
Physics 422/820 – Fall 2016

Homework #13, Due at beginning of class Friday Dec 9.

1. [6 pts] A particle of mass M moves under the influence of a central potential V (r) where r = |~r|. The particle
is found to move along the curve r2 = a2 cos(2 φ), where r and φ are the usual polar coordinates and a is a
constant.

(a) Find V (r). (As you know, you can always add an arbitrary constant to any potential energy function.
Use that freedom to make V (r) → 0 in the limit r → ∞. After doing that, your answer for V (r) will
contain a single free parameter that corresponds to the angular momentum.)

(b) Find the time it takes for the particle to travel from r = a to r = 0. (Your answer will involve the same
constants as your answer to part (a).

2. [6 pts] A thin flexible string of length a has a linearly varying mass density: its mass per unit length is
ρ(x) = b x2 where 0 < x < a and b is a positive constant. It is stretched between two support points,
such that it is under a constant tension τ , and its displacement y(x, t) is always zero at x = 0 and x = a.
It vibrates in a plane, and you can assume the usual small-oscillations approximations. Gravity can be
neglected.

(a) Find the differential equation that must be solved to obtain its normal mode frequencies.

(b) Find the frequencies of each of its three lowest-frequency modes. You will need to use some numerical
methods to solve this. (Special Mathematica hint: that program gives you different forms of the solution
depending on whether you write the power law as x2 or x2. ; and one of those forms is more convenient
than the other.)

3. [6 pts] A uniform has mass m, spring constant k, and unstretched length a. One end of the spring is attached
to a wall, so it is always at x = 0. The other end of the spring is attached to a point mass M which is free
to slide without friction on a horizontal track.

(a) Let x(s, t) define the position of the spring as a function of time, with 0 < s < a. Find the Lagrangian
density for the spring, and use it to find the equation of motion for the spring.

(b) Solve the equation of motion for the spring corresponding to oscillation at frequency ω, subject to the
boundary condition x(0, t) = 0 at all t.

(c) Impose the boundary condition corresponding to F = Ma for the point mass M , to derive an equation
that determines the frequencies of the natural modes of vibration of this system.

(d) Find the frequencies of each of the two lowest frequency modes of vibration of this system for the case
m = M . (You will need to do this last part numerically.)
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