
Parton Distributions and theirUnertaintiesJon PumplinDPF2002 { Williamfburg 5/25/02CTEQ6 PDF analysis (J. Pumplin, D. Stump, W.K. Tung,J. Huston, H. Lai, P. Nadolsky [hep-ph/0201195℄)
• inlude new data sets
• inlude orrelated systemati experimental errors
• evaluate unertainties of the result:{ Eigenvetor PDF sets to map unertainties{ Lagrange multiplier results
• Universal PDF interfae: Les Houhes Aord
• Results:{ W and Z prodution{ parton-parton luminosities{ gluon and quark distributions
• Measures of unertainty{ Measurement of αs{ Statistial bootstraps
• Outlook
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Overview of QCD Global Analysis
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)2)Soures of unertainty:1. Experimental errors inluded in χ22. Unknown experimental errors3. Parametrization dependene4. Higher-order orretions & Large Logarithms5. Power Law orretions (\higher twist")Fundamental diÆulties:1. Good experiments run until systemati errorsdominate; and the magnitude of systematierrors involves guesswork.2. Systemati errors of the theory and theirorrelations annot even be guessed.
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Kinemati region overed by data

A wide variety of data are tied together by theDGLAP renormalization group evolution equation.Consisteny { or lak thereof { between theexperiments an be observed only by applying QCDto tie them together in a global �t.All experiments that use hadrons in the initial state{ Tevatron, LHC, and non-aelerator experiments {require the parton distributions for their analysis.
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Seletion of DataCTEQ5 CTEQ6# sys # sysBCDMS µp 168 no BCDMS µp 339 yesBCDMS µd 156 no BCDMS µd 251 yesH1 ep 172 no H1a ep • 104 yesH1b ep • 126 yesZEUS ep 186 no ZEUS ep • 229 yesNMC µp 104 no NMC µp 201 yesNMC µp/µn 123 no NMC µp/µn 123 yesCCFR F2 νN 87 no CCFR F2 νN 159 yesCCFR F3 νN 87 no CCFR F3 νN 87 noE605 pp DY 119 no E605 pp 119 noNA51 pd/pp DY 1 no NA51 pd/pp 1 noE866 pd/pp DY 15 no E866 pd/pp 15 noCDF W 11 no CDF W 11 noCDF jet 33 yes CDF jet 33 yesD�jet 24 yes D�Jet • 90 yesNew Data(Diret photon data are not used beause ofunontrolled systemati \kT" e�ets, whih needresummation)
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CTEQ6 Global analysisInput from Experiment:
• ∼ 2000 data points with Q > 2GeV from e, µ, νDIS; lepton pair prodution (DY); leptonasymmetry in W prodution; high pT inlusivejets; αs(MZ) from LEPInput from Theory:
• NLO QCD evolution and hard sattering
• Parametrize at Q0: A0 xA1 (1− x)A2 (1 +A3xA4)
• s = �s = 0.4 (�u+ �d)/2 at Q0; no intrinsi b or cConstrut e�etive χ2global = ∑exptsχ2n:
• χ2global inludes the known systemati errors
• Minimizing χ2global yields \Best Fit" PDFs.
• Variation of χ2global in neighborhood of theminimum de�nes unertainty limits.
• Estimate unertainty as region of parameterspae where χ2 < χ2(BestFit) + T2 with T ≈ 10.(Quite di�erent from Gaussian statistis beause ofunknown orrelated systemati errors in theory andexperiments { as measured by inonsisteny betweenexperiments).
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Comment on ParametrizationFor dval, uval, or g, we use
xf(x, Q0) = A0 xA1 (1− x)A2 eA3x(1 + eA4x)A5This orresponds to

d

dx
ln (xf) = A1

x
− A21− x

+ c3+ c4x1+ c5xi.e., we add a 1:1 Pad�e form to the singular terms ofthe traditional A0 xA1 (1− x)A2 parametrization.A suÆiently exible parametrization is important;but for onvergene, there must not be too many\at diretions." For that reason, some of theparameters are frozen for some avors.(To measure a set of ontinuous PDF funtions at Q0 on thebasis of a �nite set of data points would appear to be anill-posed mathematial problem. However, this diÆulty is notso severe as might be expeted sine the atual preditions ofinterest that are based on the PDFs are disrete quantities. Inpartiular, �ne-sale struture in x in the PDFs at Q0 tend tobe smoothed out by evolution in Q. They orrespond to atdiretions in χ2 spae, so they are not aurately measured; butthey have little e�et on the appliations of interest.)
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MSU/CTEQ unertainty methods
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...

• Hessian Matrix Method: eigenvetors oferror matrix yield 40 sets {S±
i } that are displaed\up" or \down" by �χ2 = 100 from the best �t.Get error by sum of squares and onstrutextreme PDFs for any observable; or simply lookat extremes from the 40 sets.

• Lagrange Multiplier Method: Trak χ2 asfuntion of F (e.g. σW ) by minimizing χ2+ λF .Yields speial-purpose PDFs that give extremesof σW , or 〈y〉 for rapidity distribution of W , or σfor t�t prodution; or
σt�t(√s = 14TeV)/σt�t(√s = 2TeV), or MW massmeasurement error,. . .
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Hessian (Error Matrix) methodClassial error formulae�χ2 = ∑

ij

(ai − a
(0)
i )(H)ij(aj − a

(0)
j )

(�F)2 =�χ2 ∑

ij

∂F

∂ai
(H−1)ij ∂F

∂ajHessian matrix H is inverse of error matrix.Diret appliation fails beause of extremedi�erenes in variation of χ2 for di�erent diretionsin the spae of �tting parameters (\steep" and\at" diretions), as shown by a huge range ofeigenvalues of H:
Eigenvalues of Hessian matrix
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Convergene problems are solved by an iterativemethod that �nds and resales the eigenvetors of
H, leading to a diagonal form�χ2 = ∑

i

z2i
(�F)2 = ∑

i

(
F(S(+)i ) − F(S(−)i ))2where S

(+)
i and S

(+)
i are PDF sets that are displaedalong the eigenvetor diretions. The iterativeproedure is available in FORTRAN athttp://www.pa.msu.edu/∼pumplin/iterate/
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χ2 and Systemati ErrorsThe simplest de�nition
χ20 = N∑

i=1 (Di − Ti)2
σ2i 





Di = data
Ti = theory
σi = \expt. error"is optimal for random Gaussian errors,

Di = Ti + σiri with P (r) = e−r2/2
√2π

.With systemati errors,
Di = Ti(a) + αirstat,i + K∑

k=1 rkβki .The �tting parameters are {aλ} (theoretial model) and {rk}(orretions for systemati errors).Published experimental errors:
• αi is the `standard deviation' of the random unorrelatederror.
• βki is the `standard deviation' of the k th (ompletelyorrelated!) systemati error on Di.
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To take into aount the systemati errors, we de�ne
χ′2(aλ, rk) = N∑

i=1 (
Di −

∑
k rkβki − Ti

)2
α2

i

+∑

k

r2k ,and minimize with respet to {rk}. The result is
r̂k = ∑

k′

(
A−1)

kk′ Bk′, (systemati shift)where
Akk′ = δkk′ + N∑

i=1 βkiβk′i

α2
i

Bk = N∑

i=1 βki (Di − Ti)
α2

i

.The r̂k's depend on the PDF model parameters {aλ}. We ansolve for them expliitly sine the dependene is quadrati.We then minimize the remaining χ2(a) with respet to themodel parameters {aλ}.
• {aλ} determine fi(x, Q20).
• {r̂k} are are the optimal \orretions" for systematierrors; i.e., systemati shifts to be applied to the datapoints to bring the data from di�erent experiments intoompatibility, within the framework of the theoretialmodel.
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Comparison to DataComparison of the CTEQ6M �t to data withorrelated systemati errors.data set Ne χ2e χ2e/NeBCDMS p 339 377.6 1.114BCDMS d 251 279.7 1.114H1a 104 98.59 0.948H1b 126 129.1 1.024ZEUS 229 262.6 1.147NMC F2p 201 304.9 1.517NMC F2d/p 123 111.8 0.909D� jet 90 69.0 0.766CDF jet 33 48.57 1.472Other data sets:CCFR ν DIS (150/156)E605 Drell-Yan (95/119)E866 Drell-Yan (6/15)CDF W-lepton asymmetry (10/11)
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CTEQ6M �t to ZEUS data at low x
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The data points inlude the estimated orretionsfor systemati errors. That is to say, the entral valuesplotted have been shifted by an amount that is onsistent withthe estimated systemati errors, where the systemati errorparameters are determined using other experiments via theglobal �t.The error bars are statistial errors only. 14



CTEQ6M �t to ZEUS data at high x
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The data points inlude the estimated orretionsfor systemati errors.The error bars are statistial errors only.
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CDF inlusive jet ross setion
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Reall that these inlusive jet ross setion measurementsprovided the �rst major stimulus to the study of PDFunertainties { in partiular, the unertainties assoiated withhoies made in the form of parametrizations at Q0.
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CDF Inlusive jets { systemati errors
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W rapidity distributionsOur methods allow us to alulate the extremepreditions due to PDF unertainty for whateverquantity is of experimental interest.For example, extremes of σW , 〈y〉, 〈y2〉 for Wprodution at FNAL { relevant for MWmeasurement:

Same urves after subtrating entral values. . .
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Unertainty of the gluon distribution

Unertainty bands (envelope of possible �ts) for thegluon distribution at Q2 = 10GeV2.The urves orrespond toCTEQ5M1 (solid)CTEQ5HJ (dashed)MRST2001 (dotted)Ironially, the di�erenes between these isomparable to the estimated unertainty!The unertainties of quark distributions (not shown) aresmaller than this gluon unertainty, beause the DISmeasurements are sensitive to the square of the quark harge inleading order. The unertainties of all PDFs derease withinreasing Q { \onvergent evolution" 22



Measurement of αsWe �nd that the CTEQ6 analysis is niely onsistentwith the World Average determination of αs(MZ).But it is not preise enough to improve that value.

0.09 0.1 0.11 0.12 0.13 0.14 0.15
ΑsHMZL

0.09 0.1 0.11 0.12 0.13 0.14 0.15
PDG 2000 summary

Average

Hadronic Jets

e+e-

e+e- event shapes

Fragmentation

Z width

ep event shapes

Polarized DIS

DIS

tau decays

Lattice

Y decay

23



χ2 versus αS(MZ) for individual data sets in CTEQ6
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Measurment of αS(MZ):If assume �χ2 = 1 riterion in eah experiment, theexperiments are inonsistent.Our error estimate (T = 10) is
αS(MZ) = 0.1165 ± 0.0065This orresponds to somewhat onservativeassumptions { perhaps to be thought of as ane�etive \2σ" limit. Hene it is omparable to theMRST limit based on T = 5.
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Similar situation for W and Z ross setionsWhen a strit �χ2 = 1 riterion was applied toself-onsistent subsets of the experiments, thesubsets were not onsistent with eah other.The true error is therefore onsiderably larger than�χ2 = 1 would imply.
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New ways to measure onsisteny of �t(Work in progress with John Collins)Key idea: In addition to theHypothesis-testing riterion �χ2 ∼
√2Nwe use the strongerParameter-�tting riterion �χ2 ∼ 1

The parameters here are relative weights assigned tovarious experiments, or to results obtained usingvarious experimental methods. Examples:
• Plot minimum χ2i vs. χ2tot − χ2i , where χ2i is oneof the experiments, or all data on nulei, or alldata at low Q2,. . .or
• Plot both as funtion of Lagrange multiplier uwhere (1− u)χ2i + (1+ u)(χ2tot − χ2i ) is thequantity minimized.Can obtain quantitative results by �tting to a modelwith a single ommon parameter p:

χ2i = A + (
psin θ

)2 ⇒ p = 0± sin θ

χ2not i = B + (
p−Sos θ

)2 ⇒ p = S ± os θThese di�er by S ±1, i.e., by S \standard deviations"27



NMC D2/H2  
NMC D2/H2

S = 2.6

BCDMS D2

BCDMS D2
S = 7.6

Fits to 8 of the experiments in the CTEQ5 analysisExpt 1 2 3 4 5 6 7 8
S 2.7 3.3 3.3 4.2 5.3 7.6 7.4 8.3tanφ 0.56 0.54 0.99 0.86 0.71 1.14 0.65 0.39
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Appliation: Unertainties ofluminosity funtions at LHC
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Note that one omponent of theunertainty in prediting the Higgsprodution ross setion at LHC isan unertainty of ∼ 8% due to PDFunertainty. 29



Outlook
• Parton distributions of the proton are inreasingly wellmeasured.
• Useful tools are in plae to estimate the unertainty ofPDFs and to propagate those unertainties to physialpreditions.
• The Les Houhes Aord interfae makes it easy to handlethe large number of PDF solutions that are needed toharaterize unertainties. (hep-ph/0204316)
• Work on re�ning the knowledge of the \ToleraneParameter" T is underway{ Collins & Pumplin [hep-ph/0105207℄{ Statistial bootstrap methods
• Improvements in the treatment of heavy quark e�ets arein progress.
• Fermilab run II data and HERA II data will provide thenext major experimental steps forward.Parton Distribution Funtions are a major avenuetoward understanding the fundamentalnonperturbative physis of the proton. They are alsoa ruial prerequisite for preision Standard Modelstudies and New Physis searhes at hadron ollidersand experiments with hadron targets. 30


