step as this is related to a homework problem at
the beginning of the last chapter. Putting this all together, one finds

ch _ d3pa d3pb
diz (2m)3E, (2m)3E,

Fa(Pa) Fo(P6)o (VE)\/ (P - p)? — m2m2.  (142)

1.6 Homework Problems

1. Suppose you are doing a fixed-target experiment at the LHC. The protons have a beam
energy of 7 TeV. (The proton mass is 938.28 MeV /c?). If the experiment were redone with
a collider built with an equivalent center-of-mass energy, what would that energy be.

2. Find the equivalent fixed beam energy for a fixed target to have the same center-of-mass
energy as the collider experiment at the LHC.

3. Consider a 1+1 dimension vector, (E, p), where m? = E? — p?. Consider the transformed
vector, p/, = Lagp®, where L is defined according to Eq. (1.19). Show that m’? = E’? —
p? = m?2.

4. Consider two particles with four momenta p, and p,. Particle a is recorded at the space
time point r, = (0, 0, 0, 0) and particle b is recorded at r, = r. For an observer moving
with particle a find the time at which particle b passes at the point of closest approach.
Express your answer in terms of Lorentz invariants, i.e., dot products involving p,, p» and
r.

5. Consider two particles of mass m, and m; with four momenta p, and p;. In terms of
mgq, My and p, - pp, find the relative velocity |, — | according to an observer in the
center-of-mass frame.

6. The Lorentz transformation is a tensor, £2?, which transforms some four vector p® ob-
served by an observer moving with four velocity u® to a vector p’* as determined by an
observer moving with four-velocity u’®.

Loy’ = p'.
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Since L is a tensor it must be of the form,
L = Au®u'P + Bu'*uP 4+ Cu®uP + Du'*u’® + Eg°”, (1.43)

where A — E are scalar functions of w and u’. Since u? = u’? = 1, the only scalar function
available is u - u’. Consider the transformation from the rest frame v = (1, 0, 0, 0) to the
frame v’ = (v, yv, 0, 0). You know that the Lorentz transformation is:

Y~ —v 0 0

a —vyv ~v 00

c B 0 0 10

0 0 01

Further, u - v/ = ~. From the form in Eq. (1.43),

Ay +By+C+Dy*4+E —Ayv—D~%*v 0 0
ro _ B~yv + D~?v —D~v?v?*+E 0 0
B 0 0 E 0
0 0 0 FE

(a) Solve for the coefficients A through FE in terms of v = u - v’

(b) Show that for the four vector «’,
Eo‘ﬂu’ﬁ = u®.

(c) Show that
LB (u,u') gy (', u) = g2,

10
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2 Klein-Gordon Equation

2.1 Motivating the form of the Equation
The Schroedinger equation is often motivated by beginning with the non-relativistic expression
for energy,

p2

E=—+4V(r), (2.1)
2m
then using the substitutions, p; = —%h8;, and H = 1h0,, we get
h2
thowp(r,t) = —2—V2¢(r,t) + V(r)y(r,t). (2.2)
m

Similarly, one can start with the relativistic equation for energy momentum,
E? = p?> + m?, (2.3)
and write down (setting h = 1and ¢ = 1)
—07p(r,t) + V3¢(r,t) — m?p(r,t) = 0. (2.4)

The potential is missing at this point. Relativistically, potentials can enter either by having a
position-dependent mass, by adding a vector potential A® through minimal substitution, or
both, and find the Klein-Gordon equation,

(10; — eAo(r,t))?¢ — (—i8; — eA;(r,t))%p — (m + U(r,t))*¢p = 0. (2.5)

or more covariantly,
(10 — eA)?p — (m +U(r,t))?¢p = 0. (2.6)

Note that here we have invoked the convention that squaring a four vector Y implies, Y? =
Yay®, which means that 82 = 8? — V2. Electro-magnetic interactions are given by vector
potentials, whereas U is a scalar potential. Later on, we will see that a scalar potential behaves
differently than the zeroth component of a vector potential once one gets away from the non-
relativistic limit.

For a complex field ¢, one can identify a current density (for the moment with no potentials),

i = 5 107676 — 6709 @7)

One can see that j obeys a continuity equation,

8.j* = [(0%¢")¢ — ¢"0%¢] (2.8)

NS

[(m?¢*)¢ — ¢*m?] = 0.

NS

11
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2.2 Plane-Wave Solutions and Negative-Energy Solutions

First, we consider the solutions with no potential. Looking at eigenstates of the translation op-
erator, 8;, i.e., d(r,t) ~ e'P" . Solutions to the Klein-Gordon equation are then

¢p('r7t) == e_ip.ma p= (p09p13p27p3)9 T = (ta L1y L2y 333), (29)

Po — :tEp = :|:\/p2 + m?2.

The negative-energy solutions are difficult to interpret without going into the language of field
theory, i.e., the negative energy solutions will correspond to removal of a particle.
For each of these solutions, one can identify a current density using Eq. (2.7). Consider the

solutions, .
¢ =e P*/\/VE,. (2.10)
The factor of E - 1/2 js chosen to give j the dimensions of density.

jO — pO J — p
E,V’ E, V'

(2.11)

For py = E,, this solution is the familiar one for the density of particles of charge +1 moving
with velocity p/E,. However, for po = —E, it appears odd as jo is negative. Again, this will
only make sense once put into the context of field theory.

EXAMPLE:
Calculate the reflection and transmission coefficients for an incident plane wave of a complex
scalar field with momentum p,, in the positive x direction,

m(w)_ MA, <0
o MB, x>0

Also show that the current is conserved.

Since the K.G. equation involves 82, the derivative 8,¢ must be continuous as well
as the wave function. This condition can also be generated from momentum conser-
vation. Assuming a form,

. e’P=T | Be T x < 0
’l/)(l’) — { Ceipfcm’ x>0

where p? = p2 + M?% — M3. The boundary conditions demand
A+ B =2C, and — ip, A+ ip,B = —ip.C,
with A = 1. The solutions for the reflection and transmission coefficients are:

|B|2 (pw_p,m 2

4pi
= r\2’ |C|2 =
(p= + D)

" (ps + D)2

12
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Finally, the current densities are proportional to the momenta, i.e., j, = —i¢*9,¢. Checking
the currents on the left and right,

(pw _ p;c)z _ ’ 4p:21:
p(1— "2l ) =27 p/ "=
(pz + P)? (pz + P)?

. < 4p,p., ) 7 4p? Py
o —E ) =7 S
(pz + P)? 7 (pz + P,)?

2.3 Beginning from the Lagrangian

It is usually the Lagrangian (or more accurately the Lagrangian density) that is considered the
foundation of field theories. The Klein-Gordon equation and the Dirac equation are then the
equations of motion derived from the Lagrange equations of motion. In classical mechanics, one
has one or more generalized coordinates g, and given L(qg, g), the equations of motion are

d9L(g,q) 0L(a,9) _
dt 0Oq dq

For field theories, one considers the Lagrangian density rather than the Lagrangian, which
means that the action is

(2.12)

S = /d4:v L(¢(x),0,¢(x)). (2.13)
The variation of the action is then
08 = 0 (2.14)
) O o)
_ / die {%qu 50(z) + 52 00()

= —/d4:c {8“8_5 — a_£}5¢(m),
00,9 0o

where the last step involved an integration by parts. Since the variation should go to zero for all

variations §¢ at any point x,
oL oL

A, 9.0 D5 " 0. (2.15)
These are Lagrange’s equations of motion for fields. If the field has multiple components, one
need only add an index j, so that ¢ — ¢;, which leads to an equation of motion for each
component. For a complex field, one would have two components, the real and imaginary part.
Rather than deriving and writing equations of motion for the real and imaginary part separately,
it is easier to derive the equations of motion by rewriting,

[ ([, 0L oL oc  ac) . .
0SS = /d x {_8“—68,@ 96| op(x) + {Buaaud)* 6¢*] o (w)} (2.16)
. " _3 oL oL 9 oL oL

= _/ v { h 00,6 06 T [ h 00, 6" _aqs*” Or

4 I oL oL oL oL
- [at { O oo, 0] la“aa o 3¢*H5¢i
L i - m

13
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If £ is a real function of ¢, one can express the equations of motion as a single equation (effec-
tively two equations since it has a real and imaginary part):

Ye Ys
8, — — 0. (2.17)
80,¢* d¢*

The Lagrangian density for the K.G. equation of a complex scalar field interacting with an elec-
tromagnetic field is:

1 1
L = ¢"(2)(i0, — eA,)(i0" — eA")¢(a) — Sm?" (@)$(a) 218)
1 . . s 1 .
= S l(=i0" — eA")$7] (i, — eA)d] — m?e" (@) (@),
where the last step involved integrating by parts to make the derivative act on the Lh.s. so that

the Lagrangian is a manifestly real function of ¢.
The Lagrangian equations of motion are:

oL oL

%05 = o (2.19)
"
—i m? eA*
O, {?(za“ — eA”)qS} = —?qb - (20, — eA,)d.

Moving everything to the Lh.s., one gets the K.G. equation.
One can calculate the current by considering the ¢ = @mage’, and noticing that the Lagrangian
depends only on 8,1, not on 1. Noether’s theorem is enacted by solving for the equations of

motion for ),
oL

0,— =0 (2.20)
*8(8,1) ’
to find the current,
j* = 9L  _ Re [* (10" — eA™) )] . (2.21)
9(0,%)
2.4 Lagrangian for Vector Field
For a vector field, A*, one can write a Lagrangian,
—1
L = TFWF’W +ej*A,, F* = 9*A”Y — 9" A", (2.22)
The field tensor is anti-symmetric and has six components,
0 —-E, —E, —E,
g —| B 0 -B. By (2.23)

E, B. 0 -B, |’
E. -B, B, 0

—

where we have defined B = V X A, E = 8,5@— V A,.

14
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The equations of motion from the Lagrangian are

oL oL
8, = (2.24)
89, A, dA,

1 5
Eau(Fuv_Fvu) = 7
o, F" = j".

This last equation are some of Maxwell’s equations. As a HW problem, you will rewrite these in
terms of E and B. The remainder of Maxwell’s equations come from the fact that

. F* = 0, (2.25)
F = ewoPFE .

The right-hand-side is zero because

o, Frv = 9,e"*Po,Ag, (2.26)
= 09,0, As
= 0, (2.27)

where the last step used the fact that the anti-symmetry of e#**? will give zero when contracted
with 8,,8,. Your HW problem will also have you write this in terms of E and B.

2.5 Homework Problems

1. Consider the case for the complex scalar field interacting with a vector field, see Eq. (2.5).
Find an expression for the current, j¢, in terms of ¢, derivatives and e A, such that one
satisfies the equation of continuity,

0,3 = 0.

2. Consider the case of a particle of momentum p, > 0 incident on a step function potential
as was done in the example above, only with the potential being the zeroth component of
a vector potential,
. 0, <0
eAo(x) = { Vo, >0

Let the mass, m, be constant and let A;(x) = 0 everywhere.

(a) Calculate the transmission and reflection coefficients.
(b) Show that current is conserved across the boundary.

(c) What range(s) of V; allow for propagating solutions (not exponentially damped) for
z > 0?

(d) Calculate and plot both the charge density, jo, and current density, j,, as a function of
x for one example in each separate range in (c). Be sure to plot for both positive and
negative x.

15
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3. Consider the Lagrangian density for the electro-magnetic field, A*(z), coupled to an ex-
ternal current j(x).

-1 .
L=—F"Futej-A, Fu=0,4 -0,A,

(a) Solve for the equations of motion for A¥, and show that this is equivalent to four of
Maxwell’s equations. (Derive and express the four equations in terms of E and B).

(b) The other 4 equations come from the identity 8, F*? = 0, where F*# = €*VF,;.
Since €*#7? is anti-symmetric in the indices, and since 8,, appears twice in 8, F*?
(once in the definition of F'*¥),

O FP = P19, (8,A5 — B5A.,) (2.28)
= 0.

Express these equations, 8, F*P = 0, in terms of E and B.

16



PHY 853 Lecture Notes 3 DIRAC EQUATION

3 Dirac Equation

3.1 Motivating the form of the equation, and v matrices
Dirac’s idea was to create an equation that is linear in the energy and momentum, and is consis-
tent with E? = p? + m?. For spin 1/2 particles one is accustomed to the wave functions being

a spinor, i.e.,
P ()

where the two components are related to the amplitudes for observing a spin-up or spin-down
particle. Further, some elements of the Hamiltonian might mix the upper and lower components,
such as magnetic coupling to a magnetic field in the  or y directions.

For the Dirac equation, we will also consider the wave function to be a spinor, but for the moment
will not specify the dimension of the spinor. The Hamiltonian can be a matrix. We will assume,

H = P,oa, + Pyay + P,o, + mpg, (3.2)

where P; are the momentum operators, m is the mass, and «; and 3 are matrices. Squaring the
Hamiltonian,

H? = P’a2+ Pyzoz; + P?a? + m?*B?
+ Pa:Py{a:m ay} + chPz{aa:a az} + Psz{a:w az} + szc{/Ba am} + mPy{ﬁa ay} + sz{ﬁv‘

In order for E? = |13 |2 + m? to be true, the four matrices, a;, oy, a,, 3, must square to unity
and must mutually anti-commute. If one needed only three matrices, one could work in two
dimensions and use the three o matrices. The spinors could thus have two dimensions. Oddly
enough, there are no sets of three-dimensional matrices that work. Instead, one must go to
four-dimensional matrices. There are innumerable representations of such matrices. The most
common is known as the Dirac representation,

we(8%) 0= (3 %)

Another notation, which we will motivate later, are the v matrices,

v = Bat, A° = 8. (3.5)
The commutation relations for the v matrices are:
{777} = 2¢g°°L (3.6)

For the Dirac representation,

= (L 5) =0 %) o7

Stating H as 0;, the Dirac equation can be written in terms of the v matrices (simply multiply
by ~° as:
("0, — m)y =0, (3.8)

17
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or using the Feynmann “slash” notation , ¢ = a*~,,

idh — map = 0. (3.9)

EXAMPLE:
Calculate Try,

From the anti-commutation relations,
P =7 = (1/2){7* 7o} = g4I

Taking the trace and summing over «,

Y grTrI=4) =16.

3.2 Plane-wave solutions

Consider solutions of the form e~ *Frt+iP%q (p), where u(p) is a 4-component matrix. If we use

¢ and x to refer to the upper two and lower-two components separately,

u(p) = ( ;’z ) ; (3.10)

then using the Dirac representation for the v matrices,

E,p = me¢+ o-px, (3.11)
—E,x = mx —o-po.

One can now guess at a solution with ¢ being an eigenstate of o - p,
(0 - p)¢ = £|p|o- (3.12)
Inserting into the lower expression in Eq. (3.11),

|p|
=4+ . 3.13
X iEp n m¢ (3.13)

Inserting back into the upper equation to test for consistency,

(Ep —m)p=0-p {i—m ¢] = _pl @, (3.14)
E,+m E,+m
which checks out since (E2 — m?) = |p|?. Thus the lower two components are smaller than

the upper two components by a factor |p|/(E, + m). For a particle at rest, |p| = 0, the lower
components are zero.

18
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One could have also looked for solutions with negative energy, i.e., plane waves of the form
e'Brttiry (p), with E, still referring here to the positive square root, \/|p|? + m?2. Repeating
the method above, one would have found

X=F— ¢ (3.15)

or equivalently,
|p|
=F—"- 3.16

¢=7F E, +m (3.16)
Thus for the negative energy solutions, the lower components are larger. Usually, the solutions
with negative energy are referred to as v(p) rather than u(p).
A second way to derive the solutions for ¢ and x is to note that the Dirac equation, (p—m) = 0
will be satisfied for

Y= (p+m)yp(p=0), (3.17)

because
(p—m)(p+m) =p*—m?=0. (3.18)
Since the Hamiltonian for zero momentum is m~y,, the eigenstates 1o have eigen-energies of
+m, with the sign depending on whether 1), is either confined completely to the upper or

completely to the lower components. One can then rederive the expressions for ¢(p) and x(p)
rather easily.

EXAMPLE:
Solve the one-dimensional square-well for the case where the mass is infinite outside the well,
oo, <0
m = 0, 0<zxz<L
oo, x> 1L

Unlike the Schrodinger equation, there are only first derivatives in the Dirac equa-
tion. Thus, though the wave function must be continuous, the derivative need not
be. Further, for an infinite well the wave function need not go to zero at the bound-
ary since the wave function can decay exponentially in effectively zero distance. Let
the mass for x > L be M — oo. The solution to the Dirac equation in the three
regions is of the form

, e uy, <0, k =+ M? — E?
P(x) = Ae™u; + Be " u3, 0<z <L, k=E

e "Dy, x> L, Kk =+M? — E2,

To solve for the BC, we consider the Dirac equation

EY = —ia,0,v + MBy.

Since M — oo, we can set the left-hand side to zero. Integrating the Dirac equation
from = L to oo using the fact that ¢ ~ e=M@~L) for x > L, gives

0 = i, (L) + By (L).
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This gives the boundary condition,

—ivep(x = L) = ¢(z = L).

For x = 0, the one integrates the Dirac equation from —oo to 0 to obtain the second
BC,
Watp(z = 0) = p(z = 0).

For arbitrary directions, one can write BC for massless particles at a boundary with
an infinite scalar field as,

i - fp = P, (3.19)

where 7 points into the well. Thus, there are two BC but not the ones one would
have expected. To proceed we note that the solutions for left and right-going waves
are related by the v, matrix,

YeU2 = U3y Y2U3 = —U2.

To verify this consider the operator p,a, operating on v,u,. Since v, anti-commutes
with o, one can see that p,a,us = —FEwu,, which is the positive energy solution for
a particle with negative momentum.

Inserting the definition for ) into the BC at x = 0,

’l/)’w (A’LL2 + B’ng) = A’LL2 + B’U,3,

'iA’U,g — ’I,B’U,z = —A’U,Q — B’U,3.
This gives
A =1iB.
One can now repeat for the BC atx = L.

Ve (Auy + Buse %) = — (Au, + Buge 2*L)

iAus — iBuse 2%l = Aw, + Buge ¥FL,

This gives '
A = —iBe ¥*F,

For both BC to be satisfied,
e 2L — _1, ork =

Note that these are not the same values of k one would have obtained for the Schrodinger
equation. Although the separations between levels are the same, the ground state’s
k is half of what one would have obtained.
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3.3 Boosting and Rotating

One operator that commutes with the Dirac equation is

i
oij = 5[72-, ;] (3.20)
This operator is Hermitian, and can be shown to rotate the state 1) when applied
R(w)y = e toiiwii/4q), (3.21)
More familiarly, one can define the Spin operator as

7
Si == Eeijko'jkv (322)

which has eigenvalues of £+1/2. The anti-symmetric matrix w can be thought of as representing
the rotation angle, 8, = €;;xwji/2.
When observing the form of the Lorentz matrices, boosts appeared similar to rotations, with
the rapidity n playing the role of the angle. Similarly, we will guess here that the boost matrix
would have the same form, only with w;; having one spatial and one time index. To that end,
we consider the matrix,

S(wag) = e P wan/4, (3.23)

The inverse matrix is '
S N (wap) = €7 wan/t £ G, (3.24)

The fact that ST # S~ can be understood by noticing that o; is not Hermittian. To see that
S is the boost matrix, we consider the transformation of the v matrices when w3 has only an
element, wy, = —w,o = 7n. The transformation then becomes

~* — STl 8 (3.25)
v evovzn/27ze—7°7zn/2
= [coshn/2 + sinh(n/2)7°y*] % [cosh /2 — sinh(n/2)7°¥*]
= [cosh®(n/2) + sinh®(n/2)]| v* — 2sinh(n/2) cosh(n/2)~°
= (coshn)y* — (sinhn)~°,
which given that coshn = ~ is the Lorentz contraction factor, and sinh n = ~v, shows that S

boosts the various v just like it should for a Lorentz boost.
Since S~ # ST, the quantity 174 is not a Lorentz invariant, i.e.,

YISTSy # Plep. (3.26)

However, it is easy to see that
~08T~0 = §-1, (3.27)

To see this, remember that 4° is Hermitian while ~; are anti-Hermitian. One can now see that
the quantity 1% is a Lorentz invariant, because

Pp181408y = T4° (1°874°) Sy (3.28)
PpTy°S1 Sy = Ty,
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The quantity 17~° occurs often and is referred to as

P = piy°, (3.29)

and for nearly all expressions one will see 7,5 used rather than expressions with t. Thus, a
Lorentz invariant is 1.

EXAMPLE: )
Show that for a plane wave solution, ¢ = (m/E)t.

First consider that fact that u(p) = (p + m)u(p = 0) is a solution to the Dirac
equation. The ratio in question is then

a(p)u(p) _ uw'(0)(p' +m)y(p + m)u(0)

ut(p)u(p) ut(0)(p" + m)(p + m)u(0)
u’(0)yo(pp + m)(p + m)u(0)
ut(0)(pf + m)(p + m)u(0) ’

where we have made use of the fact that '73 Yo = 7Yo7i- For the final steps we use that
fact the you(0) = u(0), and that only even powers of ~; will contribute to any of the
matrix elements, because the v; move one from upper to lower components while
u(0) is only in the upper components. These considerations yield

u(p)u(p) _ (B —p*+m?+ 2mE)u’(0)u(0)
uf(p)u(p) (E? + p? + m? + 2mE)u’(0)u(0)
2m? + 2mE _m

2E2 + 2mE E’

3.4 Conserved Currents

Given that v is a scalar, 1y*1 is a four vector with dimensions of density. This makes it a
candidate for a current. To test for current conservation,

(YY) = (8up")VvH 9 + Ty 8.4 (330)
= (V70 P)N) P + Ty 0.y
= —imyy + imypyh = 0,
where the second line was derived using the fact that v%+* is Hermitian, and the Dirac equation
was applied in the third line. It is noteworthy that the momentum operator was not involved in

defining the current.
For a momentum state, one can the write the wavefunction as 19 = e~"P®u(p) with

u(p) = s (P m)u(p = 0), 331
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where Z(p) is a normalization coefficient. Again, it easy to see that this is a solution of (p —
m)u(p) = 0. The current is then,

# = Lulp=0)(p! +m)y " (p + m)u(p = 0) 3:32)
= %UT(p = 0)7°(p + m)¥"(p + m)u(p = 0).

Commuting v* through p + m using the commutation relation, {p, v*} = 2p*,

1 2p*
3 = Sl (p = 0)7°7*(=p + m)(p + m)u(p = 0) + —u'(p = 0)"(p + m)u(p = 0).
(3.33)
The first term can be thrown away since (p — m)(p + m) = 0, and the second term is easy to
evaluate in the Dirac representation since v* mixes upper and lower components, while u(p =
0) has only upper components. One then finds,

Y f 0/ 0 2p+ _
J* = 7U(p = 0)"y"(poy” + m)u(p =0) = 7(Ep +m)a(p = 0)u(p =0). (3.34)
The ratio of the spatial currents, j;, to the charge density, 5°, is indeed

Ji_ B (3.35)
Jo Ep

which is the velocity. Thus j# indeed depends on p* in the way one would expect.

3.5 Beginning from the Lagrangian

The Dirac equation gives a particularly simple form for the Lagrangian density,

L = ¢(z)(idp(z) — mip(z)y(z). (3.36)

With this form the action, [ d*xL, is clearly a Lorentz invariant. Starting from the Lagrangian,
we will derive numerous items (many already presented thus far): the Dirac Equation, the stress-
energy tensor, and the conserved charge density.

To generate the equations of motion for 1, one uses the relation

5 oL oL (337)
“O(Batpi) O '

where the subscript 2 refers to either the real or imaginary part of 9. Equivalently, one can write
the two equations as

oL oL

Ou = 3.38
00t 0’ .
with the implication that v is fixed. This gives the equation,

10,7 = —map, (3.39)
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which is the Dirac equation for 1. If you take the complex conjugate of the above equation, one
obtains,

_i707a Y = _m'yo'lpa (3.40)
which is the Dirac equation for ).

The conserved currents are generated by noting that the Lagrangian is invariant to changes of
phase, ¥ — €®1), where ¢ is independent of x. Treating ¢ as a field, the equations for ¢ are

oL oL
Op—— = —. (3.41)
Oagp  0¢
Since £ doesn’t depend on ¢, only on 9,¢, the r.h.s. is zero and one obtains
Oa by° (i =0, 3.42
90,0 (%" (i9s9) ) (3.42)
which shows that one can identify the conserved current as
3% = Py, (3.43)
Finally, one can derive the stress-energy tensor,
T, _OL Oz L (3.44)
a e — ga .
7 By 7T
Too = ¥(7-V +m)y,
Toi = Y09,
To = —ipy Oy,
Tijiz; = tv0;¢

ZT'ii = P(iv°0; — m)y.

If one wants to eliminate the time derivatives above, the Dirac equation can be invoked to replace
0:1. One problem with the tensor above is that it is not symmetric (See Landau, Classical Theory of Fields,
sec. 32). To correct for that, one needs to add a term

AT*P = —%;E(ﬁyapﬁ — PP (3.45)

Once can show that 8,AT*? = 0, and that by adding it to T*P, one obtains a symmetric
expression for T>8. As a homework problem, it can be shown that O, AT*B = 0.

3.6 Homework Problems

1. Consider the chiral representation of the Dirac matrices,

6:(—11 0)’ 0“(0 —ai)'
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(a) Show that for this representation that (p‘a® + m3)? = |p|? + m2.
(b) Find both solutions for u(p) and for v(p) for p along the positive z axis.
(c) Write the two solutions above for the limit p — oo and for p — 0.

(d) The spin operator, 3, = (—%/2)e€;;x7:7y; in this representation is

g; 0
ZZ_(O O'i).

For massless particles, find u(p) with positive energy and positive helicity, i.e., (p -
3)u = +|p|u. Then repeat for solutions with the other three combinations of posi-
tive/negative energies and helicities.

(e) For massless particles, one could get by with only two-by-two matrices. Comment on
what helicities would be possible if the Dirac matrices were only two-by-two.

2. Show that p* = p*.

3. Show that v(—p) = (& - p)u(p). Le., show that if u is a positive energy solution, that
(a - p)u will be a negative energy solution.

4. Show that (p + m)/2m is a projection operator that projects out either the positive or
negative energy solutions for momentum p depending on whether pg is +E, or —E,,.

5. Consider the spinor u(p) = ﬁ(p + m)ug, where ug = (1,0, 0, 0) is the p = 0 solution
in the Dirac representation, and let p point in the z direction. Find Z (p) such that u = Su,,
where the boost matrix S is defined

0.2
S = e’/
and 7 is the rapidity, i.e., sinh n = |p]/m.

6. Using Eq.s (3.43) and (3.44), calculate the ratio of the energy density to the charge density,
Too/jo, and the momentum density to the charge current, Tj; / jo, for a plane wave solution.
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7. Consider the matrix

¥s = iy YTy
Independent of the representation,
(a) Show that~2 = 1.
(b) Show that (1 + ~5)/2 is a projector.
(c) Show that 'y;r = 5.
(d) Show that {v*,vs} = 0.
(e) Show that Tr v5 = 0.

(f) Given the properties above, show that 5 has two eigenvalues of —1 and two eigen-
values of +1.

Given that Tr v* = 0, show that Tr v*v?~% = 0 for any a3~.
g y

(h) Consider a positive-energy plane-wave solution for massless particles with positive/negative

helicity,
(p-)us(p) = Epus(p),
(p-X)usr(p) = LE,us(p),
where the spin operator ¥, = —i€; ;0 /2. Show that for such solutions,

Ysux(p) = Fux(p)-
HINT: Consider {p - o, p - X}uy (p), and you may appreciate the identity

26imeijka’a7ak, T=m

m e odakt —
{a™, €’ ™} { 0. i£m

8. Show that the expression for AT*? in Eq. (3.45) satisfies

8, AT*® = 0.
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4 Electromagnetic Interactions

4.1 Gauge Invariance

For complex fields, either bosonic or fermionic, an obvious symmetry involves rotating the field
by a phase e*A. Since the fields enter the Lagrangian as ¢* - - - ¢ or as 1 - - - 1, nothing appears
to be changed by such a phase change. However, if A depends on position and/or time this
invariance disappears due to the derivatives acting on the phase, i.e.,

104 (1)) = e (10, — 04N ) . (4.1)

Now, take it as a given that all derivatives acting on charged particles include the electromag-
netic interaction,
100 — 10, — €A, (4.2)

where A is the electromagnetic field. In that case,
(100 — eAy)(e™h) = e (10, — eAy — Oa ). (4.3)
Thus, the Lagrangian is invariant under transformations of the kind,
P — 2@, eA, — eAy + OaA. (4.4)

Actually, one needn’t really add the extra term to A,, because from Noether’s theorem the con-
served current is

. 0L 45)
=i — .
7 = "80,A°
which means that the change to £ due to the transformation is
AL = j"9,A. (4.6)

Since contributions to the action go as i [ d*zL, the contribution from AL disappears as long
as A(x) is zero at some large distance, which can be seen by integrating by parts and assuming
current conservation.
Thus, gauge invariance is more of a prescription for writing a theory, than some sort of derived
quantity. It basically states that if the theory is to be invariant to gauge changes of the vector
field, the vector field had better couple to conserved currents. Once you derive conserved cur-
rents from Noether’s theorem, this becomes equivalent to stating that 0, — 10, — eA, when
modifying a theory for electromagnetic interactions. Thus, for the Klein-Gordon equation, the
Lagrangian is

L = ¢*(10% — eA*) (104 + eAn)p — m?P* ¢, (4.7)

and the Dirac Lagrangian is

£ =P(id — ed — m)p. (48)

EXAMPLE:
Solve for the ground state energies of a spinless bosonic charged particle in a constant magnetic
field.
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First, pick a gauge to describe a constant magnetic field in the z direction,
Ag=A,=A,=0, A, = Bzx.

Since the Lagrangian is invariant to translations along the y direction, solutions should
be eigenstates of the operator P,. Of course, solutions should also be eigenstates of
P.. Thus, for wave-function, we guess at the form,

¢($, Y, Z) — e—iwt—{—ikyy—i—ikzze—(:c—:co)2/2R2.
The guess at a Gaussian form comes because the Klein-Gordon equation has terms
that go as 2, which suggest a harmonic oscillator type solution.

Applying the K.G. equation,
w2¢ = kiﬁb + (ky - eBm)2¢ + 'm,2(]5 + (_iaw)sz

2 2 2 2p2,2 (@ — o) 1
To be an eigenstate, all the x dependence must vanish. The two conditions to elimi-
nate the terms proportional to 2 and x are:

2pg2 _ - 2%k,eB + 222 —
¢ = Rr TP IR =0
Thus, o and R are chosen so that
1 k
1:1),2 = ——, Lo = —y
eB eB

The K.G. equation is then
2
2, _ (12 2 2 Lo 1
After substituting for ¢ and R, the k, dependence also falls out, and

w2:k§—|—m2—|—eB.

Since all states with a given k, have the same energy, it is interesting to ask how
many degenerate states exist. The density of states is L, /(27), so the number is for

a fixed value of k, is
Ly ky,max

Ndegenerate ==

27r ky,min

Since the center of the Gaussian wave function must be in arange, 0 < ¢ < L, one

can see that the range for k, is 0 < k, < eBL,, thus
eBL,L,
Ndegenerate — T -
27

This is a familiar result for Landau levels. One can also find another other sets of
degenerate states by using the wave function for the excited states of a harmonic
oscillator (Forn = 1, ¢ ~ xe~*"/2E*) The result makes sense from the context of
the uncertainty principle. For example, if you consider massless particlesand k, = 0,
the uncertainty in the momentum is v/e B, which equals 1/R.
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4.2 The Magnetic g-factor

The Dirac representation is the most reasonable for viewing properties of non-relativistic motion,
such as the hydrogen atom, because the electron is largely non-relativistic, i.e., 13.6 eV << the
electron’s mass, 511 keV. Writing the spinor again as,

Ny
w—(x), (4.9)

the Dirac equation becomes

(10, — eA%)p = o -7x +mo (4.10)
(i0; — eA®)x = o-7d — mx,
T = —iV —eA.

Applying (8; — eA® + m) to both sides of the upper equation allows one to substitute for x
using the lower equation, and obtain

(10; — eAp)’¢p = (o - w)%¢p + m? . (4.11)
Next, use the fact that
(mwfzﬁ+ihmmmmL (4.12)
Commuting 7; and =; gives €;;xe By, and [0, 0] = 2€;j,0%, thus
(10; — eAp)’p = w2 + m?¢p — eo - Bo. (4.13)

As a next step, we will make a non-relativistic approximation. To do this, we define ® = ¢e*™.
The oscillation of ® will then be slow, i.e., 10;® << m®. If one also tosses the terms or order
(eAyp)?, one finds

2mif® = 72® 4 2meA,P — eo - B, (4.14)
) 2 e
i0® = —®+eAy®— —0-Bd.
2m 2m

Normally, the coupling of the magnetic field to a current loop of angular momentum L from a
single charge e would be (include / and c)

Hg = — L. B. (4.15)
2me

However, given that the spin operator is S = o /2, one finds

eh

S-B, g=2. (4.16)
2mec

HB:—g
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The fact that g = 2 is a non-trivial result that does much to validate the Dirac equation. From
the context of the Schrodinger equation, the gyromagnetic factor is simply introduced as a free
parameter with no explanation of why it would be near 2. In practice it differs from 2 slightly
due to radiative corrections which can be calculated with higher-order perturbation theory.

If one would wish to stay away from the non-relativistic approximation, the coupling to mag-
netic fields can be derived more elegantly. Multiplying the Dirac equation by (i@ — e A + m)
gives

(id —ed +m)(id —ed —m)y = 0, (4.17)
{(i@ —eA)? + %U‘“’[i@u —eA,,i10, — eA,)] — m2} P =0

(10 — eA)? — ga’“’F,w — mz] P = 0.

The term that provides the coupling of the spin to the electro-magnetic field is

€ e .
—5° F,, = —gg(za -E+ o - B). (4.18)

4.3 The Foldy-Wouthuysen Transformation and the Spin-Orbit Interaction

The terms of the previous section were of order 1/m, the order 1/m? and 1/m? terms are
especially important, such as the spin-orbit interaction. Calculating the next order is remarkably
difficult. The difficulty is that the expansion is conceptually difficult, and once the method is
understood, horribly messy.

The method for the solution is based on the Foldy-Wouthuysen transformation, which rotates
the state by a unitary transformation,

P = eiSep, (4.19)
so the that new Hamiltonian is
0y = H'y', H = e He 5, (4.20)

The trick is to find the operator S so that H’ has no components that mix upper and lower com-
ponents in the Dirac representation, i.e., eliminate the terms proportional to the Dirac matrices
a;. For the case of a free particle, it is not particularly difficult. One simply guesses at the form,

S = P - b, (421)
and then solves for the angle 6. Note the 8 and « are the Dirac matrices. With this choice,

e’ = cosf + (Ba - p)sin, (4.22)
H' = (cosf + Ba-psinb)(a-p+ Bm)(cosd — Ba - psinb)

= (a:p) (COS 20 — % sin 29) + B(m cos 26 + |p| sin 20).
p

One then chooses tan 26 = |p|/m to eliminate the first term to get
H' = Bcos20(m + |p|*/m) = B8y/m?2 + |p|2. (4.23)
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The preceeding matrix 3 is necessary so that the negative eigenvalues also survive the proce-
dure.

The situation become much messier once one includes interactions with the magnetic field and
expresses the momentum operator as derivatives,

H=qa:(p—eA)+3m+eA°. (4.24)
We define the even and odd terms (in «) as
O=a-(p—eA), E=eA°, (4.25)

so that
H=8m+ & + O. (4.26)

Unfortunately, S cannot be obtained by guessing. Instead we must solve for S, and do so order-
by-order in powers of O and £, i.e, relative to the term 8m in the Hamiltonian, this will turn out
to be an expansion in 1/m. Further, S will have an explicit time dependence, this means that

Hy = i, (e SY) = e ¥idpp’ + (0™ )y, (4.27)
iy = [e(H —id)e ]y,
H' = [e"(H —id)e*].

Since neither H nor 8,5 commute with S, one must expand the expression for e** as a Taylor

expansion in S, then commute the non-S terms outside so that ee~* = 1 can be applied. This
can be worked out with a moderate amount of pain to obtain,
i? "
H = H+ i[Sa H] - 5[59 [59 H]] + e ;[Sa [Sa te [Sa H] °e ]] (4.28)
-5 — —[S,S] +_[S957[SaH]”
2 n!
To first order in S,
H' = Bm + & + O + i[S, B]m. (4.29)
To eliminate the odd terms, one needs to choose S so that ¢[S, 3] = —O. A little bit of thinking
convinces one that )
s =_"30. (4.30)

2m
Now one can rewrite H' including all the double commutators that were neglected before. These
bring in some odd terms in O, but they are of order @3. One can now repeat the procedure,
treating H' as if it were the Hamiltonian, and re-defining £ and O to represent the even/odd
terms in H’. This procedure will result in a new Hamiltonian, H’, and can then be repeated
again to find the Hamiltonian H"” which will be relativistic to order 1/m?3. The result, after a
tremendous amount of pain, is:

H" = ﬂ<m+(p_eA)2_ p

2m 8m3

4

) +eA’— 3%.B (4.31)
2m

1e

8m?2

e e
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where ¥; = (—%/2)€;;,77vk- Now, to discussed the terms individually:

(1) p*/8m? is simply the order 1/m? term in the expansion of /m? + p2.

(2) (e/2m)X- B is the term that couples the spin, 3, to the magnetic field discuss in the previous
section.

(3) (—ie/8m?)X - (V X E) — (e/4m?)X - E X p is the spin-orbit energy. For the hydrogen
atom, or any spherhically symmetric potential, the first term is zero and the second term can be
simplified by seeing

E, E,
E=Er/r, ¥-Exp=——"X:(rxp) =——X:(L). (4.32)
r r

which then becomes the spin-orbit interaction,

Y. L. (4.33)

The spin-orbit term is often motivated within the context of a Schrodinger equation by consid-
ering the magnetic field in the frame of the electron, which is odd given that the discussion
concerns wavefunctions not classical point particles. In that frame, it looks like the spin-orbit in-
teraction. These kinds of hand-waving arguments are more a matter of desperation than insight.
(4) The last term, (e/8m?)(V - E), is particularly funky. It is known as the Darwin term. From
Maxwell’s equations, it looks as if it couples to the charge density. Again, there are some hand-
waving arguments to physically motivate the term. One could say that for a point particle,
stating that the particle is exactly at position r has some uncertainty determined by the Comp-
ton wavelength, A ~ 1/m. Thus, the Coulomb energy is a little uncertain. Again this is simply
another desperate attempt to understand something that is really simply a matter of “It fell out
of the math”.

One interesting side note regarding the spin-orbit interaction is that if you had a scalar potential,
rather than the zero®™ component of a vector potential, the sign would switch, i.e.,

O,eAyg — —8,. M (r). (4.34)

This becomes important for nuclear physics because the nuclear force has both vector and scalar
components. The scalar part is attractive and comes mainly from two-pion exchange while the
vector part is associated with omega exchange and is repulsive. Both have strengths on the order
of ~300 MeV, but they largely cancel to result in a typical potential well depth of ~ —35 MeV.
Although the potentials largely cancel, the spin-orbit contributions are of the same sign. Thus
compared to using simply a vector, or simply a scalar potential, the spin-orbit contribution is 20
times larger than expected. Nuclear shell structure was a mystery until Maria Goeppert Mayer
ran her nuclear shell model with extremely large spin-orbit couplings just to see what happened.
Lo and behold, she explained the nuclear magic numbers.

4.4 The Hydrogen Atom

If you don’tlook too closely, the energy levels of the hydrogen atom depend only on the principal

quantum number n,
_ —13.6

n —

eVv. (4.35)

n2

32



PHY 853 Lecture Notes 4 ELECTROMAGNETIC INTERACTIONS

The degeneracies are such that all values of £ are allowed that are less than n. For the n = 2
level, one would have both £ = 0 (s-wave) and £ = 1 (p-wave). Further, the p-wave solutions
could have j = 1/2 or j = 3/2 solutions. The spin-orbit interaction is proportional to L - S,

and since
J2—L2—S2_ jg+1)—£(L+1) —s(s+1)
2 - 2 ’

the interaction breaks the degeneracy between the two p-wave solutions with different j. If one
averages over the j = 1/2 and j = 3/2 solutions (weighing by (25 + 1)), one can see that
the levels are split by the spin-orbit interaction, but the average energy stays in place. Thus, one
would expect the average energies of the 2p solutions to remain equal to that of the 2s state. The
splitting is referred to as fine structure.

However the energies of the 2s states differ slightly from that of the 2p states. This comes from
perturbative processes involving a photon being emitted and reabsorbed by the electron. The
shift can be calculated to high precision and is known as the Lamb shift. It is proportional to e?
(as compared to the spin-orbit interaction which is proportional to e) and has about 10% of the
strength of the spin-orbit piece.

Finally, there are also perturbative processes involving the proton emitting a real photon (not
the classical field) and having it reabsorbed by the electron. This turns out to be a spin-spin
interaction, involving the spins of both the electron and the proton. Since it behaves as S, - S,
it also ends up depending on J, but in this case it is the J including the coupling to the protons
spin. Even for the 1s solution, there are J = 0 and J = 1 solutions. Since the proton is heavier,
this term is smaller than that of the Lamb shift roughly by the ratio of the proton and electron
mass. The J = 0 and J = 1 levels of the 1s levels in hydrogen are split by ~ one thousandth as
much as the Lamb shift. This splitting is known as hyperfine structure.

_L.S:

(4.36)

4.5 Homework Problems

1. Consider the massless Dirac equation in a constant magnetic field described by the vector
potential, A, = A, = Ay = 0, A, = Bz. For the questions below, use the chiral
representation of the Dirac equation, which allows you to use two-by-two matrices when
there is no mass. In that representation,

._ (& o 0 I
a:(o —3)’ ﬂ:(ﬂ 0)'

Because there is no mass, there is no mixing of upper and lower components and we can
simply consider two-component spinors, and for the upper components, we can simplify
the Dirac matrices, & = &.

(a) Write the Hamiltonian in terms of x, y, z, 8;, B, and the o matrices.

(b) Try a solution of the form,

W = e~ iBttiksztikyy o —(@—20)?/2R? ( (1) ) ,

and solve for the eigen-energy.
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2. Consider the Klein-Gordon equation for a charged scalar field interacting with an electro-
magnetic field.

(a) Derive the stress-energy tensor beginning with the prescription in the first line of Eq.
(3.44).

(b) The expression in (a) is not symmetric. Show that one can add a term
AT = —ej* AP

to the stress-energy tensor to obtain a symmetric expression.

(c) Show that
0, AT = 0.
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5 Field Theories

5.1 Non-Relativistic Field Theory

First, we consider the non-relativistic case. In that case we consider creation and destruction
operators, which are based on raising and lowering operators used to address the harmonic

oscillator problem. In that case, one can consider N harmonic oscillators, with raising and low-

ering operators c;-’ and ¢;. Here, ¢ runs from 7 to IV, and the commutation relations are:

[Ci, C;] = (Sij. (51)

To see the correspondence with field operators, consider operators that “raise” or “lower” the
number of particles at point r. Let them commute similarly as above,

[@(r), ¥T(r)] = 8°(r — 7). (52)

Further, one can consider the Fourier transform of ¥ (r),

1 .
ar = \/—ﬁ/d3re_"k'r‘ll(r), (5.3)
where we are considering a volume €2 and the values k correspond to eigenstates in an infinite
well of that volume, i.e., kz L, = n,m, k,L,---. One can then calculate the commutator for
ag,
1 . WA
[ak,al] = Q / d3rd®r’ e HF TR Y (), BT ()] (5.4)

1 , o,
— §/d3rd3r' e—zk-r+zk r 63(1" _ 'T'/)

_ 1 / A3y e—ik—K)T
Q
= Ok
Thus, every momentum mode, or equivalently every point in coordinate space, is treated as if

it had a separate harmonic-oscillator basis. Similarly, one can invert Eq. (5.3) and find ¥(r) in
terms of a(k),

1 —ik-r _ 1 3 —ik-(r—r’) ’
— E e ap = E — [ d°re W (r') (5.5)
v * it /

The Hamiltonian for free particles can be found by summing over the number of particles for
each momentum mode multiplied by the energy of particles in that mode,

k2
H=> %azak. (5.7)
k
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Inserting the expression for a, in Eq. (5.3),

1 , k2
H = — d3 d3 ’ —'Lk~(r—r’)lIlT — w(y 5.8
g2 [ drdne (r)5 -9 (r) 58)

= _Z/d?’rd?’r’e k- (r— ’"')IIIT('r)

—V?
= / d3r¥i(r)
2m

where the second step involved integrating by parts and the third step invoked the inverse
Fourier transform, Y, e~ (=) = Q§3(r — /).

Equation (5.7) looks like the usual expression for the energy of a free particle in the Schrodinger
equation, except in this case ¥ and W' are operators, NOT wavefunctions. To calculate the
energy of a system in state |¢), one would need to calculate

= (¢|H|®). (5.9)

The energy E would include the energy of all the particles involved in the system, whereas the
Schrodinger equation is limited to discussions of a single particle. Thus, basically all many-body
problems are formulated in terms of field theory, and since relativistic physics always includes
processes that create particle-antiparticle pairs, they too are expressed in the language of field
theory.

The expressions above were calculated assuming a finite volume 2. The more usual formalism
used is to let 2 — oo and to use operators a(k) and af(k) that commute to give a Dirac delta,
rather than a Kronecker delta,

lIl('r')

(r),

[a(k), a’ (k)] = (2m)*6%(k — k'), (5.10)

where the momenta are then considered to be continuous. Note that k appears as a subscript for
the discrete case, ai, whereas in the continuous limit k appears as a(k). The Fourier transforms
of the field operators in the continuum limit are

a(k) = /d3r e * T (r), (5.11)
1 3 ik-r
¥(r) = (27-;)3/d ke™"a(k),

and the Hamiltonian in momentum space is:

_ / (;i l;g—aT(k)a(k) (5.12)

The Hamiltonian written in terms of coordinate space operators looks exactly the same as before.

EXAMPLE:
Consider the state
d3,r. —r2/AR? gyt
|#) = (2nr2yaa © wi(r)|0).
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Using the standard definitions,
r) = ®'(r)[0), |k)=a'(k)|0),
a) Calculate (r|¢) and [ d®r |(r|p)|>.
d’r’ —12 JAR? gt (0
rle) = () [ o e )

1
(2w R?)3/4

]- 2 2
[@riwar = [dr e

(2w R?)3/4
= 1.

—r2/4R?

b) Calculate (k|¢) and [(d3k/(27)3) |(k|®)|>.

/

: d? 2 14 R2
(kl9) = (O] [ dire ™ rwi(n) [ o S e G)0)

B d3r

o (27 R2)3/4 €

— kR / d’r o— (r+2ikR?)? /4R?
(2w R2)3/4

— (87TR2)3/4e_k2R2
A3k 1 g2 2
/(277)3 |<k|¢>|2 — [27T(4/R2)]3/2/d3ke k?/[2(R?/4)]
= 1.

ik —p2 2
zk:re r?/4R

5.2 Relativistic Scalar Fields

For a complex relativistic scalar field, the current density was Re¢*(19"*) ¢. Thus ¢ should have
dimensions of inverse mass. Guessing at an expression for the field operator ®,

d3k . .
®(x) = | ———— (a(k)e™*® £ bl (k)e*™). 5.13
() / 2E,(2m)3 (alk)e + B (R)e™) 619
The choice of putting in the 1/2E}, is because d*k /2 E}, is Lorentz invariant. To see this,
1 d3k
/d4k: d(k? —m?) = /dSk:— = / . (5.14)
Ok2 2F;
ko | o — B,

The choice of assigning a creation operator b' rather than b is because the operators b correspond
to negative energy particles, i.e., the negative energy will be related to moving a particle. In a
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moment we will also see that these particles have opposite sign, i.e., they are anti-particles. We
now take a stab at writing down invariant commutation relations,

[a(k), aT(k/)] = (27")32Ek63(k — k'), (5.15)

with the same rules for b with b' and with all other commutators equal to zero (such as between
a and a, between a' and af, between a and b, between a and bf, etc. One can see that these are
invariant because

| s atkal () = 1. 516)

irrespective of the reference frame. Continuing with the guess, let’s calculate the integrated
current at at time g = 0,

Q" = /d% jH(x) = /d% {®1(z) (10" ®(x)) + (—i0"®T(z)) ®(x)}

3 d’k d’k’ m w\ i(k—k')-x ’ ’ AN X
_ Re/dm(%mEk sy (" FCal () bR falK) ()]

/ (271')32E Ej,

Taking the real part eliminates the last two terms, and since one integrates over k, the —ks can
be switched to +k in the terms with bs and b's. This yields,

kH

b= a'(k)a(k) — b(k)b' (k 5.18

@ = [ S b @ (ak) — bEY B 5.18)

The a'(k)a(k) term is simply the density of positive particles per invariant momentum space,

dN/(d*k/E}). The second term has the creation operators backwards, but can be understood
by the commutation relation,

b(k)b' (k) = bT(k)b(k) + (27)32E,63(k — k). (5.19)

Now, the integrated current Q" looks like the integrated number of particles (the afa term)
minus the number current for anti-particles (the b'b term), plus an extra term. The extra term
would even contribute to the vacuum. Further, the contribution is infinite. To see this, we first
use the relation [ d*ze*® = (2m)3§(k) in the limit of infinite volume to replace 63(0) with
2/ (2m)3. This gives the contribution of the final term in the vacuum as:

d3k

01Q°0) =~ [ & 5.

(5.20)

It appears that for every discrete momentum mode k, there is a charge of —1 lying in the vac-
uum, and since there are an infinite number of such modes, there is an infinite charge. Further,
one could repeat the operations above for the integrated components of the stress energy tensor.
This could include the energy density, H = [ d*z T°°, where T°° was derived earlier in terms
of wave functions. If one did this, the integrated energy of the vacuum would come out as

(O|H|0) = (0|T|0) = © / (;lﬂ’;Ek. (5.21)
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This can be interpreted by considering each mode as a harmonic oscillator with two modes (real
and complex). Each contributes (1/2)hw, or in this case Ej /2 to the vacuum energy. Note that
there is no net momentum in the vacuum because the modes k and —k cancel one another.
Both the infinite vacuum energy and the infinite charge are disturbing. Subtracting away the
infinite vacuum energy is distressing because it would contribute to the energy density in grav-
itational theories. The infinite charge seems even more bizarre. For one thing, the charge and
energy are four-vectors. If there were an infinite charge density, wouldn’t there be an infinite
current unless one were in a very specific frame? Such sicknesses are common in field theory.
As long as the sickness can be isolated by adding an arbitrary term to cancel them, all is well. In
this case one can imagine an infinite background charge of the opposite sign, which just magi-
cally cancels the contribution above. Even more complicated infinities appear when one begins
to account for screening of interactions. Handling these infinities is the principal goal of renor-
malization theory. It is also worth noting that in fermionic field theories, the infinities described
above will be equal and opposite. Thus, one of the motivations of super-symmetry, which pos-
tulates equal numbers of bosons and fermions of the same charges, is to cancel such infinities.

5.3 Real Scalar Fields

The only “fundamental” scalar field in the standard model (at least before symmetry breaking)
is the Higgs boson. However, the Higgs is neutral. To account for the fact that there are not two
charges, one can simply use the field operators as the previous section, but with the condition

b(k) — a(k), b'(k) — al(k). (5.22)

The field operators are then,
®(x) = & (x) = / 4k [e=*"a(k) + e**al (k)] . (5.23)
(27)32E, '

Note that there is no current associated with such fields. If you proceeded with the current
operator as was done in the previous section, one would find terms of the form (a'(k)a(k) —
a'(k)a(k)), rather than terms like (a'(k)a(k) — bT(k)b(k)).

5.4 Real Vector Fields

The most common bosonic field to be considered is a vector field, the photon. For any given
momentum mode, free photons have two polarizations. For massive particles, one expects three
polarizations. This all becomes rather difficult to express in a manifestly covariant way, and as
will be seen later on, the confusion is tangled up with issues of gauge invariance. To get started,
we will first consider the massless (photon) case. Again, beginning with a guess for the form of
the field operators,

d’k , .
At (z) = | ——— [e7*"a (k) + e*"aMi(K)]. 5.24
@) = [ Gryam, & 70 ®) + *2a®i (i) (5.24)
The creation and destruction operators then carry the index describing the vector nature of the

tields. Since the operators have the extra indices, one must write down the commutation rela-
tions in a gauge-invariant way. One common way is (the Feynmann gauge):

[a*(k),a"T(K')] = —g""2E,(2m)383(k — K'). (5.25)
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These are bizarre, because it appears that there are four free fields, instead of two, and that one
of them has commutation law with the wrong sign. For a commutation law with the wrong sign,
one ends up with a negative-norm state for 4 = 0. In the limit of discrete modes,

(0]alap’|0) = —1. (5.26)

The negative norm state complicates all our normal ideas about Hermitian Hamiltonians and
unitarity. In particular, of all the principles and symmetries of quantum mechanics, the only
absolute principle that should be obtained is unitarity, i.e., that the net probability summed over
all states is unity — and stays that way. The solution to the puzzle comes from simultaneously
ignoring one of the positive-norm helicities. Of the three positive-norm helicities, two are trans-
verse and one is longitudinal. For a given momentum state k, pointing along the z axis, the
normalizations are:

1 0 0 0
0 1 0 0
(0) — 1) — (2) — (3) —
0 0 0 1
With these definitions, one can rewrite the field operators in Eq. (5.24) as:
d3k . .
— —ikx 1 A) ik-x *p N7
Ar(z) =Y / B, [emibrely, (k)at (k) + ety (k)a™1 (k)] (5.28)

&)

However, there is no particular reason that the sum over polarizations needs to be expressed in
the same basis for every k. Instead A = 1, 2 could refer to any two unit vectors that are orthog-
onal to k, while A = 3 could refer to the polarization parallel to k. The polarization (0) along
with the polarization parallel to k are referred to as the longitudinal polarizations. Proving uni-
tarity involves showing that 3, [(¢ rle ™ t|ap)|? = 1. One can write the states as a product
of longitudinal and transverse states, |¢) = |17)|1r). When one calculates a probability, one
can ask the question, “Summing over all states 1y1,, What is the probability of going into the state
r?” Whereas one might find the possibility that the probability that going into a specific lon-
gitudinal state has negative probability (and can depend on the choice of gauge), summing over
all longitudinal states always yields a positive probability for any state |17) (and is independent
of gauge). We will return to this issue later.

One can also consider massive vector particles. Beginning with the Lagrangian,

L = _EFWF’“' + %m2A2, F" = 0o"A, — 0,A", (5.29)
the equations of motion become
—9,FP* + m? A" = 0. (5.30)
Taking the divergence, and using 9,0, F°* = 0 due to F being anti-symmetric, one finds
0-A=0. (5.31)
Now, using the identity 8,F** + 8,0 - A = 8% A, the equations of motion can be written as:
—9%AF = m”A*, 9. A=0. (5.32)

This would be satisfied by writing the field operator with only three polarizations, and with €(®
going to zero in the frame where k = 0. The massive case no longer respects gauge invariance.
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5.5 Coherent States, Path Integrals and Lagrangians

Thus far, we have not made a connection between a Lagrangian and expressing the fields in
terms of creation and destruction operators. To do so, we first consider coherent states. A coherent
state is state defined not by a particle number, but rather by being an eigenstate of the destruction
operator. For a single mode, the state is defined by a complex number 7,

m) = exp{nal — n*a}|0). (5.33)

Since the argument of the exponential is anti-Hermitian, the state |n) is normalized to unity,

(n|n) = 1. The Baker-Campbell-Hausdorff lemma says that for two operators A and B that

commute to a number, one can say eA+E = eAeBe~[4Bl/2 which allows one to restate |n) as
In) = e~1"*/2ena’e=n"e|0) = |p) = e~ I"1*/2e797|0). (5.34)

The factor e~"*/2 is a normalization factor. The unsettling aspect of coherent states is that they
are not eigenstates of the number operator, a’a. However they are eigenstates of the destruction
operator,

)2 )3
aln) = e 0 {1t naty + P50 TR o) (5.35)
, at)2 at)?
— e~ Inl /277 {1 + (na’r) + (772 ) + (773') 4+ ... } |0)
= nin)-
EXAMPLE:
Calculate the the overlap (n’|n).
Expanding the bra and ket,
(n'|n) = e—l'n’lz/2—lnlz/2<0|en’*aenaT|0>

— e~ IM?/2=n?/2 <0|en’*nena’f |0)

e~ IM1?/2=n?/2 gn"*n_
Defining " = n + dm, one can write the overlap as
(n'|m) = e~ 19m1%/2 g(dn*n—n*om)/2 (5.36)

Since the latter exponential is a phase, one can see that the magnitude of the overlap
is maximized, and equal to unity, for the case that n = n’.

EXAMPLE:
Calculate the matrix element (m|a'a3|n).
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First use the fact that a coherent |n) is an eigenstate of a,
a®ln) = n*n).
Next, use the fact that for an eigenstate of particle number,
(m]a’ = vVm{m — 1|.
Expanding the coherent state in a Taylor expansion,

oo CLT n R oo n
In) = e~ /2 {Z (nn!) } 0) = e~ /2 {Z jmlm} :

n=0

Finally, taking the overlap,

m-+2

(m]a’ad|n) = mn—e_|"|2/2.
(m — 1)!
For eigenstates of the number operator, completeness is stated as ), (m|n)(n|m’) = 6mm.

Even though the states are not orthogonal (see example above), there is a completeness relation,

dn,dn;
[ ) () = S (5:37)

where 7, and 7); are the real and imaginary parts of 1. To prove Eq. (5.37), one can expand the
exponentials used to define the coherent state,

4

dn,dn; , dn,dn; m s
T iyl = [ S 0l D) (nl —10) 539

/dmd"h’ ’f)*m'nm —|nl?
e

™ m!m/!
(5.39)
Here n = |n|e®. Using the fact that [ dge!™ )¢ = 21§,,,,
dn,.dn; , el 1
[ ) ety = [ 2Anldlnle S0 6 (540

= 6mm"
Using the basis of coherent states, the evolution operator, e *Ht can be considered as a sum
over paths, n(t), through the basis. To see this, we breakup the time ¢ into N segments of length

0t = t/NN, and take the limit of N — oo.

—i —i dnlrdnli —3 dn2rdn2i
(ale=M11g) = (ale™ 0,y [ T gy ettty [ ST ) apn)

—1 —iH (af *.a
(n+ onle™ % n) = e tH@I=mammy L 5n|n)
—  em*on—dn*n)/2 ;—iH (a'—n*,a—n)dt

—  e—ilinmi/2—in"n/2+ HIst
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The steps above used the fact that 677 and 6t were small as N — oo. The expression for the
overlap of two coherent states, (n’|n) derived in an earlier example, was also employed and
take in the limit that ) was small. Rather than integrating over 7, and 7;, we can define the
real variables,

p=—i(n—n")/vV2, a=0+n")/V2, n=(q+ip)/V2, n* = (q—ip)/V2. (542)

With these variables, the path integrals become,

i i dp.dgq
(ale™™B) = (ale H6t|p1aQ1>/ 21ﬂ_ 1(191»(11| (5.43)

_i dp2dq;
e~ py. ) / (p2r ] - -+ 18)

27
(p + 6p, q + dqle H%|p, q) = eillpi—ap)/2—H]5t

This can now be recognized as a path integral,

a8y = [ (o™ exp fi [ at L0 a(@8h
L(p,q) = (p4)/2 — (gp)/2 — H(p, q)-

The function L(p, q) can equivalently be written

L(p,q) = pqg — H(p, q), (5.45)

because the difference in the two expressions for L can be written as (d/dt)(pq/2), which when
integrated over time leads to a path-independent phase. In this form one can identify L as the
Lagrangian.

If the path integral above were to be multidimensional, the derivation would proceed identically,
only with significantly more pain. The variables p and g would go to p,, g, and the integrals over

paths would become
dp;dq; dpe,dqy,
/(Hizl,N P q) —>/(H121,NﬂziM) . (5.46)
27 27

In a field theory, one assigns a field g, to each point in coordinate space. Of course, there are an
infinity of such points, which may seem to make the expression impractical. However, in lattice
gauge theory space and time are actually discretized so that such integrals can be performed
via Markov-chain Monte Carlo (though usually done for thermal calculations where time goes
along the imaginary axis, i.e., e 7*Ht — e=FH,

5.6 Canonical Quantization

We are now in position to state how the quantized field operators can be extracted from the
Lagrangian. If the Lagrangian is written in terms of g and ¢, one can equivalently write it as

O0L(q, d).

¥ (5.47)

L(g,q) & ¢ — H(m,q), ™=
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Further, H (7, q) can be written in terms of creation and destruction operators, # = —i(ae™*® —

a'e'?)\/k/2,q = (ae™*® +a'e’®) /v/2k, where k and ¢ are arbitrary. One can see that if = and
g were turned into operators they would obey the commutation rules,

1 . ) ) ,
[@ops Top] = 5[(ae_"7’ + ate’?), —i(ae™ — ale'?)] = i. (5.48)

There is a prescription for beginning with a Lagrangian, then finding the corresponding Hamil-
tonian written in terms of creation and destruction. Given that one would like these commuta-
tion relations hold true at all time, one may further constrain the choice of how to express g and
7 in terms of @ and a'. The condition of satisfying the equations of motion will determine x and
¢ (for the one-mode problem).

The process of beginning with a Lagrangian written in terms of fields, then writing the equiva-
lent Hamiltonian expressing the field operators in terms of creation and destruction operator is
referred to as “canonical quantization”. The steps are:

* Beginning with L(¢;, ¢Z), derive the conjugate momenta, 7; = 0L/ 8¢,
o Write ¢; and 7; as field operators so that
[pi(t), mi(t)] = ids,

where ¢;(t) are solutions to the equations of motion. Write your Hamiltonian as H =
m;¢; — L in terms of the field operators, and you’re done.

If you're working with field operators in coordinate space, the discrete index 7 goes to the con-
tinuous label 7 and the operators must instead obey the equal-time commutation relation,

[p(r, 1), m(r', )] = i53(r —r’). (5.49)

EXAMPLE:
Find the field operators and the Hamiltonian for the real field ¢ derived from the Lagrangian,

L: 1aa¢a ¢ 1 2¢2
= — a® — —M .
2 2

First find the conjugate momenta,

oL
00, p(r)

Now, note that if you write (from a guess)

w(r) =

= 3,0(r).

a3 ) )
d(r,t) = /m (e_“""a(p) + e’p""aT(p)) ,

with [a(p), at(q)] = 27 (27)38%(p — q), this will also give
. d3p —ip-r ip-r
w(r,t) = —z/ (2n)2E, (Epe=*"a(p) — Epe®"al(p)) .
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Commuting ¢ with 7 at equal times will indeed give a delta function (multiplied by
1) with a little bit of work. This demonstrates why the particular form for ¢ was cho-
sen, and how if we had guessed a different expression for ¢, it would have failed. For
instance, if we had added an extra factor of F' in the definition for ¢, the commutation
relation would have been off by a factor of F2.

For the Klein-Gordon Lagrangian, the Hamiltonian is easy to derive

H = / d3r [w(r)q's(r) - L] = / d3r E@tqb(r,t)atqb(r,t) + %qu(r) LV (r) + %mqu(r)z .

In a homework problem, you will show how this yields the expected expression when
put in terms of creation and destruction operators.

Although it appears that path integrals allow one to equate quantum behavior to that of clas-
sical fields, there is an important difference. For classical fields, one uses the relation S = 0,
where the action S is [ d*zL. In the quantum system, one considers all paths, and adds their
contribution coherently. Only in the limit 4 — 0, can one state that you can ignore all paths
except the one path determined by minimum action. Thus, for quantum fields you can derive
equations of motion for a field ¢, but that does not mean that ¢ is determined. One can only
determine the equation of motion for the evolution of the field averaged over the various paths,
(¢). This is similar to the harmonic oscillator, where you can work in the Heisenberg representa-
tion and solve for (X (t)). For example, in the ground state, one could imagine a system where
(X (t)) = 0for all t, however if one were to measure the position, one would find a distribution
of values, all non-zero but centered around zero.

5.7 Phonons and Fields

A lattice can be considered as being composed of coupled harmonic oscillators. A one-dimensional
system could have masses m whose locations are x,,, which in a relaxed state are separated by
a distance a. For harmonic oscillators, one can define a position operator in terms of the raising
and lowering operators, a,, and a,};. This operator, we will refer to as ¢,, = x,, — na, describes
how far the lattice has moved from its relaxed state, and can be considered a field operator. The
potential energy of the system due to two neighboring sites moving relative to one another is

1
Vn - Emw§(¢n+1 - ¢n)27 (550)

where mw? is the spring constant. The kinetic energy of the n*" site is

1.,
K, = md}. (5.51)

Once can consider ¢(x) = ¢n=z/q, then for small ¢ the total energy can be written as an integral

over x,
— a 2 _E¢> : m (_E¢> :
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At this point, we can define a field
o

a

X (5.53)

so that the energy becomes

2,2 2 2
E:/dw {aw" (a_x) +1<3—X> } (5.54)

2 ox 2\ 0Ot
Aside from the factor of a?w?, this looks just like the Klein-Gordon equation for a real scalar
tield. This factor simply changes the speed of the propagation from c to awy, which is precisely
what one expects for the speed of sound.
Thus, sound is composed of quantum excitations called phonons. Before the coupling there were
N harmonic oscillator modes, and after the coupling, this switched to IN modes in momentum

space. Whereas the K.G. equation has modes for arbitrarily large momenta, or equivalently
arbitrarily small wavelengths, phonons exist only until the /N modes accounted for,

L (ko Lkp
N = —/ dk = —. (5.55)
27 J_kp ™

Here, the cutoff in wave number is the Debye momentum, kp = w(IN/L) = = /a and is pro-
portional to the density. The more common expression for three dimensions is a bit more com-
plicated. Equivalently, one can see that the Debye wavelength is related to the lattice spacing,

2
Ap = 2 — 2a. (5.56)

:E_

5.8 Homework Problems

1. Consider the non-relativistic case presented in Sec. 5.1. Consider a state at ¢ = 0 whose
state is a wave packet of the form,

ko, K) e” TRV 61 (k) |0).

1 / d3k

o (27)3/2 | (27wK?2)3/4
(a) Calculate (k1, k|k2, k).

(b) Calculate (ko, x| H|ko, k), where H is given in Eq. (5.12).

2. Consider a transformation to a frame moving with rapidity n along the x axis. For such a
boost the Lorentz transformation matrix is

coshn —sinhnp 0

0
e — —sinhn cosh3 0 O
N 0 0 10

1

0 0 0

Calculate the Jacobian for Lorentz transforming d*z to d*z’.
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3. Express an eigenstate of the number operator, |m), in terms of coherent states, i.e., find
gm (1) in the expression below,

m) = [ dinedns g (n)ln)-
4. Consider the Hamiltonian derived at the end of 5.6,
. 1 1 1
H = [ar [sn)o) - £] = [ v | 0o 000(r.1) + T6(r) - Vo) + o).

Using the expressions for the field operators in terms of a(p) and a'(p), derive an expres-
sion for H as an integral over momentum with the creation and destruction operators in
the integrand.

5. The Lagrangian,

1 A
L=—-F"F, ——(8-:-A)2
P B — 5(0- 4)

with A = 1 is known as the “Feynmann Gauge” for electromagnetic fields.
(a) In the Feynmann gauge show that equivalently £ = $A*9%A,, i.e., show that the

expressions integrated over d*x are equal.

(b) In terms of A and derivatives of A, what are the conjugates to the fields A* for the
purposes of canonical quantization.

(c) Using the expression for the fields in terms of creation and annihilation operators de-
scribed in Egs. (5.24) and (5.25), show that the conjugate fields indeed commute with
the fields to create § functions as required for canonical quantization. This constraint
was responsible for the expressions in Egs. (5.24) and (5.25).
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6 Field Theory for Fermions

6.1 Beginning from the Lagrangian

One can follow the same procedure for canonical quantization as was used for bosons. Beginning
with the Lagrangian,

L =(if — m)ip, (6.1)
the conjugate momenta are
o -
m(r) = 55 sy = N = w0, 62)

However, since the particles are fermions we look for a form for 1 that satisfies the anti-commutation
laws,

{¢i(r9 t)9 '“1[’; (rla t)} = iés(r - T,)(sij' (6-3)
A choice is
md3p i .
P(z) = Z / E,(27 )3 (bs(P)e™ P "u,(p) + di(p)e™ v, (p)) , (6.4)

where b,(p) and d (p) destroy particles of spin s and momentum p or create the corresponding
anti-particles. They obey the anti-commutation laws,

{bs(p), b, (p)} = %(%)353(1?—1)’)553', (6.5)

(@), d 6} = 2R - ),

{0:(p), b (P)} = {ds(p), do (P} = {b](p), bl (»)} = {ds(p), ds(p")} = 0
{bs(p),dl. ()} = {ds(p), bl (@)} = 0.
Here the vectors us(p) and v,(p) are normalized as:
ﬁs(p)us’ (p) - 633'3 ﬁs(v)vs’(p) - éss’a (66)
us(p)vs(p) = s(p)us(p) = 0.

To verify Eq. (6.4), one can anti-commute () and 1 (z’) at equal times,

(6.7)

To=x)

{ervj@} = 2 / Em(‘;:) e (p)ul (p) + €7 v, s(p)o! ()]

= Z / Em((;ﬂ'p)S e [us,i(P)uZ,j(p) + vs’i(_p)vlﬂ'(_p)] ’

To proceed, note that ), u,;(p)us ;(p) is a projection operator, that projects out the positive
energy solutions. From a previous chapter, we know this to be (along with the one for negative
energy solutions),

p.. — mdij

¢i' —I— méij 3 s
T? Z US,i(p)Us,j(p) = JT. (68)

Z Us,q (p)ﬂs,j (p) =

48



PHY 853 Lecture Notes 6 FIELD THEORY FOR FERMIONS

After one multiplies the two expressions above by ~4°, one can insert into the previous expression
for the anti-commutator.

Epdij — Oéij *p —|— m’}’g péij —|— aij D — m’)’%
) .

> u,i(p)ul ;(p) = > vei(—p)v! j(—p) =

2m 2m

(6.9)
Each projector gives three contributions. The terms in the numerator proportional to m and a-p
disappear because the contributions from the positive- and negative-energy pieces cancel. The
only term from the projector remaining is proportional to E, /m. This factor cancels the identical
factor in the invariant phase-space element. The remaining term is then seen to reproduce the
delta functions in Eq. (6.3).

The current, which can also be derived from the Lagrangian is

i*(x) = P(@)y"p(z) (6.10)
_ md3p md3p’
N ; / E,(2m)? Ep (27)°
[bl(p)bs/ (P") s (p) Y us (p') PP 4 d (p)d], (p)Ts (D)7 v (p') e P~P)®
+ ()l (p) s ()00 (B X% 4y (p)by (') 0, ()Y ur (B )&~ P72

The cross terms above are important, as they are related to pair creation when the current is
coupled to an electromagnetic field, A,,. However, if one integrates over all &, one finds delta
functions in the momentum. The net charge is then

Q= /d"’a:j“=°(t =0,z) = 6.11)
Z/Ez(z )3 T(p)bsl(p)ul(p)us,(p) +ds(p)dz,(p)vl(p)vs'(17)

+bl(p)dl, (—p)ul(p)vy (—p) + ds(P)by (—p) v (P)us (—p)| -

The overlaps above can be calculated (see HW problems),

ul(p)us(p) = vl(p)vsf(p)=%6ssf, (6.12)
ul(p)vy(—p) = vi(—p)uys(p) = 0.
This results in
Q= Z/E (2n)? [b1(p)bs(p) + ds(p)dl(p)] - (6.13)

Anti-commuting the operators d and dT gives

Q= Z/ E,(2m )3 T(p)bs(p) - dl(p)ds(p) + infinite constant} (6.14)

The same infinite constant was found for the boson case considered in the previous chapter, only
this background charge has the opposite sign. Aside from this constant, the result is pretty much
what was expected: the number of positive minus the number of negative particles.
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6.2 Pair Creation

One of the most common problems one faces in physics is pair creation, often the production of
a particle-antiparticle pair. Any classical field that couples to ¥ ¥, or U~v* ¥, or similar coupling,
will involve particle creation. In this section, we consider an example using the “sudden” ap-
proximation in quantum mechanics, where the vector potential suddenly changes values. Simi-
larly, one could consider the mass suddenly changing. One motivation for working through this
example is that it underscores the meaning and implication of negative-energy solutions to the
Dirac equation.

EXAMPLE:
We will calculate pair creation from a pulse of electric field. Consider an electric field that is
constant in space but exists only instantaneously,

E(r,t) = azé(t).

Find the density of particle and anti-particle pairs of momentum k = k.2 and —k. 2, created by
the pulse.

For the vector potential, choose
A.(t) = aBO(t).

For t < 0 we will look at the solution to the Dirac equation v, (—k)e!Prt+ikr  Thig
represents the negative energy solution, which is filled. Evolving the state beyond
t = 0, one can find the overlap with the state u’ (k)e~*Fxt+i" This represents the
disappearance of the filled negative-energy state through the creation of a particle
of momentum k. The destruction of a negative-energy state of momentum k can
be thought of as the creation of a positive-energy anti-particle with momentum —k.
Thus the squared overlap is the probability that the mode goes from zero particles to
a pair.

To proceed, we must first express the wave functions vs(k) and u’,(k). The prime
refers to the fact that u will be evaluated for ¢ > 0, which has a different vector
potential. Recall that adding a vector potential means that u(k, A # 0) will be equal
tou(k—eA, A = 0). Since k are good quantum numbers, and since we are interested
in all spins, we can write the transition probability as

P=Y (u;(kZ,AZ)vS(—kZ,A’ —o. (6.15)

We only consider the same-helicity elements because the matrix element would be
zero otherwise. If we were to perform the calculations for k not along the z axis, we
would have to extend the calculation to more spin combinations.

First, we write the spinors as:

1
J(k)) = EA° — k'~ .(0), 6.16
us(k.) \/2E,;(E;2+m)( Y = + m)uy(0) (6.16)
1
ve(—k,) = (—Exy° — k.. + m)v,(0).
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These expresssions differ from what was derived in a previous HW assignment by
a factor /m/E). With this choice, uf(k)u(k) = 1, rather than Ej/m. One can
calculate the overlap by inspection by looking at the Dirac matrices and realizing
that one need only consider terms that mix upper and lower components (defined by
Dirac representation).

! 4 X m 2
F= [2E)(E) + m)|[2EL(E], + m)] {(E, + m)k. — K (Ex +m)}”"  (6.17)

Here k! = k. — ea and E; = /k’2 + m?2. The above probability refers to a single
mode, and should be multiplied by 2 to account for spins. To get d Npairs/d?k, one
must add a factor of V/(27)3 for phase space.

EXAMPLE:
Consider the same problem as above, only solve with a Bogoliubov transformation.

Consider the field operators before and after the change in A,
U(r,t=0") = Z/ md’k e {by(k)us(k) + di(—k)vs(—k)} ,(6.18)
’ E, (2 )3 s s s s N\U-

W (r,t=0%) = Z/E’fg E e b (k)u' (k) + df (—k)v.(—k)} .

The two operators must be equal at time ¢ = 0. Further, one can project out b,(k)

from the first relation using the orthogonality relations involving u,(k) and vs(—k)
from the homework.

b, (k) — / & e~ Ul (k)W (r, t = 0). (6.19)

Since the two field operators are the same at t = 0, we can also write b/, (k) in terms
of the overlap with ¥(r,t = 0),

by (k) = /d3r e T uf (k) ¥ (r,t = 0) (6.20)
md3k’ s it (1
- Z/Ek(zw):f/d“ (=) { T (k)us (K )bs (k') + ull (k)vs(—k')dl(— k)}

— 3 Ll (k) (k)by (k) + ulf (k)v,(—k)dl (—k)
Ey

This re-expression of the creation and destruction operators is known as Bogoliubov

transformation. The stateatt = 0 1s the vacuum in the b, b' basis, i.e., b(k)|0) = 0,
b’'(k)|0) # 0. If one calculates (0|’ (k)b’,(Kk)|0), one will get contributions from the
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d' term above. This gives

E,dN
(2m)3— (0[bZ} (k)b (k)|0) (6.21)
md3k y
m* 2 t
= ZE—ﬁlus/(k)vs(—k)l (0]ds(K)d' (K)|0)
= @r) 5tk — k) S |ull (k)v,(—k)|?
E; " ?
m
= V— "t (k)vs(—k)|?
5, 2 W) (—BP,
dN V. /m)\? ,
— = — f(k)vs(—k)|2. 6.22
d3k (27)3 (Ek:> zs: [ug (k)vs(—k)| (6.22)
Since this calculation was done with the normalization ufu = E/m, this is ex-
actly the same result as above. Note that summing over modes brings out the factor

v/ (2m)3.

Bogoliubov transformations turn out to be useful for a variety of problems, most famously su-
perconductivity. They tend to be useful for problems where an interaction or perturbation is of
the form,

V=3 Vi(bld', + brd ). (6.23)
k

For superconductivity, these would be interactions that create or destroy Cooper pairs. The same
form can occur in many instances in relativistic treatments. For instance, if an interaction adds
to a particle’s mass,

V= / d*r M (r) ¥ (r)¥(r), (6.24)

one can expand the field operators, which will lead to terms of the type mentioned above.

6.3 Homework Problems

1. Using the fact that u,(p) = (p + m)us(p = 0)/\/2m(E, + m) and v,(p) = (—p +
m)vs(p = 0)/v/2m(E, + m) (where the solutions u,(p) and v,s(p) are orthonormal-
ized), show that:

* Us(p)us (p) = oo

* @,(p)vs(p) =0

e ul(p)uy (p) = ds5r(Ep/m)
e ul(p)vy(—p) =0

HINT: Remember that 4 are anti-Hermitian.
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2. Derive Ty from the Lagrangian for free fermions, £ = i@y — mapp,

oLC .
TOO - a—\:.[l‘l’ —E.

Then express H = [ d®r Ty in terms of integrals over creation and destruction operators
in momentum space.

3. Consider the quantity @, (p)vs (—p). Terms like this arise in the case where a scalar field ¢
might couple to particle-antiparticle production. Assuming p lies along the z axis, calculate
the overlap. Express your answer in terms of E,, m and p,.

4. Consider the quantity @,(p)y*vs(—p). Terms like this arise in the case where a vector
tield A* might couple to particle-antiparticle production. Assuming p lies along the z
axis, calculate the overlap for all four values of u, and for all combinations of s and s’,
where the spin labels refer to various eigenstates of X.. Express your answer in terms of
E,,mand p,.
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7 Propagators

7.1 Why Propagators

Time dependent perturbation theory has played the dominant role in the phenomenology of
particle physics over the last several decades. The changes to the evolution operator in such a
theory look like

(=9)"

n!

g /dtl e dt TV () - V(E)] + -+ 7.1)
where T is the time ordering operator. The elements V' (¢,) are the perturbations in the in-
teraction representation. The perturbations V' involve integrals over creation and destruction
operators, which in the interaction representation become al.(t) = e*Hotqle~iHot — eiFitqgl
Matrix elements are thus constructed from terms of the form (0|ay(¢1)a), (£2)|0). Of course, the
interactions are usually expressed in terms of field operators in coordinate space, which means
that the quantities of interest are 7 (0|®(x’,t")®(x, t)|0). These are referred to as time-ordered
propagators, and perturbation theory is generally built from these quantities. They are also
known as Green’s functions or Feynmann propagators.

We will begin by finding an expression for the Feynmann propagator for real scalar fields. Once
these are known, propagators for other particles are often expressed as a product of the scalar
propagator and additional terms that carry the spin information. The scalar propagator G (x)
is

T (0|® () ®(0)]0) (7.2)
= i [ et Tl [aR)e + ol (] [a(a) + o' (@)] 0)

(27)6(2Ex2E,)

&Br &Pk
© —ik-x O(— / ik-x
’ (wo)/(27r)32Eke o (=20) | 2my52E,©

ko=F}
From contour integration, one can see that
— d'k —ik-x —1 7
GF(QZ) = We kz_m2+i€, e —>0 ( 3)

The term —1/(k? —m?+1e) is the Fourier transform of Gr(x), and is known as Gr (k). The mo-
tivation for using the propagator in momentum space derives from perturbation theory, where
most expressions involve integrations of products of propagators over all time, and integrated
over all space. These integrals can usually be expressed more naturally in momentum and fre-
quency space. This is certainly the case for scattering problems, which are based on adiabatic
pictures involving wave packets slowly passing over a large time.

7.2 Propagator for Massless Scalar Field

There are instances, such as deriving Coulomb’s law, which do involve knowing the propagator
in coordinate space. For that reason, we perform the integration listed above to explicitly solve
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for Gr(x) for the example of massless particles. The derivation is surprisingly painful:

. d3k —ik-x ik-x
GF(m) = 1 m |:e k @(CCO) + e k @(—ZEO)} ‘ko:Ek (74)
; 1 oo
— # 1 dCOSH/O kdk [e—ik:mo-i-ikrcosee)(wo) _|_ eikwo—ikrcosﬂ(_)(_wo)}
= 47:27" /0 dk [~ sin(kr)O(zo) + € sin(kr)O(—z0)]

Here, r is the magnitude of the spatial components of . To proceed, we will consider the real
and imaginary parts separately, Gr = G, 4+ iGr;. For the imaginary part,

1 e o)
Gri(x) = Tt / dk cos(kxg) sin(kr) (7.5)
0
— 1 . /°° dk [eik(mo—l-r) _ e—ik(mo—l-r) 4 e—ik(mo—r) _ eik(mo_r)}
1672ri Jo

B -1 { 1 1 ]
 8m2r |xg+r xo—T
—1

422

To calculate the real part,

1 oo
Gr, = / dk sin(k|xo|) sin(kr) (7.6)
472y 0
—1 e . .
_ dls [e*(zol=r) 4 gik(iwol—r)
fomay b € e

—1 >
_ / dk ei*(lzol—r)
1672r J_o

—1
= 8?5(|330| —_— 7’).

Adding the two pieces together,

—1 1

(7.7)

2 22 — e
7.3 Propagator for the electromagnetic field

The propagator for the electromagnetic field is easily calculated in the Feynmann gauge. In that
gauge, the field operators appear as four different operators, but with the zero™® component
commuting with the wrong sign. Thus, the propagator is

G*(x) = T(0|A*(x)A"(0)|0) = —ig""GF(x) (7.8)
/ d*k i g 1
= —g" — = - ,
(2m)* k2 4+ ie  4Amw? 2% — i€
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Finally, with all the mathematical apparatus compiled so far, we are able to calculate Coulomb’s
law. From perturbation theory, the impact of a field A* coupled to the static charge density,
V = [ d®*rA*j, with only zero** components, is

gy = 0y —i / dt V'(t)[0), 7.9)
(] = <0|+z'<0|/_ dt V (1),

(PIV(0)|y) = 2/d3'rd37“'/ dt jo(r)jo(r") Imag {(0|A®(r",0) A% (r, 1)|0) }

—Oo0

= 2 / d3rd3r'/ dt jo(r)jo(r') Imag {G*°(r — ', 1)},
0

1
— g/d3rd3r’ Jo(r)go(r")

=T

where the earlier expression for the imaginary propagator was inserted. The expression is ex-
actly what was expected all along, but the derivation seems surprisingly involved. Additionally,
this emphasizes the role of the “unphysical” polarization modes, i.e., those with the wrong-
signed commutation relations.

Similarly, one can calculate the potential energy for a scalar density s(r) interacting with another
scalar density, s(r’), due to a coupling with a scalar field, V = [ d®r s(r)®(r). The propagator
is identical to the electromagnetic case above, apart from the term —g®?. One finds

~1
WIVOI) = o / Brd®r’ s(r)s(r’). (7.10)

Whereas the electromagnetic interaction between charges of the same sign are repulsive, the
interactions between scalar “charges” of the same sign are attractive. This plays an important
role in nuclear physics. Nuclei are made of protons and neutrons. The neutrons couple to one
another four different ways:

¢ Exchange of the w meson. The w is a massive vector meson that couples to baryon number.
Hence, both protons and neutrons have the same sign. Since it is a vector interaction, the
force is repulsive.

¢ Exchange of the o meson. This is a proxy for two-pion exchange, and is a scalar potential
that couples to massive protons and neutrons identically. However, since this is a scalar
field, the interaction is attractive.

¢ Exchange of the pp meson. The p couples to neutrons and protons with opposite sign.
Since there are roughly equal numbers of neutrons and protons, this interaction tends to
be smaller than that from the w meson. This interaction largely cancels when the number of
neutrons and protons are equal. Whenever there is a large isospin asymmetry (more of one
species of nucleon than the other) this interaction becomes repulsive, and is responsible for
a significant fraction of the nuclear symmetry energy.

* Single pion exchange. Pions are pseudo scalars, and their couplings change according to
the spin of the particle. Additionally, they carry isospin like the po. Thus, they are doubly
inclined to have their interactions cancel. Even if the neutron and proton fractions were to
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be notably different, the interaction would cancel if the number of spin-up and spin-down
protons (or neutrons) were equal. Thus, even though the pion is the lightest meson, thus
making such an interaction less screened than the others, this cancellation makes it less
important than the first two. The spin-spin nature of the interaction is often referred to
as the “tensor” interaction. As one might guess, it plays an important role in driving the
forces responsible for pairing.

The attractive force due to o exchange, and the repulsive force due to w exchange would each
contribute several hundreds of MeV to the nuclear potential if considered singularly. However,
after the cancellation, the net depth of the nuclear potential is only ~ 35 Whereas the forces can-
cel, the corresponding relativistic corrections, a.k.a. the spin-orbit interaction, come in with the
same sign. Thus, the spin-orbit interaction in nuclear physics is approximately a factor of twenty
greater in magnitude than expectations assuming only a scalar or only a vector interaction.

7.4 Causality

Surprisingly, proving that a theory is causal is more difficult that one might first guess. For a
massless scalar theory, one can consider the propagation of a field that is altered by a source
function, s(x), o < 0, and then recorded at = 0. To first order in perturbation theory,

se@=0) = | o). voD, 7.11)

vV = /d?’wj(a:)fﬁ(a:). (7.12)

This can be rewritten using in terms of the propagator defined in Eq. (7.7),

o{(P(x =0)) = ’R,e/ d*z Gr(x)j(x) (7.13)
x0<0
—1 1
= / d*z j(x)Re——: - (7.14)
20<0 472 22 — g€
= 1 d*x j(x)6(x?). (7.15)
4T z0<0

Here, it is clear that massless particles propagate at the speed of light. With some more work, it
can be shown that by adding more complicated intermediate steps to the evolution, causality is
maintained as long as each time-ordered propagator is causal.

7.5 Massive Scalar Field

The real and imaginary parts of the propagator for massive scalar fields can be found as was
done in Eq.s (7.5) and (7.6). The difference being that E, # k, but instead equals E;, =
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V' k2 + m?2.
1 [ k2dk N N
_ 1Epxo+ikr cos @ —t1Epxo+ikr cos 0
Grr(x) = (271_)2/0 2F, dcos@ [e'Fro O(xo) + e k%0 O (—xo{7.16)
[ S fin (B + kr) — sin (Buo — k)
= 1mn — S1n bt
872y ) Ek S kL0 r S kL0 r
GFz(w) — 1 *° kdk [eiEkmo—ik'l‘ _ e’l:Ek:B()—l—ik’r’}

1672r J_o Eg

These don’t collapse to a particularly transparent form, but when calculating the perturbative
correction to the energy one does find a simple expression. As was done for Eq. (7.9),

(Y|V(0)|y) = —2 / d3rd3r'/ dt s(r)s(re Gp,(r — ', t) (7.17)
0

-1 1 kdk

= — [ d®rd®r’ —s(’r)s(r')/—,sin(k|r —7'])
472 |r — 7| E? + i€
-1 —m|r—r’|

= [ @Brdtr s(r)s(r’)
8 |r — 7’|

The potential, e=™" /r, is known as the Yukawa potential. The exponential factor can be crudely
motivated from the uncertainty principle, by stating that the intermediate state is off-shell by an
amount m, thus allowing it to propagate a distance or time of 1/m.

7.6 Propagators vs. Green’s Functions

Propagators are of the form 7 (®(x)®(0)). Green’s functions refer to a method for solving
differential equations. The equations are typically of the form,

Ko¢(t) = j(1), (7.18)
where K is some function of derivatives. For instance, in the Klein-Gordon equation for a spe-
cific momentum mode, K = —83 — Elz For a harmonic oscillator, where ¢ — x, K =

0? 4+ (k/m). The term j(t) is a driving term. For the harmonic oscillator this corresponds to
an external force, whereas for the Klein-Gordon equation this corresponds to a source term of
particles of a scalar form. For the electromagnetic case, it will appear as an electromagnetic cur-
rent, which by coupling to the field will radiate particles. If one writes the differential equation
in Fourier space,

K(w)o(w) = j(w), (7.19)
where any derivatives inscribed in K become factors of w, i.e., 18, — w. Thus, for the K.G.
equation, K (w) = —w? + EZ.
Green’s functions are solutions of the form,

b(t) = / T G (t— )5 (). (7.20)

— o0

The subscript “>" denotes that this is a “retarded” Green’s function and that G(t > 0) = 0.
This corresponds to the BC that ¢ would be zero for all times before the field is turned on. The
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“advanced” Green’s function is zero for ¢ < 0 and corresponds to the BC where the ¢ = 0 for
times after the source is turned off. Note that to this point the fields are purely classical objects.
In Fourier space,

P(w) = G(w)j(w)- (7.21)

Combined with the equations of motion in Fourier space, one can see that
G- (w) = K '(w). (7.22)
For the Klein-Gordon equation, it would seem that

—1
k

However, there are poles for w = FFEj. In fact, one could have guessed at the same answer for
G <. To choose how to handle the poles, one needs to look at the BC. If G(t) ~ [ dwe “'G(w)
is to be zero for negative times, G'», (w) must have no poles in the upper half plane. The opposite
must be true for G <. Thus,

-1 —1
G = , G = . 7.24
>(w) (w — i€)? — E2 <(w) (w + i€)?2 — B2 (7.24)
In comparison the Feynmann propagator is
-1 —1
Gr(w) = (7.25)

w2—E,§—|—ie: (w — Ey + i€)(w + Ej, — i€)

Thus, the poles for the Feynmann propagator are split between the upper and lower half planes,
with the positive frequency pole being below the plane.

Thus far, the similarity seems only in the form for the result. To see a deeper connection, one
must consider Linear response theory. The derivation that follows forms the foundation of quan-
tum response for condensed matter systems, and thus is well worth your time to follow.

In linear response theory, one considers to quantum operators ¢(t) and B(t), where one has an

interaction term,
Vi(t) = B()F(t), (7.26)

where F is an external field. For instance, A could be the current, A could be the charge den-
sity multiplied by  and F would be the electric field. Linear response theory solves for the
coefficient, x (t — t’), such that

t

so0) = [ x(t-t)F®), .27

— 00

where the change of ¢ arises from the coupling of A to F'. From perturbation theory,
—1 0 i 0
s = S0 [ dr Vi) +; [ at (vit)s(o) 7.28)
—1 _Ooo ’ ’ /_oo
= 20 at (i), A0 FW).
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Now, one can consider the case where V' = j(t)®(t), and the field ¢ = ®. In the that case the
equations of motion for ¢ have a source term j as seen above. Then, by inspection one can see
that,

@) = [ arc.- i), 729)
Gt~ 1) = Z((0), B(D)).

Now, the connection between Green’s functions, which seem to apply to classical theories, and
quantum theories, which involves non-commuting operators, seems more clear. However, the
fact that the ies appear differently for the different propagators, makes it difficult to express
Gr(w) in terms of G, and G.. In practice, you simply identify all the poles on the real axis,
then force those poles above and below the real axis depending on whether they are positive or
negative poles.

The source of all the ugliness associated with seemingly adding ies to get the behavior one
wants derives from the fact that the propagations are undamped. Physically, this means one
must worry about boundary conditions for the fields at ¢ = Foo. If one adds damping, the
poles move off the axis and everything becomes clear. In fact, G- goes to zero as there are no
tields from ¢t = —oo to annihilate.

7.7 Gauge Invariance

The Lagrangian for the electromagnetic field is

1
L= —ZF’“’FW. (7.30)
For reasons of convenience, which are not at all readily apparent, we will add a “gauge-fixing”
term,
1 A -1 A—1
L= _ZFWF“" — 5(8 cA)? = > [0, AFO“A,] — ( 5 )(8 - A)2. (7.31)

For A = 1, this looks like four independent fields, A°--- A3, and leads to the propagator we
used initially. This propagator featured four independent fields, though with the zero®™ compo-
nent being a negative norm state. The choice of A = 1 is known as the Feynmann gauge.

What we will show below is that results are independent of A due to the fact that A couples only
through a conserved current. We begin by dividing the propagator for A = 1 into two pieces,
and refer to it as G$2,

P % ) R ) T

G2, (k) = —i — : 7.32
=i (k) = = “k2 1 e (7.32)
This can be written as two pieces, with each characterized by a projector,
Pr(k)*? + Py (k)*”
G2, = —i 7.33
A=1 ¢ K2+ ie ) (7.33)
PPP(k) = g"® —kkP/k2, P]°(k) = k“KP/K2. (7.34)
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It is easy to see that these are projectors, and that k. Pr(k)*? = 0.
Switching gears, we can now consider the term (A—1) (8- A)? /2 perturbatively. The propagator
can be written as:

GP(x—x) = G, (x) o
s (;;‘) /d4y1 o diy, T(O|A%(2)V (y1) - - - V (yn) AP(2")|0),

vy = 2D o,0w)@a°w).

The next step requires some head scratching. One can see that the matrix elements all require
each field to couple to some other field. Since there are n! ways to connect the fields, and since
each connection is identical, one can see that

GP(x—a') = G, (x—2) (7.36)
F DGO 1) [ diy - diya (010,265 (@ - )]
n=1

° [87n—187nG’)Y\TL:_117n (yn—l - yn)} G‘)tn:ﬁl (yn - ZB,).
This is moderately less hideous in momentum space. After Fourier transforming,
G(k) = Gi=1(k) (7.37)

+ ) [(A = 1)K Gaza (k) Po(k)Gazi (k) P (k) - - - Po(k) Gz (k),

n=1
where the fact that the two derivatives acting on each point could be identified as the projector,
ie. k°kP = k2P{” (k). Now, one can use the fact that
—k*Pp(k)G=1(k) = P, (7.38)

to obtain

G(k) = PrGi=i(k) + PrGr=1(k) + PrGr=1(k) i(l —A)" (7.39)

n=1

1
= PrGy=1(k) + XPLGA:I (k).
Including the Lorentz indices,

pes PP
Gaﬁ k — T L 7.40
(k) k2—|—ie+)\k2—|—ie ( )
g~ (1— NP7

k2 4+ i€ Ak2 4+ i€

For A = 1, one returns to the Feynmann gauge. For A = oo, the longitudinal polarization
contribution vanishes. This corresponds to the condition 8+ A = 0, and is known as the Lorentz
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gauge. It should not be surprising that by adding an infinite term proportional to (8 - A)? to the
Lagrangian, that it would effectively impose the Lorentz gauge condition. There is a problem in
the expression above for the case where A = 0. In that case the propagator becomes infinite.
Finally, we need to show that physics is indeed insensitive to the choice of A. To see that, one
notices that the field always couples to the current, j*(x) A, (). Once into Fourier space, this
will appear as 7*(k)Gap(k). The longitudinal piece of the projector, which is proportional to
k*kP, will always contract with the current and give a piece k - j. This is zero from current con-
servation. A more sophisticated and involved derivation of how this relates to gauge invariance
can be found in Sec. 9.5 of Peskin and Schroeder.

7.8 Massive Vector Field

The Lagrangian for a massive vector field is:

1 1,
L=—-F,F, — -m>W? (7.41)
4 2
The corresponding field operators are
Wh(x) = / L > et(k) {e *"a,(k) + e *"al(k)}, (7.42)
2E(2m)3 o193 # s

where the three polarization vectors, €,—1,2,3, are purely spatial in the frame of the particle. The
creation operators obey the commutation relations,

as(k), al,(q)] = 2E(27)%8,56(k — q). (7.43)

One can calculate the propagator,

A’k .
G¥(x) = / —— PP(k)etk® , (7.44)
2Ek(2ﬂ')3 ko=FE}4

d*k ,
- /k2 244 e_Zk.wPaﬁ(k)-
—-m 1€

where P is the projection operator that eliminates the vector which is purely timelike in the
restframe of the particle,

kekP

m?2

PRy = Y ex(k)elf(k) = —g° +

s=1,2,3

(7.45)

As an alternative method for calculating the propagator, one can calculate the Green’s function
from the equations of motion assuming a coupling 7 - W'.

O’WP — 870 - W + m>W?P = j*, (7.46)
The Green’s function is then a solution to the equation,
K*?(k)Gp, (k) = g2 (7.47)
Kaﬁ — _k2ga,6 + kakﬁ _|_ ngaﬁ.
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One can solve for G by assuming G is of the form,
G*P = Ag*P 4+ BE*KkP/k?, (7.48)
where A and B are scalar functions of k, i.e. they depend only on k? and m?. Multiplying K G,

K°PGJ = g*7" = —k*Ag™ + m*Ag®” + Ak*KY + m’Bk°k" /K>, (7.49)
Solving for A and B,
-1 _ k*/m?
A=—"— _ B= """, (7.50)
kz _ m2 k2 _ m2

which is the same propagator as in Eq. (7.45). However, once again the ies must be added by
hand to arrive with the correct time ordering or boundary conditions.

7.9 Spin 1/2 Particles
Beginning with the field operator,

O(z) = Z / Em(‘; ";3 (b, (k)u.(k)e™ ™ + df (k)v.(k)e™=} (7.51)
{bs(k)a bl'(q)} = E(zﬂ-)Bass'é(k - q) Tt as(k)us'(k) — 633’7 ﬂ's(k)vs’(k) = 09

it is straightforward to calculate the propagator,
S(z) —i7'<0|‘1’(w)‘f’(0)|0>
md>k

(7.52]

- Z/ Ei(2m)3 “S(k’) ® s (k)e™™ |, O(z0) — vs(k) ® Ts(k)e ™|, _ . @(—wo)}

d3k . — .
= —1 m k + Irnle_zk.m @(wo) — —k + m ik-z @(—CU())
d*k F+m

—ik-x

(2m)* k2 — m? + i€
The second step above used the fact that us;Qu, and vs @7, were projectors for positive /negative
energy solutions, which was derived as a HW problem in chapter 3. The minus sign in the
second step comes from the definition of the propagator, which features an extra minus sign for
the reverse time-ordering. It is related to the fact that the Fermi fields couple to anti-commuting
tields, and that their anti-commutation relations is what is required for the causality relations.
The propagator in momentum space is often re-expressed in the manner,

p+m
S = —
(p) p? — m? + ie p? — m? + ie

(p+m)(p—m—+tie)(p—m+ie) ' = (p—m—+ie) ",

(7.53)
where the “-1” denotes taking the inverse of the matrix. For reasons of notational convenience,
this is often written as

1
S = — 7.54
(p) p—m+ie s ( )
but can be confusing because the placement of the matrix in the denominator only denotes that
it is the inverse matrix.
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7.10 Homework Problems

1. For the charged scalar field, the propagator is defined as
G() = —iT(0|2()2'(0)/0),

d(x) = /% [a(k)e ™ + bl (k)e*™], [a(k),a'(q)] = 2E(2m)*6(k — q).

Derive the propagator in momentum space,
G(k) = / d*ke™* "G (x).
2. Beginning with the Lagrangian,
-1 1,
L= —F,F" — —m*W? F"W = Py, W,
4 2

find the conjugate field w#(x), and show that it commutes with W (x), defined in Eq.
(7.42), to give a delta function.

3. Consider the conductivity tensor, defined by
J; = o Fy..
(a) Consider the conductivity tensor, defined by
J; = o Ey.
i. Show that this can be expressed as
oo= 30 [t [ el (@ollgo),plats ))w0),
where p is the charge density operator and |¥,) is the state in the absence of

electric field. Your derivation should begin with the expression in first-order per-
turbation theory that:

0

) =120) — 1 [ aviw).

— 00

ii. Show that this can be expressed as:
i 0
o=y [ dt [ @t (), L@, )
iii. Consider the 1-D case (no indices) where one defines the quantity,
?
o)) =+ [ & (70, 3(r,0)).
Show that:
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A.
g(t) = g"(¢).

B.

g(t) = —g(-1).
C.

9" (w) = —g(w).
D.

o = lim .’Z'Tn—g(w)

w—0 2w
For the Fourier transforms, use the definitions

g(t) = / dwe™tg(w)/(27),
g(w) = / dte™tg(w)

65



PHY 853 Lecture Notes 8 PERTURBATION THEORY

8 Perturbation Theory

8.1 Decays in First-Order Perturbation Theory

We consider the decay of a particle to n final-state particles in first-order perturbation theory.
The evolution matrix element connecting an initial state |p;) to a final state (p/ ---p/ | if the
interaction is turned on a long time (27), is:

(i) /_ At T, BV Ol 8.1)

The probability of having a transition is:
T 2
Par, = | [ atdr T [V 0lp) | 82
-T
(8.3)

For this example, we consider a particle associated with a scalar field ¢ that is coupled to n other
separate scalar fields. The interaction is assumed to have the form,

V(’I“, t) - g¢(T7 t)¢1("°a t) °cc ¢n(r7 t) (84)
-7 / dpdp, -+ - dp,, (e"""a(p) + ™ "al (p))
. (e—ipl.mal(pl) _|_ eipl.a:a'{(pl)) . (e—ipn.acan(pn) + eipn.wail(pn))

where z refers to the four-vector (¢,r), g is the coupling constant and dp = d*p/[2E,(27)?].
The creation and destruction operators satisfy the relations, [a(p), a'(q)] = (27)32E,é*(p—q).
Next, we need to express the write the normalized asymptotic states in terms of such creation
operators:

o[ et @)
/p 85
i 1;[1 J2E/Q (8.5)

where (2 is the volume. The transition probability is then easy to calculate by inserting the
potential into the matrix element,

2

2 T
g 3 —i(pi—p!, —ply—pl) T

Py.., = dt d’rq e "\PiTP1T P TP ) 8.6

PP T Qntl(2E;) (2E) - - - (2E, . (8.6)

The integral over coordinate space inside the absolute value sign yields (27)36%(p—p/ - - - —p’,).

Since the matrix element is squared there are two deleta functions. One delta function can be
brought outside, while the other can be replaced by §(0) = £2/(2=)3. This gives

2

P, = g°(2m)” Bp—-p,—---p) /T dt, e B (B1tEytEn)lti) (g 7)
PLPh Qn(2E;)(2E}) --- (2E") ! "
— 4 g°(2m)” 5(p— gl — -ty (B = (B 4 By + - BIT)

Q" (2E;)(2E7) - - - (2E}) (B — (Ef + Ej + -+ E})]?
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For decays, we are interested in the rate of decay, as the number should depend on the time 2T'.
The rate is

1dP,y ..,

1dPy,..p, (8.8)
g*(2m)?

Qn(2E;)(2E)) --- (2E))

sin (2[E; — (E| + E} + --- E})|T)
(B — (B] + B} + -+ E})]

*p—p,—-p)

Since limp_, o sin(Az) /x = wd(x), the rate becomes:

_ g*(2m)* s ) ,
~ Q"(2E;)(2E}) - -- (2EL)5 (pi — [Py + - - PL])- (8.9)

Rp{['"pil

This rate is into specific outgoing states. Summing over all outgoing states involves adding a
factor [];[Q2d*p);/(27)?]. This eliminates the factors of the volume and one finds the decay rate
to be

dN _ g (271')454

i — [P+ pl]). 8.10
dt dp, - dpy, 2g, O @i iteep) (8.10)

EXAMPLE:
Consider a scalar particle of mass M that decays into two equal mass scalar bosons of mass m
with decay constant g as described above. Solve for the overall decay rate:

From above (considering the initial particle at rest),

1 d3 / d3 ’
r = g¢%2m)* Py P,
oM | (27m)32E] (27)32E;

2 (2m)~2 3,7 2 ’2
g (2M)(2E{)(2E')/dp15 <M_2Vm +p1>

2

g VM2 =2
27 4M? '
It is useful to do dimensional analysis. From the expression for V' (x), one can see

that g has dimensions of energy. The overall rate then has units of E, which if the hs
were accounted for, would turn into units of inverse time.

(M —2E))5°(py — py) (8.11)

8.2 Cross Sections in First-Order Perturbation Theory

One can calculate rates where the initial state is a two-particle state rather than a one-particle
state as considered in the previous subsection. In that case, one can follow the same steps as
before. The extra incoming particle introduces an extra factor of 1/(2E,) and an extra factor of
1/Q from the normalization of the incoming state.

2

dN _ (2m)*
dtdp,---dp, ° (2Ey)(2E»)Q

5*(p1 + p2 — P, + - p.])- (8.12)
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The rate is related to the cross section by the relation, dN/dt = o Vye1,em/$2, Where the relative
velocity, |vy — v2| is the value in the center-of-mass frame. This transforms the last expression
to:
do o, (2m)4
dﬁ{[ °t dﬁzz g (2E1,cm)(2E2,cm)'vrel,cm

where F1 ¢, and E; ., are the energies of the incoming particles in the center of mass frame. As
one of the HW problems, you will see that

6*(p1 + p2 — [Py + -+ PL)), (8.13)

vrel,cmEl,cmEZ,cm - \/(pl ° p2)2 - m%mg (814)
This gives the final result,

do 5 (2m)* 4
- — =g 0*(p1 + p2 — [P} + -+ - D)), (8.15)
dpi e dp{n 4\/(p1 . p2)2 . m%m% 1 2 1

8.3 Problems in higher-order Perturbation theory

Before listing the rules for Feynmann diagrams for arbitrary order, we consider a simple second-
order process. In this process we consider the scattering of two particles of type a with p; and
p- to final states of particles of type b with momenta p} and p;,. We will consider an interaction
element of the form,

V(@) = S92(@)Z() + 5 2} (2)Z(a), (8.16)

where Z is also a real scalar field with masses Mz, while the masses of the ®, and ®;, fields will
be denoted by m, and m,. The transition element will be a two-step process. After performing
the contractions of field operators with the incoming and outgoing states, the matrix element
differs from the one step-case considered earlier,

T
(—1)g / dt,d*x, e~ iPrtP2—Pi-Po)@r (817)
-T
T T
(—i)292/ dt,d*z, e‘“””””'“/ dtyd® e’ PitPe) 2 G (21 — 5)]
-T -T
T T
= (—i)292/ dt,d>z; e_i(”1+p2_p'1_”'2)‘m1/ d*(z1 — @2) ! PitP2) @2 =2 [ G p(2; — )]
-T -T

T
= (—i)’g® / dtydwy e PITPRRP) T GG () + p))]-
T

First some comments about the factor of 1/2 in the expression above for V. Since either in-
coming particle could have contracted with a given factor of ® in V' (x;), it eliminated the
factor of 2. Secondly, the usual factor of 1/n! in the expression for the perturbation theory,
[(—2)?/n!|T(V (x1)---V(x,)), disappears because the incoming state could have coupled to
either V' (x1) or V(z2). The factor (—¢) preceeding Gr derives from the ¢ in the definition of
GrinEq. (7.2).
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By inspection, one can now see that the results from the previous section will follow over exactly,
except that the coupling constant will be replaced by:

—ig — (—ig)*[—iGr(p} + Py)]- (8.18)

Due to momentum conservation, pj 4 p;, could equally well have been expressed as p; 4 pa.
The process above is well described pictorially through “Feynmann diagrams”:

The rules for calculating Feynmann diagrams for cross sections are as follows:
1. Draw all the diagrams to the order you wish to calculate. Each diagram will represent a
different contribution to the overall amplitude. The various contributions will add coher-
ently. For the example above, there is only one diagram.

2. For each internal line, associate a momentum as determined by four-momentum conser-
vation. For this example, the momentum is (2E;, 0, 0, 0).

3. Express the cross section as:

do 2m)*0(pr+p2 — [PL +--- P}
_do G0 p B i,y gl p) L (819
dp’, - - - dp’, 4./(p1 * p2)? — m2m?2

4. Calculate 7" by making a product of (—%) multiplied by the coupling constants for each
vertex, multiplied by the propagator —iGr (k) for each internal line. Note that 7 is re-
ferred to as the scattering amplitude, and is related to something known as the “T-matrix”
in scattering theory. Try not to get it confused with the time-ordering operator.

The rules get somewhat more complicated for Fermions or for vector particles. For decay rates,
the procedure is the same, except the factor 4,/{ - - } in the denominator is replaced by 2x the
invariant mass of the decaying particles.

EXAMPLE:
Calculate the total cross section from the example discussed above.

The cross section is

o — d3pl1d3P,2 (2m)*0*(p1 + P2 — Py — pb) |7-|2
(2m)$(2E;)(2B;)  4\/(p1 - p2)® — md ’
1g? —ig?
T = Ko MEtic s—ME

Exploiting the spatial aspects of the delta function,

= IT|2 12 / ’
o = (27")24E2\/[2E%—m2]2_m4 -47l‘/p dp (5(2Ep—\/§)

TP /3
27s /8 — 4m3'
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8.4 Fermions and Derivative Couplings

For fermions, the normalization of the wave function has a factor E/m as opposed to the factor
2F for bosons. Thus, the external lines for fermions are assigned a factor m/FE rather than
1/2E. A second difference is that the the vertices pick up a factor of u,;(p), @s,i(p), vs,i(p) or
s,;(p). This comes from that fact that (0| ®;(x)bi(p|0) = u,,;(p)e *P*. For a vertex connected
to an incoming line, one adds a term u, ;(p) if the incoming line is a particle and a term ¥, ;(p)
if an anti-particle is incoming. For the outgoing particles, the vertices pickup the corresponding
terms, 4, (p) and v, ;(p). Since fermions carry some sort of conserved charge, arrows are often
used to denote the direction of current. For electrons, the arrows usually go with the momentum,
while for positrons the arrows go in the opposite direction of the current. Although we won’t
talk about loops in this chapter, we mention that fermion loops give an extra minus sign.

Most cross sections involve summing over polarizations. When that is the case it is often con-
venient to use projectors to calculate the squared matrix element. For instance, if one of the
incoming lines is an electron with momentum p, one would insert u, ;(p) into the vertex con-
necting the incoming line. Further, when squaring the matrix element, one would encounter
Us,;(p) in the complex conjugate of the matrix element. The product of the two, u(p)s,:u(p)s,;,
summed over spins s, is the projector, (p+m) /2. In this way, the spins are no longer specifically
mentioned as one would expect given they are summed over. Furthermore, the Dirac indices are
also contracted with the indices of the scattering element. This means that squared matrix ele-
ments can be written as traces over products of Dirac matrices (such as p). An example of this is
given further below.

Some interaction terms involve derivatives. Examples are:

e pion, nucleon: g.nn(8,7) « Ty,
* photon to charged scalar field, e A, ®*(:0*®) — e A, (10" P*)D.

If the derivatives act on fields which are contracted internally (they are part of an internal prop-
agator), the derivatives can be replaced with the momenta involved in the relevant propagators,
0, — —1ik,,. If the derivatives act on fields that are contracted with the initial or final state, they
can be replaced with the momenta of the incoming or final states.

EXAMPLE:

Calculate the differential cross section for the process of a charged scalar of mass M annihilat-
ing with its antiparticle electromagnetically, then creating an electron positron pair, where the
electron has mass m. Let the incoming momenta be p; and p,, while the outgoing momenta are
p} and p5,.

The scattering amplitude can be inferred from the following diagram:

If you multiply the diagram times it complex conjugate,

one finds the squared matrix element, which has products of usus and vsvs. If one
sums over the spins, the combinations ), u,;(p)us,;(p) are projectors and can be
written as (p + m);;. Similarly, the combinations with vs can be written as (—p +
m),;. The squared amplitude can then be expressed as:

Here, the cuts refer to the fact that the two internal fermion propagators are on-shell,
i.e., they are replaced by (p + m)/2m if the momentum is defined in the same di-
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rection as the arrows, and (—p + m)/2m if the momentum p is going opposite the
direction of the arrows. Drawing the dashed line is known as “cutting” the diagram.

The cross section can now be written as:

do = ) TP (1 + pa — B, — p})dB,d, (8:20)
4/(p1 - p2)* — M LT |
IT1? = e*(—1)(p1 — p2)u(—i)G* (p1 + P2)L,0iG® (p1 + p2)i(P1 — P2)ss

I Tr ’YV(IZ’; + m)’?’a(_?; + m).

Again, dp = d®p/[2E,(2m)3], even though the normalization for fermions had a
factor of m/E, rather than 1/2E,. However, absorbing the factors of 1/2m from
the projectors (p 4+ m)/2m accounted for the factor. The fermion loop in the mid-
dle of the diagram has all its Dirac indices summed over, hence it can be expressed
as a trace. The vertices associated with the incoming particles bring in factors of
e(p1 — p2)* from the coupling of the charged scalar field to the electromagnetic field,
e[(—10,9*)® + ®*(:0,P)| A+

Calculating the trace in the definition of II is not too difficult. First, it is easy to

see that any trace of an odd number of gamma matrices is zero. Secondly, since
{v*,vP} = g®#, it is easy to see that

Tr %" = 4¢°%, (8.21)

with the factor of four coming from the four Dirac indices. For traces of a larger num-
ber of Dirac matrices, it is clear that one always needs an even number of matrices
with each Lorentz index if the trace is to be zero, e.g., Tr v°4*4¥~4% = 0. Using the
anti-commutation rules, one can readily convince oneself that

Try*t ...~y =4 Z H g®i%i(—1)%. (8.22)

pair arrangements ij

The sum is over all ways to pair up the n matrices into pairs 25, and P is the number
of permutations involved in rearranging the matrices so that they would be paired
with neighbors. For instance,

Tr v*7B~y04" = 4 [gaﬁgén — g™0gPn gangﬁé] . (8.23)
This means that
Tr gy pyy” = 4 (20795 — 977 - Pl (8.24)
and
7 = 4 [—p{'pl" — pyPi™ + P - g™ + m?g°]. (8.25)

Finally, we are in a position to begin calculating. We will let the two incoming par-
ticles have momentum pZ and —pZ2, which gives p; — p» = (0,0, 0, 2p). For the
photon propagator (working in the Feynmann gauge) the only component we then
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need to worry about is G, = i/([p1 + p2])? + t€) = ¢/s. This also means that we
only need worry about IT .,

IL.. = 4[2p? + E”? 4+ p”* — m?| = 8p"*(1 4 cos®9), (8.26)

where 6 is the scattering angle, and p” = p}; = —p,. The square root in the denomi-

nator of Eq. (8.20) is

Vo1 p2)? — MA = | [(B2 +1512)2 — M* = /(2IpI? + M?)? — M* = 2/51E,.

(8.27)
The differential cross section is then
2n6(2E’ — 2E) dPp’  4p?
.4 2 2
do = e 8Ep 1E2(2m)7 52 8p"“(1 + cos”0), (8.28)
do e4pp'3 0
10 = onzgs (1 + cos®0).

8.5 Connected and Disconnected Diagrams

Thus far, we have only considered Feynmann diagrams where every line and vertex is involved
in connecting the initial to the final state. However, there could easily be diagrams that involve
fluctuations from the vacuum. For instance, part of the interaction ¥~*W A, describes the cre-
ation of a photon along with a particle-antiparticle pair. A Second interaction at a later time
could describe the annihilation of the same particles. Diagrammatically, this would be

Any process, from scattering to decays to simply the vacuum evolving to the vacuum, would
include arbitrary numbers of disconnected diagrams. Fortunately, as we will show below, these
diagrams only contribute to an overall phase of the evolution matrix and can be safely neglected.
To see this consider all diagrams of order IN contributing to the evolution of the vacuum to itself.
Such diagrams arise from the terms in the perturbative expansion,

(=)™

N!

T (out|V(xy)---V(xyn)|in). (8.29)

Once one has contracted all the fields in all possible ways, one can write the term above as

[Tcom (in)! (8.30)

1 N!
N! 2 (TT: (ima)?)

!
" (ng), st S kng=N

i

Here, C}, is the sum of all connected diagrams of order k. For any such diagram there are k! ways
of arranging the vertices 1 - - - k, and C}, references only one such arrangement, hence there is no
additional 1/k!. The permutation count in the middle of the expression, N!/ [[(kn)! counts
the number of ways to assign the IV labels, x; - - - ,, into connected diagrams of a certain order.
Once one has (kny) labels assigned to the connected diagrams of order k, there are (knyg)!/ny!
different ways to assign the kny labels to the n, diagrams of order k. Again, we point out
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that since Cj, refers to one specfic arrangement of the labels within a closed diagram, and since
all such ¢! arrangements give the same contribution, one should not include the 1/k! term in
the counting. Finally, after canceling all the factors that appear identically in numerators and
denominators, one finds

1 . Ccr*
> ~i T out|V (@) -+ V(an)lin). = > > 1T n’,:! (8.31)
N N <nk>,S.t. ank=N k
- > I
!
= exp {Z Ck} .
The Cys are all imaginary, i.e.,, ), Cr = i¢, and the disconnected diagrams summed to all

orders provide simply a phase factor. Thus, they can be ignored. If one were to do the same
for some other evolution element (besides vacuum-to-vacuum) one would find the same result,
that the disconnected pieces can be ignored. For what it’s worth, if calculated, the disconnected
pieces sum to an amount proportional to the time for which the interaction is turned on. Divid-
ing by this time gives the correction to the vacuum energy due to interactions.

8.6 Homework Problems

1. Derive Eq. (8.14). Begin with the definitions,

/1L /1L
P Y2 ’ P - p; P -p;
Lo . w— B pp . _ Bo— i 7
Vem = El,cm Ez,cm’ P =B P P2 ’ E1,cm B \/ﬁ ’ P = P1 + P2

2. For the expression above, consider two particles of the same mass m approaching one
another with momenta pZ and —pZ2. Using the result from the previous problem, derive
all four components of v¥ in terms of p and m.

3. Calculate Tr v*pyP ¢y K.
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9 Loops

9.1 Loops in Vacuum Diagrams

Loops suck. Any time a loop appears in a Feynmann diagram, there are internal propagators for

which the momenta are not determined by the asymptotic momenta. This means that the Feyn-
d*k

(2m)1 to the evaluation.

mann diagrams include integrations over momenta, which adds a term [
For instance consider the amplitude for photon-photon scattering:
There is an additional free momentum k. All four components of k are free to take on any value.
The amplitude for this particular diagram then becomes:

d*k

Waﬁén — 9.1
(23 9.1)

Ty L 5 1 5 1 1

— — ; —" —.
k—m+ie E+p,—m+tie k—p —p,—m-+tie k—p —m+ie

The difficulty posed by the integral is that it is logarithmically divergent as k& — oo. The pro-
cedure for eliminating the most divergent pieces is known as “renormalization theory”, though
it is more of a scheme than a theory. The divergence points to a sickness in the theory that can
be “fixed” by adding counter terms to the Lagrangian that conveniently cancel the offending di-
vergence. We will put off such calculations for the next course. In condensed matter calculations
of infinities can be canceled by cutoffs in k, which might be physical, e.g., the Debye frequency.
However, in particle physics the theory simply falls apart below a certain length scale, even after
renormalization.

Loops with fermions are more divergent than loops with bosons since the propagators scale as
1/k rather than 1/k?. Loops with more vertices have fewer problems since each propagator
in the loop brings along a factor of 1/k. Adding derivatives to the couplings makes things
worse. Fortunately, for electromagnetism the coupling is ¥4*® A,, and has no derivatives. It
can be shown that for theories with coupling constants that are either dimensionless or have
dimensions of mass, that the number of divergent diagrams is finite.

The most divergent diagrams are those with a minimum number of vertices. These would be the
self-energy diagrams that represent the change in the energy for a mode of a specific wave num-
ber. Self-energy diagrams refer to diagrams with one line in and one out. They refer to changes to
a particle’s energy /momentum relation (a.k.a. its dispersion relation) due to interaction. Decay
rates are also related to the self energy. The self-energy also describes charge renormalization,
and in QCD is used to describe the famous running coupling constant. We confine our discus-
sion to a few simple examples, with the purpose of explaining a few principles, but without
delving into renormalization the scope of this chapter will be rather limited.

We begin by considering a real scalar field that is coupled to a fermion field,

V(z) = g®(x)¥(z)¥(x). (9.2)

We then consider the propagation of the scalar particle to itself. The lowest-order correction to
the propagator is described by the diagram:
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Including the effect of the Propagator to this order,

d*q 1 1
Tr

(2m)t g—m+tieqg—Kk—m
(9.3)

Note that the propagator is —2G. The choice of defining the loop as —#II rather than as IT will

be clear later. The difficulty with the expression for II(k) is that it is divergent for large k. To

rectify this, one can implement an upper cutoff in momentum, A. Dimensionally, IT(k) then has

a contribution proportional to A2. To eliminate this divergence, one can assume the Lagrangian

also had a mass term, with M? o< A? that fortuitously cancels the divergence. There are a

couple of schemes for handling such divergences, most famously dimensional regularization.

The purpose of these schemes is to make IT(k) finite.

Surprisingly, it is easy to simultaneously incorporate all diagrams of the form,

—iG (k) = —iGo(k)—iGo(k)(—ill(k))(—%)Go(k), —ill(k) = g°

Algebraically,
—iG(k) = —iGo(k) = iGo(k)IL(k)(—i)Go(k) — iGo(k)IL(k)(—8)Go(k)IL(k)(=7)Go (k) HO4)
= —iGo(k) — iGo(—ill(k))(—1)G(k)
_ —iGo(k)
—1G (k)

1 — Go(k)II(k)’
Since Go = —1/(k*> — m? + i€), one finds
)
k2 — m?2 — II(k) + ie

—iG(k) = (9.5)

The self-energy II has units of energy squared, and alters the positions of the poles. If II is
independent of k, it corresponds to an additional contribution to the mass, but if IT has a k
dependence one must solve for the new strengths to the poles. In the vacuum Lorentz invariance
demands that IT(k) is of the form ak?® + M. The part proportional to k? alters the strength of
the poles. When doing the analogous calculation for photon fields, the change in the strength of
the poles is absorbed into the strength of the coupling to the photon. The mass correction can
simply be ignored by redefining the “bare” mass of the particle.

For the remainder of this subsection, we will ignore the real part of IT and consider the imaginary
part. An imaginary part will be non-zero only if there are ways to cut the self-energy diagram
and have all the lines be on shell. Considering only the imaginary part of IT and assuming it is
small, one can write the propagator as

1

—iG(k) = .
1G(R) = o = By — iT1; /2Er) (ko + B + 111 /2E)

(9.6)

This means that the position of the poles has moved off the real axis by an amount —II; / Ey. In
a wavefunction, the phase picks up a factor of e?®*=T*/2 where the decay rate for a particle at
rest is

I' = |II;|/M. 9.7)

This simple expression only applies for particles decaying with energies close to the on-shell
energy. Once one considers far off-shell particles, one needs to be more careful. The range of
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energies which one needs to consider also depends on II;. For instance, if II; — 07, then
it only affects the propagator as you approach being on-shell, and when that neighborhood is
small one can neglect the k dependence of 11;.

EXAMPLE:
Calculate the decay rate of a real scalar particle of mass M that decays to a fermion-antifermion
pair, where the masses of the fermions are less than half M, and the coupling constant g is small.

The self energy is
d*q Tr 1 ' 1 '
(2m)4 " (¢ — m +i€) (¢ + K — m + ie)

II; (k) = Reg2/ (9.8)

[@2 — m? + i€] [(k — q)2 — m? + i€

d4
= Reg® [ 5 ST [+ m)(g— K+ m)

g2

= Gy / ;lEq (272)8((ko — q0)> — E2_)Tx [(¢ + m) (¢ — ¥ + m)]

To perform the last step, one needed to first perform the integration over go, which
picks up two poles (there are 4 over all). We write only the term for one pole, then
multiply by two as the two contributions should be equal. Then, the identity 1/(x +
te) = P(1/x) + wid(x) was used to separate the imaginary part, which is what is
needed to arrive at the real part given that each pole brought out a factor of 272 when
integrating over go. The trace is easily calculated,

Tr (¢ +m)(d —K+m) = 4[¢°+m? —k-q] (9.9)
= —4(ME, — 2m?) = —8|q|*.

In the last step, it was assumed that k = (M, 0,0, 0), and since the fermions are
on-shell, g*> = m? with E, = M /2. Finally, this yields

2

g
ImII| = SN /47rq4dq d((ko — Eq)* — E2) (9.10)
_ olap
™ M’
where ¢ = /(M/2)? — m? is the magnitude of the momentum of an outgoing

termion. The full decay width is then

_g*lqf

r=—"r (9.11)

The width going to zero as ¢ — 0 comes from the lack of phase space for decays. If
one had solved the analogous problem for the decay of a vector particle, such as a p
meson, additional powers of ¢ would have shown up due to the vector coupling.
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9.2 Propagators in Matter

When evaluating propagators, we throw away terms of the form 7(0|a'(t1)a(t2 < t1)|0) due
to the fact that the destruction operator annihilated the vacuum. This changes once the vacuum
is replaced by a medium with non-zero occupation numbers, such as for the electrons in a metal.
As an example, we consider the propagator for neutrons in a neutron star. The propagator is

. . d3 d3 /
—iSp(k) = / d*ke* T (T (0)¥(x)) = / d*ze® )" / (;)32 (;;)31;, (9.12)

A (b)) + du(P) B, (P)][bo (Pt (B e~ + f, (B)vir (B) 7] ) © (o)
= ([bw (P Y (B)e ™= + d}, (0 )0 (B e ] [B (D) (P) + s (p) s (P)] ) O(—0) }

For all the terms involving the anti-particle creation and destruction operators, nothing changes
when the initial state is changed from the vacuum to those particles. The only terms that change
are those involving the bs and b's where the energies are below the Fermi energy. The terms with
ordered bb' must then be replaced with those ordered as b'b. The propagator is then equal to
the vacuum propagator plus the difference multiplied by the chance the state is occupied, f,(p).

_zSF(k) - _iSF(k)vacuum (913)
d3
+ /d4wezkm2/(;n)3E fs(p)

{8s(P)us(p)e™ PO (20) + us(p)e™ s (p)O(—0) } -

Since ), us(p)@(p) is the projector (p + m)/2m, one can see that the propagator becomes

rm) gy ® )
k2 —m? +ie 2E},
The most common use of the above relation is to calculate the correction to the self energy of a
particle moving through matter. For example, one can consider the case of an electron neutrino
moving through a gas of electrons, e.g. through the sun. In that case the diagrams of interest are

where one need only consider the correction to the electron propagator. The correction to the
fermion self energy due to the W is:

mw) = [ st (- [P (=) e

— (P —k)ulp— k),,/M‘%V
(p— k)2 — M3, '

—iSp(k) 216 (ko — Ex). (9.14)

The correction due to the Z (the tadpole diagram) is:

_ g )g;w - ququ/Mé
cos 0,, — M2

o (] - s[5
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where g = 0. Note that electroweak vertices are listed at the end of this chapter.
Note that 3(k) = Xz(k) + Xw (k) is a four-by-four matrix in terms of Dirac indices. The
neutrino’s propagator becomes

k—m — 3(k) + ie

—iSr(k) = (9.17)
Due to the fact that X is a matrix, solving for the dispersion relation, i.e., the energy ko for a
given mode k, is not so straight-forward. Before proceeding, we make the approximations that
the W mass is much larger than any other scale in the problem, and that the electron’s are non-
relativistic. Further, one can use the fact that f(p) = f(—p), to write a simplified version of the
self-energy,

2

Swik) = —n, M1 — 1 1— 9.18
w (k) n 32Mv2v7( Ys5) (Yo + 1)v.(1 — s), (9.18)
g2
= —N, M 1 —
n 16M€V7 (1 —5)Y0u
2
g
= n, 1 — ).
n 4M3V’YO( 75)
g2
Y,(k) = ne 1— 1 — 4sin?6,, 9.19
z(k) n 16M§cos29w7°( ¥s)( sin” 6,,) (9.19)

wheren. = 2 [ f(p)d®p/(2m)? is the density of electrons. In the intermediate steps, the relation
that (1+75)(1—~5) = 0 was used along with the fact that v5 anti-commutes with the v matrices.
To calculate the eigenstates, one needs to find the new values of p, for which one has poles in
the propagator,

(p—m—3Xz —Zw)yp =0. (9.20)
To simplify, we rewrite the self-energies,
Xz+3Xw = Av(1 — v5), (9.21)
where A can be read off Eq.s (9.18). Solving for py,
(Po — A)p = (p-o+my — Avs)Y (9:22)

(po — A)? = p?>+m?+4 A% —2A4p - avs,

where we have made use of the fact the 42 = 1 and that ~5 anti-commutes with v, but com-
mutes with a. Moving all the terms proportional to the unit matrix to the Lh.s. and squaring,

[(po — A)? — p*> —m? — A2]* = 4A%p?, (9.23)
(po — A)? —p? —m? — A? = $2A|p|.

Thus, for each p there are two energies, due to the fact that the self energies behave like potentials
that interact with the spin through the (1 — ~5) terms. Next, one assumes that the neutrino
energies are much larger than either A or the mass. If one defines E, = \/p? 4+ m2, and py =
E, + AFE, one can solve for AFE,

AE =A% A. (9.24)
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For a given p, one state is basically unchanged by the medium, while the other is shifted by 2 A.
Note that the shift of the energy is independent of the momentum.

For neutrinos moving through the sun, there are analogous contributions to the self energy aris-
ing from the coupling to the quarks inside the protons. Aside from some factors of sin”® Oy, these
contributions are the same. MSW neutrino oscillations arise from mixing terms that change elec-
tron neutrinos to either tau or muon neutrinos. These small mixings are amplified when the
energies of the different neutrinos become equal for identical momentum. This happens when
the energy shifts listed above cancel the energy difference due to differences in neutrino masses.
Since the masses are much smaller than the neutrino energies, one can state that

m2
E, =~ |p| + - (9.25)
2|pl
For AE to push you into a condition where there is maximum mixing between the p and elec-

tron neutrinos, one must have
2 a2

m m
AE = B e, (9.26)
2|p|
Hence, when you read articles on solar neutrinos, the results are not plotted as functions of the
neutrino masses, but as functions as the difference in neutrino masses squared.

9.3 Dressing Particles and Vertices

A photon can travel between galaxies, but during that time it isn’t purely a photon. Sometimes
it morphs into an electron positron pair, a ¢t pair, or some very complicated mixture of particles
and anti-particles. Similarly, if one creates an electron, by the time it interacts it will have mor-
phed into a coherent mixture of innumerable states, the most common being the electron plus a
photon. If one considers a creation operator a'(k), one needs to ask the question whether the
operator is creating an eigenstate of the entire Hamiltonian, that includes all the mixtures, or is
merely the particle without any of the accompanying cloud. We consider the particle as being
“dressed”, when the cloud is included, or “bare” when it is in the Fock state of just the particle
by itself. If the particle is in an eigenstate, then one can consider it being dressed, but if it exists
only transiently, it may be less dressed, or at least under-dressed. Since no process involves a
transient time with zero duration, all particles are dressed at some level.
The particles being dressed affects their properties. In the vacuum this includes their masses and
their couplings, i.e., their charges. In the context of perturbation theory, the dressing is described
by the self-energy. Every diagram that begins and ends with the bare particle, but never has an
intermediate state involving the bare particle, contributes to the self-energy. For bosons and
fermions, these have the form,

G (k : 9.27
iGk) = p? — m2 — II(k) + i€’ 0-27)

i

p — mo — X(p) + i€

—iSr(p) =

The self-energies are II(k) for bosons, which has dimensions of energy squared, and ¥(p) for
fermions, which has dimensions of energy. For vector particles, IT changes to IT+".
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For on-shell particles, the self-energy does two things. First, it changes the location of the pole,
from p? = m2 to p?> = m?, where m is the mass of the dressed particle. Since one never goes to
the infinitesimally short-lived limit, the bare mass serves only as a straw man. Secondly, given
that IT and 3 depend on kg and py, the self-energy affects the strength of the pole. If the strength
of the pole was previously unity, adding the self-energy changes it to some new factor Z. For
charged scalar bosons, the strength of the pole is:

Z = (d/dp®) [p* — m{ — TI(p?)] . (9.28)

Thus, after correcting for the self-energy the propagator would have the form,

-1
G(p) = . 9.29
®) = 27 —m?) + 0 —my - o)
One could have imagined that the original Lagrangian was defined with an extra piece
AL=(1—-2Z)[-0.,09p"0"p---], (9.30)

which would have resulted in a denominator without the factor Z above. This would be how
one would effectively renormalize the fields so that the field operators effectively refer to dressed
particles rather than bare ones, and Z is often referred to as a renormalization factor. Crudely,
1/Z describes the fraction of the dressed state that is the bare particle.

The most disquieting aspect of the procedure concerns dressings with infinite contributions, i.e.,
ultra-violet divergences. This derives from the integrals over loop momenta, where the internal
momenta are integrated over an infinite range. The sickest diagram comes from dressing a boson
with a fermion-antifermion loop.

The integral for the self energy,

d*q Try* (¢ +m)y* (4 — ¥ +m)
(2m)* [q> — m? + i€][(q — k)2 — m? + ie]’

" = e? (9.31)
is quadratically divergent for large g. This leads to an infinite renormalization factor. There are
two common procedures for sweeping such divergences under the rug, Pauli-Villars regular-
ization and dimensional regularization. To better understand the methods requires significant
investment and is beyond the scope of this course. Nonetheless, one can understand the issues
it addresses without necessarily launching into the methods. Once the integrals have been reg-
ularized (for example in Pauli-Villars one simply defines a cutoff in momentum to make the
contribution finite, then adds counter terms to the Lagrangian to cancel the contributions) the
propagator behaves like a simple bare propagator for on-shell particles. However, once the par-
ticles are off-shell, the momentum dependence of the self energy comes back into play. For the
photon, this effectively leads to a coupling that depends on the off-shellness (k? in the diagram
above).

Dressing vertices is intrinsically more complicated since the diagrams involve at least three lines.
Consider the lowest order correction to the electromagnetic coupling of an electron to a photon,

One might first expect that dressing the vertex would lead to a different effective charge. How-
ever, this would be most distressful. Since the correction to the vertex could depend on the mass
of the incoming particle, one might expect that various particles would have different effective
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couplings. This would mean that an electron might interact with the electromagnetic field with
a different charge than a muon. Clearly this is experimentally untrue.
The solution to the worry above comes from the Ward Identity. The Ward identity relates the
correction to the vertex to the correction to the self energy to ALL orders. For instance, consider
a charged scalar field. The vertex to lowest order is simply is 2ek* A,,. Now consider the correc-
tion to the self-energy. Any contributing diagram has a line from the incoming charged particle
that can be traced through the diagram from beginning to end that carries the incoming charge.
If the incoming particle had momentum p, the internal lines that were part of the trace would all
have momenta p’ = p + ), Q;, where the momentum transfers to the traced line would be Q;
at each of the vertices encountered up to that point. By the end of the diagram, the last exchange
would return the momentum back to its original value p. Further, p does not appear in any of
the other internal lines.
The Ward Identity works by first noticing that if you begin with the collection of self-energy
diagrams, you can generate the collection of all vertices with K — 0 by replacing each line
carrying the charge with

Go(p') — eGo(p)(—2p")Go (D). (9.32)

Now take the derivative of IT with respect to p. This involves replacing the segments, one at a
time, of the traced line with the derivative of the propagator,

d d
Go(p') — d—GO(P') = —Go(p'). (9.33)
P dp

The Ward identity comes from noticing that

d

3y G0 ) = Go(#) (=20")Go(p). 934
"

Thus, by taking the derivative of II(p) with respect to p one seems to pick up all the possible

vertices, except those that connect to internal loops. However, those loops all vanish in the

limit of small exchanged momentum. This comes from each loop involving both a positive and

negative particle which give opposite contributions.

After some consideration, one would think that the effective vertex would be of the form,

d
T*(p,k = 0,p + k) = e2p—— [p?* — II(p?)] . (9.35)
p

Since IT depends on the type of particle coming in, one would then think the charge, I'°, would
depend on what type of particle one had. However, the effective charge can be written as

T*(p,k — 0,p) = 2Zp", (9.36)

where Z is the strength of the propagator’s pole as seen in Eq. (9.28). For renormalized prop-
agators, one can replace the propagator to one without the factor of 1/Z, but then add a factor
of 1/Z'/? to each line coming into a vertex. This exactly cancels the factor of Z in the vertex,
making the effective vertex once again 2ep*, independent of the particles mass. Thus, all par-
ticles have the same effective charge, regardless of their mass, or how they interact with other
particles.
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The photon is also dressed according to its self energy. However, the photon couples to the
charged particle only when the photon is in the Fock state of a single photon. This is accounted
for by the renormalization constant Z., (k), which is the strength of pole in the photon propaga-
tor. This correction applies to all particles equally. The loops involved in the photon propagator
are referred to as polarization corrections to the vacuum, as they involve positive and negative
pairs which you might think screen the vacuum. However, more physically, the pairs reduce the
chance the photon is in a state that is capable of connecting to a charged particle. The effective
coupling constant is e* = e2/Z,(k — 0). The k— dependence of Z, (k) is responsible for the
running coupling constant in QCD. Even in QED, the effective coupling constant change from
e?/he = 1/137.036 for k = 0 to =~ 1/129 for off-shellness near the W and Z masses.

The arguments above are only true for photons with vanishing momentum transfer. Once the
momentum transfer is finite, the vertex corrections can no longer be ignored. This includes the
coupling of the magnetic field to the spin. Since the magnetic field comes from taking derivatives
w.rt. A, this coupling is proportional to both k and A. The vertex corrections then change the g
factor from being precisely equal to two, to being slightly different. Thus, the factor g = 24 Oca.
The precise measurement of g — 2 has thus become the most demanding test of electromagnetic
tield theory. There is a race between being able to perform ever more accurate measurements,
with theories that include ever more diagrams.

9.4 Homework Problems

1. Prove the Ward identity for fermions by showing that

2 S¢(p) = Sr(p)"Se(p),
Pp

where Sp(p) = —(p + m)/(p® — m? + ie).
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9.5 Vertices for electroweak interactions

512
Inclusion of leptons and quarks

p i
Propagator: N

Vertices for leptons: [ = (e, u, 1), v, =

for quarks q: p =
eqn (12.39).

A

u
/S\&_im
//5\‘\_7”(1

y

]/1\4c050 v (1=%)

\Y v p

Z, z,

lg 4 . 2
g Zsin%0
2/§4cos()wy"[(l +3sm w) + 5]

[(=1+ 4sin®6,) + 5]

g
4cos 6, I

p—m,-+i8.
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