PHYS851 Quantum Mechanics I, Fall 2009

HOMEWORK ASSIGNMENT 3: Solutions
Fundamentals of Quantum Mechanics

1. [10pts] The trace of an operator is defined as Tr{A} =3 (m|A|m), where {|m)} is a suitable basis
set.

(a) Prove that the trace is independent of the choice of basis.

Answer:
Let {|m)} and {|e;,)} be two independent basis sets for our Hilbert space.
We must show that ) (e |Alen) =, (m|A|m).

Proof:
;(em|A|em> = Z”<em|m’><m’|AIm”><m”lem> 1)
= mmzfn/}m”rem<emrm'><m’rA\m”> (2)
= %?m”rm’xm’mm’» (3)
— ng,am,m,,mmmw (4)
= g<m'|A|m/> (5)
= %mmrm (6)

(b) Prove the linearity of the trace operation by proving Tr{aA + bB} = aTr{A} + bTr{B}.

Answer:

Tr{aA+bB} = > (m|aA+bB|m) (7)
= ) (a(m|Alm) + b{m|B|m)) (8)
= a» (m|Ajm)+b> (m|B|m) (9)
= aTr{A} +bTr{B} (10)



(c) Prove the cyclic property of the trace by proving Tr{ABC} = Tr{BCA} = Tr{CAB}.

Answer:
First, if Tr{ABC} = Tr{BCA} then it follows that Tr{BCA} = Tr{CAB}, so we need only
prove the first identity.

Tr{ABC} = Y (m|ABC|m) (11)
= (mlAW) ! [Blm") (m"|Cm) (12)
= > (m"|Clm)(m|Ajm) (m'|Blm") (13)
= ;;n{gAB} (14)



2. Consider the system with three physical states {|1),|2),|3)}. In this basis, the Hamiltonian matrix
is:

1 2 1
H=| -2 2 -2i (15)
1 2 1

Find the eigenvalues {w1,ws,ws} and eigenvectors {|wi), |w2),|ws)} of H. Assume that the initial
state of the system is |[1)(0)) = |1). Find the three components (1|t(t)), (2]1(t)), and (3|¢(t)). Give
all of your answers in proper Dirac notation.

Answer:

The eigenvalues are solutions to
det |H — hwlI| =0 (16)

Taking the determinate in Mathematica gives

4w+ 4w? — WP =0 (17)
which factorizes as
w(w? — 4w —4) =0 (18)
which has as its solutions
wy =2(1 —2) (19)
w9 = 0 (20)
w3 =2(1+ V2) (21)
the corresponding eigenvectors are
1 .
jwi) = 5 (1) + V2i[2) +3)) (22)
wn) = = (-11) + |3)) (23)
VG
1 .
jws) = 5 (1) — V2i|2) +13)) (24)

The components of |1(t)) are found via |¢(t)) = e~#¢[¢)(0)]), giving

(1[e(t)) = % (2 + 20V e—i2(1+ﬁ)t) 25)
= L —i2(1—V2)t _ —i2(14+/2)t

@) =575 (e e ) 26)

BI(0) = £ (24 e 20D L mi204VDN) o

The mathematic script I used to work this problem is on the following page:



= H={{1, 2T. 1}, {-2T. 2. -2T}. {1. 21. 1}}:

Infl:= HatrizForm[H]
Clut[F] izt xFamrn=
1 2z 1
-2a2 & -2 :i.]
1 o R

ingl= Det[H-w IdentityHatriz[3]]
outls 4w+ de’ —u’
Inf12]:= FullS5implify[Eigensystem[H]]
oupizl= {{2 (1+4/2). 2-242. 0.

[{t. -av2. 1} {1. av2. 1}. (-1. 0. 1)}]
n[i3]= &0 = {1, 0, O};

In[14]:= HatrizxForm[{0]

Cut[14]/Mdati s Forn=
1
0

In[17]:= &t = Full5implify[HatrizExp[-iHt].40]:

In[12]:= HatrixForm[dt]
Cut[18] hatis Fomn=
% [2 +E2[—1+ﬁ:|it e |:1+ﬁ:|it]

ie? [1+"‘G:| L2 [—1+e4“i|'; it]

22
[-anadlctfz) e el

1
4



3. Cohen-Tannoudji: pp 203-206: problems 2.2, 2.6, 2.7

2.2 (a) The operator o, is hermitian:

(0 =i\ 0 i\ 0 =i\
=\i o) " \-o0o) " \io)"%

We find the eigenvalues via det |0y, — wI| = 0:

det| ¥ __Z =w?-1=0
The solutions are w =1 and w = —1.
Let the corresponding eigenvectors be |+) and |—), so that
oy|E) = £|+).

Hit this equation with the bra (1| and insert the projector onto the {|1),|2)} basis:
(—(1ory 1) £ 1) (1) — (1o, [2)(2]£) = 0
inserting the values of the matrix elements of o, then gives:
+(1]£) +i(2|£) =0

a non-normalized solution is then

(1£) = 1

2/£) = F1
the normalized eigenvectors are then given, up to arbitrary overall phase-factors, by

1

) = 5l —12)

=) = ﬁ(i\1>+!2>)

matrix form, in the {|1),|2)} basis, these are

(£]1) (1!i><i\2>>
(E) - 21 (+2)

)

=

£ I

=

(b) The projectors are given by Iy = |£)

—~

I, =

P _—
L
H
S~ ~—

I
TN T N 7 N
" SIS
SIS
SHSH

wl-lt.wh_l &m&%

Il
~ N

we need to show that I3 = I and I, + I_

N[
~ SN—

) 1T 1
2-(z271)(&7)
2 2 2 2
:<%i+%i ﬁﬂl%)
e I
- (47)
5 3

Il
~
H_



I_|_+I_ ==

e = +MI>—t +M|>—A
[\CIES [MEH

— o +

~_ MISN'H ol |

(4
(4
)

(c) The results for M and L, are attached.

N

N———

+

NI~
wlw

+
NI~
SR

D=
ISIES

N———

D= +
ol



2_2M .nb

(* Enter the matrix M =x)

In[190]:=
M= {{2, ISqrt[2]}, {-ISqrt[2], 3}};
MatrixForm[M]

Out[191]//MatrixForm=
2 i+/2
-i2 3

(* now compute the Hermitian conjugate and make sure it is self-adjoint =)

In[192]:=
MatrixForm[Conjugate [Transpose [M]]]

Out[192]//MatrixForm=
2 iv2
-i4/2 3

(* Now find the eigenvalues =)

In[198]:=
y = Solve[Det [M - w IdentityMatrix [2]] == 0];

(* extract the eigenvalues from y =*)

In[213]:=

wl=w/.y[[1, 11]
out[213]=

1
In[214]:=

w2=w/.y[[2, 11]
out[214]=

4

(* now we find the eigenvectors the old-fashioned wayx*)

(* el and e2 will be the normalized eigenvectors =)
In[227]:=

y = Solve[ ((M - wl IdentityMatrix[2]).{1, c})[[1]] =0, c]
out[227]=

i
c-

{{es 1)
In[229]:=

ol - {1, c¢/.y[[1]]}

Sqrt[Conjugate[{1l, ¢ /. y[[1]]1}].{1, ¢ /. ¥[[1]1}]

out[229]=

{J? 75



2_2M .nb

In[230]:=
y = Solve[ ((M - w2 IdentityMatrix[2]).{1, c})[[1]] =0, c]
Out[230]=
{{e>-iV2})
In[231]:=
_ {1, c/.y[[1]]}
Sqrt[Conjugate[{1l, ¢ /. y[[1]]1}].{1, ¢ /. ¥y[[1]]1}]
out[231]=
1 , 2
(53
(+ we can form the projectors via the outer-product function =)
In[243]:=
I1 = Outer[Times, Conjugate[el], el];
MatrixForm[I1]
Out[244]//MatrixForm=
2 iv2
3 3
_ iz 1 ]
3 3
In[245]:=
I2 = Outer [Times, Conjugate[e2], e2];
MatrixForm[I2]
Out[246]//MatrixForm=
1 iz
3 3
i2 2
3 3
(*# To verify the othogonality relation, we compute Conjugate[el].e2
In[251]:=
Conjugate[el] .e2
out[251]=
0
(*# Lastly, we verify the closure relation %)
In[252]:=
MatrixForm[Il + I2]
Out[252]//MatrixForm=

(o 1)

*)



2 2Ly.nbe 9/28/09

(» First we enter the matrix Ly *)
h
Ly = 51 {{0, sqrt[2], 0}, {-Sart[2], O, Sqrt[2]}, {0, -Sqrt[2], O}};

MatrixForm[Ly]

ih
0 2 0
in 0 _in
N2 N2
ih
0 Vz 0

(*» Now we take the transpose and complex conjugate =*)

MatrixForm[Conjugate [Transpose[Ly]]] /. Conjugate[h] » A
ih
0o - Vz 0
ih 0 _ih
V2 V2
in
0 vz 0

(*# By comparison, we see it is Hermitian =)

(* This the the matrix whose determinant gives the spectrum of L, )

MatrixForm[Ly - w IdentityMatrix[3]]

B _in
w NEY 0
ih —w _in
V2 V2
ih B
0 vz w

(* Here we let mathematica solve the characteristic polynomial =*),

y = Solve[Det [Ly - w IdentityMatrix[3]] = 0];

Solve::svars : Equations may not give solutions for all "solve" variables. More..

(* so the eigenvalues are: %)



2 2Ly.nbe 9/28/09

wl=w/.y[[1, 1]]
w2=w/.y[[2, 1]]
wi=w/.y[[3,1]]
0
-h
h

(» "Eigensystem" will give the eigenvalues and (un-normalized eigenvectors =)
y = Eigensystem|[Ly];

elp=y[[2, 1]];

e2p =y[[2, 2]];

e3p=y[[2, 3]];

(* To normalize them, we compute the normalization constants =x)
nl = Sqrt [Conjugate[elp] .elp];
n2 = Sqrt [Conjugate [e2p] .e2p];
n3 = Sqrt [Conjugate[e3p] .e3p];

(* The normalized eigenvectors are then: *)

el =elp/nl
e2 = e2p / n2
e3 =e3p/n3
1 1
{W/ 0l T}
1 1 1
{’f’ T/_Z—’ 5‘}
1 i 1
{’f’ ’V—z—' 5‘}

(* Here we form the projectors by using Mathematicas outer-product function =)

Il = Outer[Times, Conjugate[el], el];
I2 = Outer [Times, Conjugate[e2], e2];
I3 = Outer[Times, Conjugate[e3], e3];



2 2Ly.nbe 9/28/09

MatrixForm[I1l]
MatrixForm[I2]
MatrixForm[I3]

1 o9 1
2 2
0 0
1 1
2 2
1 __ i _1
4 2+/2 4
i 1 i
2+/2 2 2+/2
_1 i 1
4 2+/2 4
1 i _1
2+/2 4
! 1 i
2+/2 2 2+/2
_1 __ i 1
4 2+/2 4

(* Here we square the matrices. By comparison we see that Ij2=1j *)

MatrixForm[MatrixPower [I1l, 2]]
MatrixForm[MatrixPower [I2, 2]]
MatrixForm[MatrixPower [I3, 2]]

1 o9 1
2 2
0 0 O
1 o9 1
2 2
1 __ i _1
4 2+/2 4
i 1 i
22 2 2+/2
_1 i 1
4 2+/2 4
1 i _1
2+/2 4
i 1 i
2+/2 2 2+/2
_1 __ i 1
4 2+/2 4

(*# Lastly, we sum the projectors to verify the closure relation =)

MatrixForm[Il + I2 + I3]

o O
o = O
= O O



2.6 Let
1
) (18)

eiaax _ Z (Za)m o™ (49)

By definition we have

)(V o) )
) (51)

= I (52)

From this it follows that 02 = ¢, and 0% = I, and so on. So we see that all odd powers give o, and
all even powers give I. Thus we can write

ior, 7N~ (1) o~ (ia)>m !
oo ED™MP s (FD) ™ ()P
=1 mZ::O 2m)! “"xn;) 2m + 1)! (54
= Icos(a) +ioysin(a) (55)

where the last step is possible because we recognize the series expansions for sin and cos.



2.7 We can start by computing af/ and seeing what happens

i - (7)) 0
- (o1) )

= I (58)

Since the previous derivation followed strictly from o2 = I, then the same result must be valid for

Oy-

For o, = Aoy + poy, here we start by computing oy:

Computing the square gives

Thus it follows immediately that

' = [ cos(a) + ioy sin(a) (59)
- 0 A —ip
Tu = < i 0 > (60)
9 0 A—ip 0 A —ip
Tu = <A+w 0 A+ip 0 (61)
_ A2 0
10
- < D ) (63)
=TI (64)
' = [ cos(a) + io, sin(a) (65)
vios [ =042 0091i
e = I cos(2) +io, sin(2) = < 0.91i —0.42 (66)
on (054 0.84i
e'7" = I cos(1) + io, sin(1l) = < 0.84i 054 ) (67)
w2 (054 084i ) [ 054 0.84i
()" = = < 0.84i 0.54 > ( 0.84i 0.54 > (68)
—0.42 0914
- ( 0.91i —0.42 > (69)
= %o (70)
i(ootoy)  _ 0 141
e v exp [( i—1 0 (71)
B 0.16 0.70 + 0.70i
- ( —0.70+0.70i  0.16 > (72)



10

10y

oy < 0.54

—-0.84

0.84
0.54

0.54 0.84¢ 0.54 0.84
—0.84 0.54

0.84: 0.54

0.29 —0.71¢
—0.45 + 0.45¢

el(a‘f +‘7y)

0.45 + 0.457
0.29 +0.717

)

)



4. Cohen-Tannoudji ;pp341-350: problem 3.14

a. From inspection, the eigenvalues of H are hwy and 2hwq, with the latter being doubly degener-
ate. The eigenstates are |uy), |u2), and |ug), with the first being the non-degenerate state. Thus
a measurement of the energy would yield hwy with probability 1/2 and 2hwg with probability 1/2.

1 1 3
(H) = hwy (15 —|—2§> = 571&)0

2 2 2 1 4 2 2
<H >—hw0< —2—|— —2> ——2hw

5 9 1
AH = /(H?) = (H)? = hwoy |5 — 7 = 5hwo

b. The eigenvalues of A are a and —a, with eigenstates |a, 1) = |u1), |a,2) = %(h@) + |us)), and
|~a) = 5 (I[u2) — |us))

Clearly, the initial state is a superposition of |a,1) and |a,2), so the probability to obtain a
is 1 and to obtain —a is 0. Thus after the measurement, the state will remain unchanged.

e—iwot —i2wot e—i2w0t

\/5 ‘U1> + 5 ‘U2> +

d. Because the initial state is a superposition of degenerate eigenstates of A, we know that

[¥(t)) =

|us)

(A)() =a

e—iwot e—i2w0t e—i2w0t
BlO) = bllun)ua] +fush -+ ) (S ) + 5 ) + 5 )

e—’i2wot e—iw()t e—’i2wot
= b -
< 5 lu1) + 7 lug) + 5 |U3>>

so that

WOIBIH(®) = b (m T =5+ geostenn)

e. From the previous problem, we can see that a measurement of A at time ¢ will yield a. The
eigenvalues of B are b and —b, with eigenstates [b,1) = |ug), [b,2) = %(!uﬁ + |ug)), and

|=b) = 5 (Jur) — [uz)).

iw(t e*iQth

Projecting [¢(t)) onto |—b) gives (—=b|y(t)) = “5— + 572
Taking the square modulus gives p(—b) = % 42 cos(wot)
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